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Foreword

Geometry has come a long way from the time of Euclid, Pythagoras and Archimedes.
Many developments in the subject have accompanied revolutions in ways of think-
ing about and describing our world. The creation of the calculus by Newton and
Leibniz was married to analytic descriptions of geometric forms, gravitational
forces and motions of planets. The realisation of non-Euclidean geometries by
Lobachevsky, Bolyai and Gauss lead to abstract descriptions of geometries of sur-
faces and Riemann’s introduction of the concept of manifold. The consequent di-
minishing of the central role of coordinates accompanied Einstein’s relativity theo-
ries. Similar ideas from Hamilton’s reformulation of mechanics lead to Poincaré’s
fundamental ideas in dynamics.

Formalisation and extension of such concepts result in the fascinating interplay
between tensorial geometry and symmetries. This provides foundational building
blocks for theoretical models in physics, but has also become an essential part of the
modern treatment of statistical models, engineering design and a significant arena
for analysis.

This is a mathematical subject that is under continual development and spectac-
ular advances based on these ideas are still being made. Of most popular recent
note is Perelman’s resolution of the Poincaré conjecture and the resulting proof of
Thurston’s geometrisation conjecture for three-manifolds.

For those wishing to make good use of these ideas and concepts, there are a
number of excellent texts. However, an exposition of theory is often not enough
and there is always limited space for demonstrating hands-on computations. In con-
trast to many others, this book is centred around providing a useful set of worked
examples, carefully designed to help develop the reader’s skills and intuition in a
systematic way.

This new edition adds fresh examples and extends the reference material. It stays
within the general scope of the first edition, but also provides welcome material on
new topics, detailed in the Preface, most notably in the area of symplectic geometry
and Hamiltonian dynamics. The student or teacher of a course in modern differential
geometry will find this a valuable resource.

Aarhus University Andrew Swann
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Foreword to the First Edition

A famous Swiss professor gave in Basel a student’s course on “Riemann surfaces.”
After a couple of lectures a student asked him, “Professor, until now you did not give
an exact definition of a Riemann surface.” The professor answered, “Concerning
Riemann surfaces, the main thing is to UNDERSTAND them, not to define them.”

This episode really happened. The student’s objection was necessary and rea-
sonable. From a formal viewpoint, it is, of course, necessary to start as soon as
possible with strict definitions. But the answer of the professor also has a substan-
tial background. Namely, the pure definition of a Riemann surface—as a complex
1-dimensional complex analytic manifold—does absolutely nothing contribute to a
real understanding. It takes really a long time to understand what a Riemann surface
is.

This example is typical for the objects of global analysis—manifolds with struc-
tures. On the one hand, there are complex concrete definitions, but on the other hand,
these do not automatically exhibit what they really mean, what we can do with them,
which operations they really admit, how rigid this all is. Hence there arises the nat-
ural question: How to submit a deeper understanding, what is the best—or at least a
good—way to do this?

One well-known way for this is to underpin the definitions, theorems and con-
structions by hierarchies of examples, counterexamples and exercises. Their choice,
construction and logical order is for any teacher in global analysis an interesting,
important and fun creating task.

This workbook is a really succeeded attempt to submit to the reader by very
clever composed series of exercises and examples covering the whole area of mani-
folds, Lie groups, fibre bundles and Riemannian geometry a deep understanding and
feeling.

The choice and order of the examples and exercises will be extraordinarily help-
ful and useful for any student or teacher of manifolds and differential geometry.

Greifswald University Jiirgen Eichhorn
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Preface

As stated in the Preface to the first edition, this book intends to provide material
for the practical side of standard courses on analysis and algebra on differentiable
manifolds at a middle level, corresponding to advanced undergraduate and graduate
years. The exercises focus on Lie groups, fibre bundles, and Riemannian geometry.
Aims, approach and structure of the book remain largely the same as in the first
edition. In the present edition, the number of figures is 68.

The prerequisites are linear and multilinear algebra, calculus of several variables,
various concepts of point—set topology, and some familiarity with linear algebraic
groups, the topology of fibre bundles, and manifold theory.

We would like to express our appreciation to the authors of some excellent books
as those which appear in the references in chapters. These books have served us
as a source of ideas, inspiration, statements and sometimes of results. We strongly
recommend these books to the reader.

We introduce now a brief overview of the contents.

Chapters 1 to 6 contain 412 solved problems, sorted according to the aforemen-
tioned topics and in almost the same vein, notations, etc., as in the first edition,
but 39 problems of the first edition have been deleted and 76 new problems have
been added in the present edition. The first section of each chapter gives a selection
of those definitions and theorems whose terminology, with ample use throughout
the book, could be misleading due to the lack of universal acceptance. However, we
should like to insist on the fact that we do not claim that this is any kind or part of a
book on the theory of differentiable manifolds.

We now underline some of the changes in this edition.

Unlike the first edition of the book, in the present edition the Einstein summation
convention is not used.

We consider in Sect. 1.3 (and only there) differentiable structures defined on sets,
analysing what happens when one of the properties of being Hausdorff or second
countable fails to hold. We thus try to elicit in the reader a better understanding of
the meaning and importance of these two properties.

In Chap. 1 of the present edition, we have added, as an instructive example, a
problem where we prove in detail that the manifold of affine straight lines of the

xi



xii Preface

plane, the 2-dimensional real projective space RP> minus a point, and the infinite
Mobius strip are diffeomorphic.

In Chap. 4, two new problems have been added in the section concerning the ex-
ponential map, where the simply connected Lie group corresponding to a given Lie
algebra is obtained. The section devoted to the adjoint representation, contains six
new problems concerning topics such as Weyl group, Cartan matrix, Dynkin dia-
grams, etc. Similarly, the section devoted to Lie groups of transformations has been
increased in ten new application problems in symplectic geometry, Hamiltonian me-
chanics, and other related topics. Finally, we have added in the section concerning
homogeneous spaces two problems on homogeneous spaces related to the excep-
tional Lie group G;.

The section on characteristic classes in Chap. 5 includes two new problems on
the Godbillon—Vey class in the present edition. Moreover, the last section, devoted to
almost symplectic manifolds, Hamilton’s equations, and the relation with principal
U(1)-bundles, contains five new problems, including topics as Hamiltonian vector
fields.

In the present edition, the section of Chap. 6 concerning Riemannian connec-
tions has been enlarged, including six new problems on almost complex structures.
The section on Riemannian geodesics also includes four new problems on spe-
cial metrics. Moreover, a completely new section is devoted to a generalisation of
Gauss’ Lemma. The section on homogeneous Riemannian and Riemannian sym-
metric spaces contains two new problems about general properties of homogeneous
Riemannian manifolds and two new problems on specific three-dimensional Rie-
mannian spaces. Furthermore, a short novel section deals with some properties of
the energy of Hopf vector fields. The section on left-invariant metrics on Lie groups
contains in particular two new problems: One gives in a detailed way the structure of
the Kodaira—Thurston manifold; and the other furnishes the de Rham cohomology
of a specific nilmanifold.

Chapter 7 offers an expanded 56-page long collection of formulae and tables
concerning frequent spaces and groups in differential geometry. Many of them do
not actually appear in the problems, but having them collected together may prove
useful as an aide-mémoire, even to teachers and researchers.

At the end of the references to each chapter, several books (or papers) appear that
have not been explicitly cited, but such that they have inspired several ideas of the
chapter and/or are very useful references.

All in all, we hope that this new edition of the book will again render a good
service to practitioners of differential geometry and related topics.

We acknowledge the anonymous referees for their thorough, enlightening and
suggestive reports; their invaluable suggestions and corrections have contributed to
improve several aspects of contents as well as presentation of the book.

Our hearty thanks to Professor José A. Oubifia for his generous help and
wise advices. We are also indebted to Mrs. Dava Sobel and Professors William
M. Boothby, José C. Gonzalez-Davila, Sigurdur Helgason, A. Montesinos Amilibia,
Kent E. Morrison, John O’Connor, Peter Petersen, Edmund F. Robertson, Waldyr



Preface xiii

A. Rodrigues, Jr., Chris M. Wood, and John C. Wood who kindly granted us per-
mission to reproduce here some of their nice and interesting texts, results and con-
structions.

We are indebted to Donatas Akmanavicius and his team for their careful editing.

We are also indebted to José Ignacio Sdnchez Garcia for his excellent work on
the graphics.

Our special thanks to Andrew Swann, who kindly accepted our invitation to write
the Foreword.

Madrid, Spain Pedro M. Gadea
Jaime Mufioz Masqué
L’viv, Ukraine Thor V. Mykytyuk



From the Preface to the First Edition

This book is intended to cover the exercises of standard courses on analysis and
algebra on differentiable manifolds at a middle level, corresponding to advanced
undergraduate and graduate years, with specific focus on Lie groups, fibre bundles
and Riemannian geometry. It will prove of interest for students in mathematics and
theoretical physics, and in some branches of engineering.

It is not intended as a handbook on those topics, in the form of problems, but
merely as a practical complement to the courses, often found on excellent books,
like those cited in the bibliography.

The prerequisites are linear and multilinear algebra, calculus on several variables
and various concepts of point—set topology.

The first six chapters contain 375 solved problems sorted according to the afore-
mentioned topics. These problems fall, “grosso modo,” into four classes:

(i) Those consisting of mere calculations, mostly elementary, aiming at checking

a number of notions on the subjects.

(i) Problems dedicated to checking some specific properties introduced in the de-
velopment of the theory.

(iii) A class of somewhat more difficult problems devoted to focusing the attention
on some particular topics.

(iv) A few problems introducing the reader to certain questions not usually ex-
plained. The level of these problems is quite different, ranging from those han-
dling simple properties to others that need sophisticated tools.

Throughout the book, differentiable manifolds, functions, and tensors fields are as-
sumed to be of class C*°, mainly to simplify the exposition. We call them, indis-
criminately, either differentiable or C*°.

Similarly, manifolds are supposed to be Hausdorff and second countable, though
a section is included analysing what happens when these properties fail, aimed at a
better understanding of the meaning of such properties.

The Einstein summation convention is used.

Chapter 7 provides a selection of the theorems and definitions used throughout
the book, but restricted to those whose terminology could be misleading for the
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Xvi From the Preface to the First Edition

lack of universal acceptance. Moreover, to solve some types of problems, certain
definitions and notations should be precisely fixed; recalling the exact statement of
some theorems is often convenient in practice as well. However, this chapter has by
no means the intention of being either a development or a digest of the theory.

Chapter 8 offers a 42-page long collection of formulae and tables concerning
spaces and groups frequent in differential geometry. Many of them are used through-
out the book; others are not, but they have been included since such a collection
should be useful as an aide-mémoire, even for teachers and researchers. As in
Chap. 7, no effort to be exhaustive has been attempted.

We hope the book will render a good service to teachers and students of differ-
ential geometry and related topics. While no reasonable effort has been spared to
ensure accuracy and precision, the attempt of writing such a book necessarily will
contain misprints, and probably some errors. (...) In the corrected reprint published
by Springer in 2009, we corrected a couple of dozens of typos, slightly modified the
statement of Problem 1.1.13, and changed the proof of Problem 5.3.6(2).

Madrid, Spain Pedro M. Gadea
Jaime Mufloz Masqué
L’viv, Ukraine Thor V. Mykytyuk
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Chapter 1
Differentiable Manifolds

Abstract After recalling some definitions and results on the basics of smooth man-
ifolds, this chapter is devoted to solve problems including (but not limited to) the
following topics: Smooth mappings, critical points and critical values, immersions,
submersions and quotient manifolds, construction of manifolds by inverse image,
tangent bundles and vector fields, with integral curves and flows. Functions and
other objects are assumed to be of class C* (also referred to either as ‘differen-
tiable’ or ‘smooth’), essentially for the sake of simplicity. Similarly, manifolds are
assumed to be Hausdorff and second countable, though we have included a sec-
tion that analyses what happens when one of these properties fails to hold. We thus
try to elicit in the reader a better understanding of the meaning and importance of
such properties. On purpose, we have sprinkled this first chapter with many exam-
ples and figures. As an instructive example, we prove in detail that the manifold
of affine straight lines of the plane, the 2-dimensional real projective space RP?
minus a point, and the infinite Mo6bius strip are diffeomorphic. As important and
non-trivial examples of differentiable manifolds, the real projective space RP” and
the real Grassmannian G (R") are studied in detail.

Lines of latitude and longitude began crisscrossing our worldview in an-
cient times, at least three centuries before the birth of Christ. By A. D. 150,
the cartographer Ptolemy had plotted them on the twenty-seven maps of his
first world atlas.

DAVA SOBEL, Longitude, Walker & Company, New York, 2007, pp. 2-3.
(With kind permission from the author and from Walker & Company publish-
ers.)

A differentiable manifold is generally defined in one of two ways; as a
point set with neighborhoods homeomorphic with Euclidean space E,,, coor-
dinates in overlapping neighborhoods being related by a differentiable trans-
formation (...) or as a subset of E,, defined near each point by expressing
some of the codrdinates in terms of the others by differentiable functions (. ..).
The first fundamental theorem is that the first definition is no more general
than the second (...)

PM. Gadea et al., Analysis and Algebra on Differentiable Manifolds, 1
Problem Books in Mathematics, DOI 10.1007/978-94-007-5952-7_1,
© Springer-Verlag London 2013



2 1 Differentiable Manifolds

HASSLER WHITNEY, “Differentiable Manifolds,” Ann. of Math. 37
(1936), no. 3, p. 645. (With kind permission from the Annals of Mathematics.)

1.1 Some Definitions and Theorems on Differentiable Manifolds

Definitions 1.1 Let M be a topological space. A covering of M is a collection of
open subsets of M whose union is M. A covering {Uy}yca of M is said to be locally
finite if each p € M has a neighbourhood (an open subset of M containing p) which
intersects only finitely many of the sets Uy, .

A Hausdorff space M is called paracompact if for each covering {Uy}yeca of M
there exists a locally finite covering {Vg}gep Which is a refinement of {Uy}uea (that
is, each Vj is contained in some Uy ). It is known that a locally compact Hausdorff
space which has a countable base is paracompact.

A locally Euclidean space is a topological space M such that each point has a
neighbourhood homeomorphic to an open subset of the Euclidean space R". In par-
ticular, such a space is locally compact and paracompact. If ¢ is a homeomorphism
of a connected open subset U C M onto an open subset of R”, then U is called a
coordinate neighbourhood;, ¢ is called a coordinate map; the functions x =t o @,
where ¢ denotes the ith canonical coordinate function on R”, are called the coordi-
nate functions; and the pair (U, ¢) (or the set (U, xL, ..., x™)is called a coordinate
system or a (local) chart. An atlas </ of class C* on a locally Euclidean space M
is a collection of coordinate systems {(Uy, ¢y) : o € A} satistying the following two
properties:

(l) UO(EA UO[ =M’
(i) @q o (pﬂ_l is C* on g (U, NUpg) forall o, B € A.

A differentiable structure (or maximal atlas) % on a locally Euclidean space M
is an atlas &7 = {(Uy, ¢o) : @ € A} of class C*, satisfying the above two proper-
ties (i) and (ii) and moreover the condition:

(iii) The collection .# is maximal with respect to (ii), that is, if (U, ¢) is a coor-
dinate system such that ¢ o %—1 and @y 0 @~ are C* on ¢, (U N U,) and
@(U N Uy), respectively, then (U, ¢) € ..

A topological manifold of dimension n is a Hausdorff, second countable, locally
Euclidean space of dimension n. A differentiable manifold of class C* of dimension
n (or simply differentiable manifold of dimension n, or C* manifold, or smooth n-
manifold) is a pair (M, %) consisting of a topological manifold M of dimension n,
together with a differentiable structure .% of class C* on M.

The differentiable manifold (M, .%) is usually denoted by M, with the under-
standing that when one speaks of “the differentiable manifold” M one is considering
the locally Euclidean space M with some given differentiable structure .%.

Let M and N be differentiable manifolds, of respective dimensions m and n.
A map &: M — N is said to be C* provided that for every coordinate system
(U, 9) on M and (V, ¥) on N, the composite map 1/ o @ o 9~ ! is C°.
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A diffeomorphism @ : M — N is a bijective C°° map such that the inverse map
@~ lis also C*°.

The tangent space T, M to M at p € M is the space of real derivations of the
local algebra C°M of germs of C* functions at p, i.e. the R-linear functions
X: Cp°M — R such that

X(f)=XNep)+ f(p)Xg, fgeClM.

Let C°°M denote the algebra of differentiable functions of class C*° on M. The
differential map at p of the C* map @: M — N is the map

®up: TyM — To()N,  (@:pX)(f)=X(fo®), feC®N.

Theorem 1.2 (Partition of Unity) Let M be a manifold and let {Uq }aca be a locally
finite covering of M. Assume that each closure Uy is compact. Then there exists a
system {Yq}ouca of differentiable functions on M such that

(a) Each vy has compact support contained in Uy;
(0) Vo >0and Ygep Vo = 1.

Definition 1.3 A parametrisation of a surface S in R? is a homeomorphism
x:UCR>— VNS,

where U is an open subset of R? and V stands for an open subset of R>, such that
X;p: R? — R3 is injective for all p € U.

Remark 1.4 In the present book, we use parametrisations of surfaces from open
subsets of R2 (or other R” to parametrise n-dimensional smooth manifolds) in or-
der to make them consistent with the fact that the coordinate neighbourhoods de-
fined in Definitions 1.1 above are open subsets of the relevant surface (or smooth
n-manifold).

Moreover, for the sake of simplicity, we usually give only a parametrisation,
although it is necessary almost always to give more parametrisations to cover the
surface (or other spaces). This should be understood in each case.

Definitions 1.5 The stereographic projection from the north pole N = (0, ...,0, 1)
(resp., south pole S = (0, ...,0, —1)) of the sphere

n+1
St = (xl,...,x"'H) e R Z(xi)z =1
i=1

onto the equatorial plane x"! = 0 is the map sending p € S \ {N} (resp., p €
S\ {S}) to the point where the straight line through N (resp., S) and p intersects
the plane x"*! = 0.



4 1 Differentiable Manifolds

The inverse of the stereographic projection is the map from x" ! =0to "\ {N}
(resp., p € S\ {S}) sending the point ¢ in the plane x"*! = 0 to the point where
the straight line through ¢ and N (resp., S) intersects S”.

Other stereographic projections can be defined. For instance, that defined as
above but for the sphere

n
"=t ) e R Z(xi)2+ (x" ! — 1)2= 1},

i=1

from the north pole N = (0, ..., 0, 2) onto the plane x"*! = 0. The inverse map is
defined analogously to the previous case.

Definitions 1.6 Let ®: M — N be a C° map. A point p € M is said to be a
critical point of @ if @,: TyM — Tpp)N is not surjective. A point g € N is said
to be a critical value of @ if the set @~ () contains a critical point of ®.

Let f € C®°M. A point p € M is called a critical point of f if f,, =0.If we

choose a coordinate system (U, xt x"") around p € M, this means that
af af
- S — =0.
] () 3n ()

The real number f(p) is then called a critical value of f. A critical point is called
non-degenerate if the matrix
O f
(E)xi dx/ (p))

is non-singular. Non-degeneracy does not depend on the choice of coordinate sys-
tem.

If p is a critical point of f, then the Hessian H/ of f at p is a bilinear func-
tion on T, M defined as follows. If u, w € T, M and a vector field X € X(M) (see
Definitions 1.17) satisfies X, = u, then

HY (u, w) = w(Xf).
The index of f at a critical point p is the index of its Hessian H 1{ .

Definitions 1.7 A subset S of R” is said to have measure zero if for every ¢ > 0,
there is a covering of S by a countable number of open cubes Cy, C», ..., such that
the Euclidean volume ) ;2, v(C;) < ¢.

A subset S of a differentiable n-manifold M has measure zero if there exists a
countable family (U1, ¢1), (Ua, ¢2), ... of charts in the differentiable structure of M
such that ¢; (U; N S) has measure zero in R” forevery i =1,2,....

Theorem 1.8 (Sard’s Theorem) Let @: M — N be a C*™° map. Then the set of
critical values of ® has measure zero.
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Definitions 1.9 Let @: M — N be a C* map. Then:

(i) @ is an immersion if @y, is injective for each p € M.

(i) The pair (M, @) is a submanifold of N if @ is a one-to-one immersion. If M
is a subset of N and the inclusion map of M in N is a one-to-one immersion,
then it is said that M is a submanifold of N.

(iii) @ is an embedding if @ is a one-to-one immersion which is also a homeomor-
phism into, that is, the induced map @ : M — @ (M) is open when @ (M) is
endowed with the topology inherited from that of N.

(iv) @ is an submersion if @y is surjective for all p € M.

Definition 1.10 Let @: M — N be a C* map, with dim M = m, dim N = n, and
let pe M. If (U, ¢), (V,¥) are coordinate systems around p and @ (p), respec-
tively, and @ (U) C V, then one has a corresponding expression for @ in local co-
ordinates, i.e.

P=vyodop lipUNV)>yUNV).

The rank of @ at p is defined to be the rank of @, ,, which is equal to the rank of
the Jacobian matrix

ai
( f-(QD(P))), i=1,...,n, j=1,...,m,

ox/
of the map
5(x1,...,xm)=(fl(xl,...,xm),...,f”(xl,...,xm)),

expressing @ in local coordinates.

Theorem 1.11 (Theorem of the Rank) Let ®: M — N be a C* map, with dim M
=m, dimN = n, and rank @ =r at every point of M. If p € M, then there ex-
ist coordinate systems (U, @), (V,¥) as above such that ¢(p) = (0,...,0) € R™,
Y(@(p)=(@,...,0) eR", and P = Vo ® og~!is given by

®(x1,...,xm)=(x1,...,xr,0,...,0).

Moreover, we can assume ¢(U) = C'(0), (V) = C}(0), with the same &, where
C!(0) denotes the cubic neighbourhood centred at 0 € R" of edge 2¢.

Theorem 1.12 (Inverse Map Theorem) Let
f=0N ") U—R"
be a C*° map defined on an open subset U C R". Given a point xo € U, assume

afh, ... M
al, Ly 070

Then there exists an open neighbourhood V. C U of x¢ such that:
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1) f(V) is an open subset of R";
(i) f:V — f(V) is one-to-one;
(i) ' f(V) > Vis C®.

Theorem 1.13 (Implicit Map Theorem) Denote the coordinates on R" x R™ by
(xl, ..., xn, yl, o Y™ Let U CR" x R™ be an open subset, and let

f= ") U—>R"

be a C* map. Given a point (xg, yo) € U, assume:

@ f(xo,y0) =05
(i)
aCfL ™
Ay, ym)
Then, there exist an open neighbourhood V of xo in R" and an open neighbourhood

W of yo in R™ such that V. x W C U, and there exists a unique C* map g: V —
R™, such that for each (x,y) € V x W:

(x0, yo) # 0.

fx,y)=0 & y=gx).

Theorem 1.14 (Implicit Map Theorem for Submersions) Consider a submersion
7w: M — N. Then, for every q € imm, the fibre 1~'(q) is a closed submanifold of
M and dimz~'(¢) =dim M — dim N.

Definition 1.15 Let ~ be an equivalence relation in M, and let 7 : M — M/~ be
the quotient map. Endow M /~ with the quotient topology 7, i.e.

Uet & n 'U)is open in the topology of M.

The quotient manifold of M modulo ~ is said to exist if there is a (necessarily
unique) differentiable manifold structure on M/~ such that 7 is a submersion.

The following criterion is often used to construct quotient manifolds:

Theorem 1.16 (Theorem of the Closed Graph) Let ~ be an equivalence relation in
M and let N C M x M be the graph of ~, that is,

N={(p.g)eM xM:p~q}.
The quotient manifold M/~ exists if and only if the following two conditions hold

true:

(1) N is a closed embedded submanifold of M x M.
(i1) The restrictionw: N — M to N of the canonical projection pry: M x M — M
onto the first factor is a submersion.
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Definitions 1.17 Let M be a differentiable n-manifold with differentiable struc-
ture .% . Let

™= | T,M.
PEM

There is a natural projection 7 : TM — M, given by w(v) = p for any v € T, M.
Let (U,p) = (U,x', ..., x") € .Z.Define ¢: 7~ (U) - R*" by

Fw) = ((x" o)), ..., (x" o) (), dx' (v), ..., dx" (v)),

for all v € 71 (U). Therlthe collection of such (z 1 (U), @) determines on TM a
differentiable structure .% with which T M is called the rangent bundle over M.

A vector field along a curve y : [a,b] — M in the differentiable manifold M is
aC® map X: [a,b] = TM satisfying w o X = y. A vector field X on M is a C*
section X: M — TM.If f € C*U, then Xf is the function on U whose value at
p € M is X, f. The vector fields on M are usually identified to the derivations of
C®° functions, that is, to the R-linear maps X : C*°M — C°°M such that X (fg) =
(Xf)g + f(Xg). The (C* M)-module of vector fields on M is denoted by X(M).

If X and Y are vector fields on M, the Lie bracket [X, Y] of X and Y is the vector
field on M defined by

(X, Y],(f)=X,(Y[) = Y,(X[), peM.

One has the following geometric interpretation of the bracket of two vector fields
[4, vol. I, Proposition 1.9].

Proposition 1.18 Ler X and Y vector fields on the differentiable manifold M. If X
generates a local one-parameter group of local transformations ¢;, then

.1
[X, Y]p=t1£1(1);(Yp —(@Y)p), PEM.

Let X € X(M). A C* curve y in M is said to be an integral curve of X if

)=wa
0]

Definitions 1.19 A vector field is said to be complete if each of its maximal integral
curves is defined on the entire real line R.
The flow or 1-parameter group of a complete vector field X on M is the map

'(to) = d
Y (0) = Vx dr

o: MxR—->M
(p. D) = @i (p),

where t — ¢;(p) is the maximal integral curve of X with initial point p.
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Definitions 1.20 Let @: M — N be a C* map. The vector fields X € X(M), Y €
X(N), are said to be @-related if

D Xp=Yoppp), PEM,
i.e.
DP,oX=Yo.

Let @®: M — N be a diffeomorphism. Given X € X(M), the vector field image
@ - X of X is defined by

(@ . X)p = ¢*(X¢—l(p)).
That is, @ - X is a shortening for the section @, 0 X o @~ of TN.

Proposition 1.21 Let vector fields X; € X(M) and Y; € X(N), j =1,2, be -
related with respect the map ®: M — N. Then their brackets [X1, X2] € X(M)
and [Y1, Y2] € X(N) are also @-related vector fields, i.e.

Py o [Xy, Xo]=[Y1, V2] 0 D.

1.2 C* Manifolds

Problem 1.22 Prove that the function ¢: R — R, ¢(s) = 57, defines a C* differ-
entiable structure on R different from the usual one (that of the atlas {(R, idg)}).

Solution Since ¢! (s) = /s, ¢ is a homeomorphism, so that {(R, ¢)} is trivially
an atlas for R, with only one chart.

To see that the differentiable structure defined by {(R, ¢)} is not the usual one,
we must see that the atlases {(R, ¢)} and {(R,idr)} are not equivalent, i.e. that
{(R, ¢), (R, idr)} is not a C*° atlas on R. In fact, although ¢ o idﬂi1 =@ is C*, the
map idg o~ = ¢! is not differentiable at 0.

Let Ry, (resp., Riq) be the topological manifold R with the differentiable structure
defined by the atlas {(R, ¢)} (resp., {(R,idgr)}). Then, the map ¢: R, — Rjq is a
diffeomorphism. In fact, its representative map idog o ¢~ !: R — R is the identity
map.

Problem 1.23 Prove that if #: R” — R" is a homeomorphism, then the atlas
{(R™, h)} defines the usual differentiable structure on R" (that defined by the at-
las {(R", idg»)}) if and only if # and A~! are differentiable.

Solution If 2: R" — R” is a homeomorphism such that the atlas {(R", i)} defines
the usual differentiable structure on R”, thenh=ho idﬂ_v1 and h~! = idgrn o h=! are
differentiable. And conversely.



1.2 C® Manifolds 9

Problem 1.24 For each real number r > 0, consider the map ¢, : R — R, where
or(t) =t if t <0 and ¢,(t) = rt if + > 0. Prove that the atlases {(R, ¢,)},>0 de-
fine an uncountable family of differentiable structures on R. Are the corresponding
differentiable manifolds diffeomorphic?

Solution For each r > 0, ¢, is a homeomorphism, but ¢, and ¢, I are differentiable
only when r =1 (¢; = idr). Thus {(R, ¢,)}, for fixed r # 1, is an atlas defining a
differentiable structure different from the usual one. Moreover we have

3

<0
(or o9 ) ) = (r/s)t if1>0.

So, if r # 5, then ¢, o ¢ 1 is not differentiable. Consequently, the atlases {(R, ¢,)}
and {(R, @)} define different differentiable structures and thus {(R, ¢,)},~0o defines
a family of different differentiable structures on R.

All of them are diffeomorphic, though. In fact, given two differentiable man-
ifolds Ry, and Ry, defined from the differentiable structures obtained from the

atlases {(R, ¢,,)} and {(R, ¢,,)}, respectively, a diffeomorphism ¢: R(ﬂrl — R%
is given by the identity map for r < 0 and by ¢ — (r1/r2)t for t > 0. Indeed, the
representative map ¢, o ¢ o ¢, !'is the identity map.

Problem 1.25 Consider the open subsets U and V of the unit circle S! of R? given
by

= {(cosa, sina) : o € (0, 27)}, V ={(cosa, sina) :a € (—m, 7)}.
Prove that &/ = {(U, ¢), (V, ¥)}, where
¢: U— R, p(cosa, sina) =c«, o€ (0,27),
vV —->R, Y(cosa,sine) =«a, o€ (—m,m),

is an atlas on S1.

Solution One has U UV = S' (see Fig. 1.1). The maps ¢ and v are homeomor-
phisms onto the open subsets (0, 27r) and (—7, ) of R, respectively, hence (U, ¢)
and (V, v) are local charts on S'.

The change of coordinates ¥ o ¢!, given by

-1
oS unv Lywnv

o ifa e (0,m),

o — (cosa, sina) — )
oa—2n ifae(m,2m),

is obviously a diffeomorphism. Thus ¢ is an atlas on S'.
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Fig. 1.1 An atlas on S! with
two charts

Fig. 1.2 An atlas on S! with
four charts

S

B

Problem 1.26 Prove:
(i) o ={U1, 1), Uz, 92), (Us, 3), (Us, ¢s4)}, where

U1={(x,y)eSlzx>O}, o1: Uy — R,

(x,y)eSl:y>O, ¢ Uy — R,

U
Us
Uy

{ }
{(x,y)eSl:x<O}, ¢3: U3 —> R,
{(x,y)eSl:y<O}, o4: Usg —> R,

is an atlas on the unit circle S! in R?.
(i) .« is equivalent to the atlas given in Problem 1.25.

Solution

1

Differentiable Manifolds

NPA

ah
o

N

o1(x,y) =y,
@a(x, y) =x,
p3(x,y) =y,
Pa(x,y) =x,

(i) We have S! = U; Ui, i =1,2,3,4 (see Fig. 1.2), and each ¢; is a homeomor-
phism onto the open subset (—1, 1) of R, thus each (U;, ¢;) is a chart on S 1
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Fig. 1.3 Stereographic projections of S'

The change of coordinates ¢ o ¢, ! given by

pUiNU)=0,1)— UNU; —@gUNU)=(,1)

te (1,1 =12) > V1 —12,

is a C* map, since 1 — > > 0. Actually it is a diffeomorphism. The other
changes of coordinates are also C*°, as it is easily proved, thus &7 is a C*
atlas on S!.

(i) To prove that the two atlases are equivalent, one must consider the changes of
coordinates whose charts belong to different atlases. For example, for ¢ o gol_l
we have ¢1 (U NUp) = (—1,0) U (0, 1), and the change of coordinates is given
by

3
o (UNU) - UNU, —eUNU)= (0, %) U <—”,2n>

2
t (\/1 — 12, t) — o = arcsint,

which is a diffeomorphism of these intervals.
One can prove the similar results for the other cases.

Problem 1.27 Consider the set {(Un, ¢n), (Us, ¢s)}, where

Uv={@.yes :y#1}, Us={x.y)es :y#-1},

¢n and @g being the stereographic projection (with the x-axis as image) from the
north pole N and the south pole S of the sphere S!, respectively (see Fig. 1.3).

(1) Prove that {(Uy, ¢n), (Us, ¢s)} is a C* atlas on st
(ii) Prove that the corresponding differentiable structure coincides with the differ-
entiable structure on S' obtained in Problem 1.26.
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Solution

(1) The maps ¢y : Uy — R and ¢5: Us — R, given by

(p X, ) ’ ¢; X, ) ’

respectively, are homeomorphisms. The inverse map (p;,1 is given by

2x’ x/z—l)

=17\ _ _
YN (x)—(x,y)—<1+x/2,1+x/2

As for the change of coordinates
¢sopy 1 on(Un NUs) =R\ (0} > ps(Un NUs) =R\ {0},

one has (¢g o 90;,1)0) = 1/t, which is a C*° function on its domain. The inverse
map is also C*®. Thus, {(Un, ¢n), (Us, ¢s)} is a C* atlas on S!.
(i) Consider, for instance,

U={x,»es':y>0}, ¢lh— (L1, @@y =x

We have
ono@y i (—1,00U(0,1) — (—o0, —1) U (1, 00)

t—>1/(1—=V1-1?),

which is C* on its domain. Similarly, the inverse map ¢ o (p&l, defined by

on(Un NUz) = (=00, =) U(1,00) = ¢2(Uy NU2) = (=1,0) U (0, 1)
S 2s/(l +s2),

is also C®°. As one has a similar result for the other charts, we conclude.
Problem 1.28
(i) Define an atlas for the sphere
S?={(x,y, 0 eR:x?+y* +2 =1},

using the stereographic projection with the equatorial plane as image plane.
(ii) Generalise this construction to S, n > 3.

Solution

(i) Let us cover the sphere S? with the open subsets

UN={(x,y,z)€Sz:z<a}, Usz{(x,y,z)eS2zz>—a},
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Fig. 1.4 Stereographic
projections of S? onto the
equatorial plane

for 0 < a < 1. One can consider the equatorial plane as the image plane of the
charts of the sphere (see Fig. 1.4).

We define gy : Uy — R? as the stereographic projection from the north pole
N = (0,0, 1) and ¢5: Us — R? as the stereographic projection from the south
pole S = (0,0, —1). If x’, ¥’ are the coordinates of gy (p), with p = (x, y, 2),

we have:
ON: Uy — R?
o X y
(X’y,Z)'_) (.X ,Y)— <1 —Z’ 1—Z>
Similarly,
@s: Us — R?
"on X y
x? 9Z H 'x 9 — 9 .
. y,2) ( y) (1+z 1+z>
One has
on(Un) = ¢s(Us) = B(0,1/(1 —a)) CR*.
Since the cases z = 1 or z = —1, respectively, have been dropped, ¢ and gg

are one-to-one functions onto an open subset of R?. As a calculation shows,
(p{,l is given by

2%’ 2y/ x/2+y/2_1
1+x’2~|—y’2’ 1+x/2+y/2’ 1+x’2+y’2 !

on'(¥'.y) = (

If pe Uy NUs, p' =¢n(p), and p” = ps(p), denoting by x’, y' the coordi-
nates of p’ and by x”, y” the coordinates of p”, we deduce that

(x”’y”)=(<PSO¢N_1)(X’,y/)=( X Y )

x/2+y/2’ x/2+y/2

1

Hence @5 o oy~ is a diffeomorphism.
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(ii) For arbitrary n, with the conditions similar to the ones for S 2 we have

n+1
S" = {(xl,...,x"H) e R"*! :2:(xi)2 = 1},

i=1
UN= {(xl,...,x"'H) ESn+l :x"'H 75 1},

Us={(x",....x" )y esmtoxmth £ 1},

YN: Un — R"
1 n
1 +1 X X
(x peen X" )'_)<1_xn+l’”"1_xn+l)’
¢s: Usg — R"
1 n
1 n+l X X
(' x )H<1+x"+1"”’l+x”+1>’
o 0y = ()
_< 2y! 2y" Zi(y")z—1>
1+Zi(yi)2’ ’1+Zi(yi)2’ 1_|_Zi(yi)2

So

1 n
IO (Y Y \_ Y
(psoey ) sy") <Zi(yi)2’ ’2@1)2) Iy*

and similarly
(v oo ) (¥ y") = Iy%

which are C* in o (Uy NUs) =R™\ {0}.
Notice that with the stereographic projections, the number of charts is equal
to two, which is the lowest possible figure, since S” is compact.

Problem 1.29 Define an atlas on the cylindrical surface
M:{(x,y,z) cR? :x2+y2=r2,0<z<h},
where h,r e RT.

Solution We only need to endow the circle STy ={(x,y) e R2: x2 + y2 =12}
with an atlas. In fact, let (U, ¢), (V, ¥) be an atlas as in Problem 1.25. This means
that U, V are open subsets of S(r) c R2? such that S'(») = U UV, and ¢: U—R,
Y : V — R are diffeomorphisms. Then U x (0, k), V x (0, h) are open subsets of
M and one defines an atlas on M by

o ={(U x (0,h), ¢ x id), (V x (0, h), ¥ x id)}.
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Fig. 1.5 Charts for the

cylindrical surface v, v, 0 ] R’
/

y(V)

v(Vy)

In fact, the map
(¥ xid) o (¢ x id)~L: (U NV) x (0,h) = Y (U NV) x (0, h)
is a diffeomorphism, as it follows from the obvious formula
(W xid)o (¢ xid) ™' = (Y op™!) xid.

This construction is only an example of the general way of endowing a product
of two manifolds with a differentiable structure. In fact, one can view M as the
Cartesian product of S!(r) by an open interval.

Problem 1.30

(i) Define an atlas on the cylindrical surface defined as the quotient space A/~,
where A denotes the rectangle [0, a] x (0,h) C R2, a > 0, h > 0, with the
topology inherited from the usual one of R?, and ~ stands for the equivalence
relation (0, y) ~ (a, y), where (0, y), (a, y) € A.

(i) Relate this construction to the one in Problem 1.29.

Remark As for the fact that every subset of a topological space can be equipped with
the subspace topology in which the open subsets are the intersections of the open
subsets of the larger space with the given subset, see, for instance, [3, p. 55, 10].

Solution

(i) Denote by [(x, y)] the equivalence class of (x, y) modulo ~. Letc,d,e, f € R
be such that 0 < ¢ < e < f <d < a. We define (see Fig. 1.5) the charts (U, ¢),
(V,¢) taking U = {[(x, ¥)] :c <x <d}, V=V UV,, where

Vi={[&x,»]:0<x <e}, Vo={[x,»]: f <x<a},
¢: U—R% o([(x,y)]) = (x,y),and
v Vv —R?

x+a,y) if(x,y)eV,

[ ]= 060 temen
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Fig. 1.6 The infinite M6bius Yy
strip

Itis obviousthat : U — ¢(U) and ¥ : V — (V) are homeomorphisms. The
change of coordinates ¥ o 9~ ': (U N V) — ¥ (U N V) is given by

x+a,y) if(x,y)epUnNVy,

o ! =
(1// ) )()C,y) {(x’y) if (x,y) €U NW,),

which is trivially a diffeomorphism.
(i) Let

2 2
go:A:[O,a]x(O,h)—>R3, gp(oc,z):(rcos Tm,rsinﬂ,z),
a a

O0<a<a, O0<z<h, r=a/2n.

From the very definition of ¢ it follows that ¢(A) = M, where M C R3
is the submanifold defined in Problem 1.29. Then it is easily checked that
o(a,z) = ¢(a’, ') if and only if (@, z) ~ (a’,z’). Hence ¢ induces a unique
homeomorphism @: A/~ — M such that g o p = ¢, where p: A — A/~ is
the quotient map.

Problem 1.31 Define the infinite Mobius strip M as the topological quotient of
[0, 1] x R by the equivalence relation ~ which identifies the pairs (0, y) and (1, —y)
(see Fig. 1.6), with the topology inherited from the usual one of R?. Show that M
admits a structure of C°° manifold consistent with its topology.

Solution Let p: [0, 1] x R > M = ([0, 1] x R)/~ be the quotient map. Consider
the two open subsets of M given by

U=(0,1)xR)/~,  V=((0,1/2)U(1/2,1]) x R)/~.

Every point z € U can be uniquely written as z = p(x, y), with (x, y) € (0,1) x R
and we can define a homeomorphism ¢: U — ¢(U) C R? by setting ¢(z) = (x, y).



1.2 C* Manifolds 17

We also define ¥ : V — (V) C R? as follows: Set z = p(x, y) with (x,y) €
([0,1/2) U (1/2,1]) x R. Then,

)&+ 1,—y) ifx<1/2,
V= i(x,y) ifx>1/2.

The definition makes sense as ¥ (p(0, ¥)) = ¥ (p(1, —y)) = (1, —y), forall y e R.
It is easily checked that ¥ induces a homeomorphism between V and the open
subset (1/2,3/2) x R C R%. The change of coordinates ¢ o ¢ ~': (U NV) —
(U NV), that is,

poy L ((1/2,HU1,3/2)) x R— ((0,1/2) U (1/2, 1)) x R,
is given by

(x, ) if1/2<x<1,

-1 —
e P

which is a C* map. Similarly, the change of coordinates
Yo lipUNV) =y UNY),
that is,
Vog ! ((0, 1/2)u (1/2, 1)) xR — ((1/2, nud, 3/2)) x R,
is given by

x+1,—y) if0O<x<1/2,

1 _
Wop ey = (x, y) if1/2<x<1,

which also is a C*° map.

Problem 1.32

(i) Consider the circle in R3 given by x2 + y> =4, z =0, and the open segment
P Q in the yz-plane in R? given by y =2, |z| < 1. Move the centre C of PQ
along the circle and rotate P Q around C in the plane Cz, so that when C goes
through an angle u, P Q has rotated an angle u/2. When C completes a course
around the circle, P Q returns to its initial position, but with its ends changed
(see Fig. 1.7).

The surface so described is called the Mobius strip.
Consider the two parametrisations

x(u,v) = (x(u, v), y(u, v), z(u, v))

= 2—wvsin— )sinu, [ 2 —wvsin— | cosu, vcos — |,
2 2 2

O<u<2m, —1l<v<l,
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Fig. 1.7 The Mobius strip

X (u,v) = (x'(u, ), y'(u,v), ' (u, v))

!
=<<2—v’sin<%+%))cosu’,
) /. 7T+”/ s n+u’
—(2—=v'sin[| =+ = ) }sinu/, v'cos| =— + =} ),
4 2 4 2

7/2<u’ <5m/2, —1<v <.

Prove that the Mobius strip with these parametrisations is a 2-dimensional
manifold.
(i) Relate this manifold to the one given in Problem 1.31.

The relevant theory is developed, for instance, in do Carmo [2].

Solution

(i) The coordinate neighbourhoods corresponding to the parametrisations cover the
Mobius strip. The intersection of these coordinate neighbourhoods has the two
connected components

Uy ={x(u,v):m <u<2r}, Us={x(u,v):0<u<m},

and the changes of coordinates are given on U; and U», respectively, by

which are obviously C*°.
(i) Let ¢: [0,27] x (=1, 1) — R3 be the map given by

ou,v) = 2—vsinZ sinu, 2—vsinE cosu,vcosE .
2 2 2
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Note that the restriction of ¢ to (0,27) x (—1,1) coincides with the first
parametrisation. Moreover, it is easy to see that im ¢ coincides with the Mobius
strip.

Let «: [0,1] x R — [0,27] x (—1, 1) be the homeomorphism given by
a(s,t) = (2ms, (2/m)arctant). Set y = p oa. Let (s1,11), (s2,12) € [0, 1] x R
be two distinct points such that ¥ (s1, #1) = ¥ (s2, 2). As @ is a parametrisation
when restricted to (0, 27) x (—1, 1), the assumption implies that

(s1,11), (52, 12) € 3([0, 1] x R) = ({0} x R) U ({1} x R).

As (s1, 1) # (s2, 1), either (s1,11) € {0} x R and (s2,1) € {1} x R, or vice
versa. In the first case, ¥ (0, t;) = ¥ (1, t2) means

(0, (2/m)arctant;) = (27, (2/m) arctan ).

So
(0,2, (2/m)arctanty) = (0,2, —(2/7) arctan 1),

that is, #; + t» = 0. The other case is similar. This proves that the equivalence
relation associated to ¥ coincides with the equivalence relation ~ defined in
Problem 1.31.

Problem 1.33 Let 72 be a torus of revolution in R3 with centre at (0, 0, 0) € R3
andleta: T2 — T2 be defined bya(x,y,z) =(—x,—y, —z). Let K be the quotient
space under the equivalence relation p ~ a(p), p € T2, and let 7 : T> — K denote
the map 7(p) = {p, a(p)}. Assume T? is covered by parametrisations X, : Uy —>
T2 such that

Xo (Ug) N (a o Xq)(Uy) =1,

where each U, is an open subset of R?.

Prove that K is covered by the parametrisations (Uy, 7 o X,) and that the corre-
sponding changes of coordinates are C*°.

K is called the Klein bottle (see Fig. 1.8).

The relevant theory is developed, for instance, in do Carmo [2].

Solution The subsets (7 o x,)(U,) cover K by assumption. Each of them is open
in K as

77 0%0)(Ua)) = Xa (Ua) U a(xe(Uy))

and x4 (Uy), a(x4(Uy)) are open subsets of T2. Moreover, each map 7 o Xy :
U, — K is a parametrisation (that is, it is one-to-one) by virtue of the condition
Xy (Uy) N (a 0 X4)(Uy) = 0. Finally, the changes of coordinates are C°°. In fact, let

pE domain((n o Xﬂ)_l o(mwo xa)).
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Fig. 1.8 The Klein bottle

Then p € Uy and (7 o X4)(p) € (r 0 Xg)(Up); hence either x,(p) € xg(Ug) or
Xq(p) € (a oxg)(Up). In the first case, one has

( oxﬁ)_1 o (m oxa)zxﬂl 0 Xy
on a neighbourhood of p; and in the second one, we have
(r oxﬁ)’] o(moxy)=(a oxﬁ)’1 0 Xg,

on a neighbourhood of p. Since a is a diffeomorphism, (7 o xlg)*1 o(moXy)isa
diffeomorphism on a neighbourhood of p. Thus, it is C*.

Problem 1.34 Define an atlas on the topological space M (r x s, R) of all the real
matrices of order r X s.

Solution The map ¢: M(r x s, R) — R defined by

(p(aij)z (alls ~"valS9“warl"-"ars)z

is one-to-one and surjective. Now endow M (r x s, R) with the topology for which
¢ is a homeomorphism. So, (M (r x s,R), ¢) is a chart on M(r x s, R), whose
domain is all of M (r x s, R). The change of coordinates is the identity, hence it is a
diffeomorphism. So, &7 = {(M(r x s, R), @)} is an atlas on M (r x s, R).

1.3 Differentiable Structures Defined on Sets

In the present section, and only here, we consider differentiable structures defined
on sets.

Let S be a set. An n-dimensional chart on S is an injection of a subset of S onto
an open subset of R*. A C* atlas on S is a collection of charts whose domains
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Fig. 1.9 The “Figure Eight” Yy
defined by (E, ¢)

cover S, and such that if the domains of two charts ¢, ¥ overlap, then the change of
coordinates ¢ o ¥~ ! is a diffeomorphism between open subsets of R”.

Hence, the manifold is not supposed to be a priori a topological space. It has the
topology induced by the differentiable structure defined by the C*° atlas (see [1,
2.2)).

Problem 1.35 Consider E = {(sin2t, sint) € R? : t € R} (the Figure Eight).

(i) Prove that {(E, ¢)}, where ¢: E — R is the injection of E onto an open inter-
val of R, defined by ¢(sin2z, sint) =1, t € (0, 27) (see Fig. 1.9), is an atlas on
the set E. Here E has the topology inherited from its injection in R.
(i1) Prove that, similarly, {(E, ¥)}, where ¥: E — R, ¥ (sin2t,sint) =t¢, t €
(—m, ), is an atlas on the set E.
(>iii) Do the two atlases define the same differentiable structure on E?

Remark Notice that the “Figure Eight” is not endowed with the topology inherited
from R as, in this case, it would not be a differentiable manifold. Instead, we endow
it with the topology corresponding to its differentiable structure obtained from the
atlases above. (Notice that the arguments here are similar to those given in studying
the sets in Problems 1.43, 1.44 below).

The relevant theory is developed, for instance, in Brickell and Clark [1].

Solution

(i) ¢ isaninjective map from E onto the open interval (0, 27) of R, whose domain
is all of E. Consequently, {(E, ¢)} is an atlas on E.
(i1) Similar to (E, ¢).
(iii) The two atlases define the same differentiable structure if (E, ¢) belongs to
the structure defined by (E, 1) and conversely. That is, the maps ¥ o ¢! and
@ o ¥~ must be C*>°. We have

Vol @(E)=(0,21) > E — Y(E) = (—m,7)

t — (sin2t,sint) — J(sinZt, sint),
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Fig. 1.10 The Noose

Y
x
where
t, te0,m),
J(sin2t, sint) = {0, t=m,

Y (sin(2t — 4m),sin(t —2mw)) =t — 2w, t € (w,2m).

Thus, ¥ o ¢! is not even continuous and the differentiable structures defined
by these atlases are different.

Notice that the topologies induced on E by the two C° structures are
also different: Consider, for instance, the open subsets (p‘l (Uz) and 1/;‘1 Uo),
where U, and Uy denote small neighbourhoods of 7 and 0, respectively.

Problem 1.36 Consider the subset N of R? (the Noose) defined (see Fig. 1.10) by

N={@x,»eR:x*+y*=1}U{(0,y): 1<y <2}.

(i) Prove that the function

@: N — R
(sin2ms, cos2ms) > § if0<s <1,
O, s) >1—s ifl<s<?2,

is a chart that defines a C® structure on N.
(i1) Prove that the function

v N - R
(sin2ms,cos2ms)—~>1—s if0<s <1,

0, s) —1—s ifl<s<?2,
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Fig. 1.11 An example of set

with a C® structure M=UuUV

also defines a C structure on N.
(>iii) Prove that the two structures above are different.

The relevant theory is developed, for instance, in Brickell and Clark [1].

Solution

(i) Obviously ¢: N — (—1, 1) is a one-to-one map. Endow N with the unique
topology 1, making ¢ a homeomorphism. Thus, the atlas {(N, ¢)}, with the
single chart ¢, defines a C* structure in N.

Notice that if N is endowed with the topology inherited from that of R?,
then ¢ is not continuous at the point (0, 1).

(i) Proceed similarly to (i).

@iii) If (N, ¢) is assumed to belong to the structure defined from (N, ¢), then i o
(p’l :(—=1,1) = (=1, 1) would be C*, but it is not even continuous.

Problem 1.37 Consider the sets
U={¢.0eR:seR}, V={60eR*:5s<0}U{(s,1)eR:5>0],
and the maps

¢: U—R, o(s,0) =s,

YV —>R, ¥(s,0) =s, Y(s, 1) =s,

y: V>R, y(s,O):s3, y(s,1)=s3.

(1) Prove that {(U, ¢), (V, ¥)} defines a C*® structure on the set M = U U V (see
Fig. 1.11).
@i1) Is (V,y) achart in the previous differentiable structure?

The relevant theory is developed, for instance, in Brickell and Clark [1].

Solution

(i) The maps ¢ and i are injective, and we have p(U) =R, (V) =R\ {0},
which are open subsets of R. Moreover, both ¢ o ¥~ and ¥ o ¢! are the
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Fig. 1.12 Two charts which Yy M=UUV
do not define an atlas

U

identity map on Yy (U NV) = (—00,0) =(U NV),and p(UNV), Yy (U NV)
are open subsets of R. Hence &7 = {(U, ¢), (V, ¥)} is a C* atlas on M.

(i) The map y is injective, and y (V) =R\ {0}, y(U N V) = (—o0, 0), are open
subsets of R. Moreover, the maps y o9~ !, poy™ !, yoyy~!, and o y ! are
C° maps. Thus, y is, in fact, a chart of the above differentiable structure.

Problem 1.38 Let
S={x0eR*:xe(-1,+D}U{(x,x) eR*:x € (0, D}.
Let

U:{(x,O):xe(—1,+1)}, ¢: U— R, ¢(x,0) =x,
V={(x0:xe(-1,0}U{x x),xe© D}
vV —->R, Y(x,0) =x, Y(x,x)=x

(see Fig. 1.12). Is &7 = {(U, ¢), (V, ¥)} an atlas on the set S?
The relevant theory is developed, for instance, in Brickell and Clark [1].

Solution We have S = U U V. Furthermore ¢ and ¢ are injective maps onto the
open subset (—1, +1) of R. Thus (U, ¢) and (V, ¥) are charts on S. However, one
has (U N V) =y (U NV)=(—1,0], which is not an open subset of R. Thus &/ is
not an atlas on S.

Problem 1.39 Consider on R? the subsets
Ei={(x,00eR*:xeR}, Er={(x DeR*:xeR}.
Define on E = E1 U E an equivalence relation ~ by

(x1,0) ~ (x2,0) <= x1=1xp,
x1, D)~ (x2,1) = x1=x2,

x1,0) ~(x2,1) <<= x1=x<0.
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[0, 1)]

[(0, 0)]

Fig. 1.13 A set with a C* atlas, whose induced topology is not Hausdorff

The classes of the quotient set S = E/~ are represented by the elements (x, 0) for
x < 0, and the elements (x,0) and (x, 1) for x > 0 (see Fig. 1.13). Prove that S
admits a C*° atlas, but S is not Hausdorff with the induced topology.

The relevant theory is developed, for instance, in Brickell and Clark [1].

Solution Denote by [(x, y)] the class of (x, y). We can endow S with a manifold
structure by means of the charts (Uy, ¢1) and (Ua, ¢2), where

U={[x.0]:xeR}, Ur={[(x,0)]:x <0}U{[(x,D]:x >0},
o[ 0])=x.  @[(x.0]) =e2([(x. D]) =x.
One has Uy U Uy = S. Furthermore, ¢1(U1) =R, ¢2(Uz) = R are open sets and

grop; 't (—00,0) = Uy NUs — (—00,0)

X [(x,O)] = X

is a diffeomorphism. Hence S admits a C* atlas.

Nevertheless, the induced topology is not Hausdorff. The points [(0, 1)] and
[(0,0)] do not admit disjoint open neighbourhoods. In fact, if U is an open sub-
set of S containing [(0, 0)], then ¢ (U N U;) must be an open subset of R. But
[(0,0)] € U NUy, hence ¢ (U N Uy) is an open subset of R that contains 0, thus
it contains an interval of the form (—«, «), with o > 0. Therefore, {[(x,0)] : —a <
x <0} C U. Similarly, an open subset V of S containing [(0, 1)] can have a subset
of the form {[(x,0)]: —8 < x <0, 8 > 0}. Thus U and V cannot be disjoint.

Problem 1.40 Let S be the subset of R? which consists of all the points of the
set U = {(s,0)}, s € R, and the point (0, 1). Let U; be the set obtained from U
replacing the point (0, 0) by the point (0, 1). We define the maps

p1(5,0)=s, s#0,

¢: U— R, o(s,0) =s, ¢1: U - R,
91(0,1) =0.

Prove that {(U, ), (U, ¢1)} is a C* atlas on S, but S is not Hausdorff with the
induced topology.
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Fig. 1.14 The straight line L4
with a double point

Solution U UV =, ¢ and ¢ are injective maps in R, and the changes of coor-
dinates ¢ o ¢ !and @1 o ¢~ are both the identity on the open subset R \ {0}. So,
these two charts define a C* atlas on S.

Let V be a neighbourhood of (0, 0) and W a neighbourhood of (0, 1) in S. Then
o(UNYV)and @1 (U N W) are open subsets of R containing 0, and so they will also
contain some point a # 0. The point (a, 0) belongs to V N W, hence the topology
of S is not Hausdorff.

Problem 1.41 Consider the set S obtained identifying two copies L and L, of the
real line except at a point p € R (see Fig. 1.14). Prove that S admits a C* atlas but
it is not Hausdorff with the induced topology.

Solution Take the usual charts on L; and L, i.e. the identity map on R. Then
S = L1 U Ly, and the change of coordinates on the intersection L; N Ly is C*
as it is the identity map. Nevertheless, the points p; € L and p; € Ly, where p;,
i =1, 2, stands for the representative of p in L;, are obviously not separable.

Problem 1.42 Let S = R x R, where in the first factor we consider the discrete
topology, in the second factor the usual topology, and in S the product topology.
Prove that § admits a C* atlas and that S does not satisfy the second axiom of
countability but it is paracompact.

The relevant theory is developed, for instance, in Brickell and Clark [1].

Solution Foreachr e R,let L; = {(z,y):y € R} = {t} xR, which is an open subset
of S. The map ¢;: L; — R, ¢ (¢, y) =y, is a homeomorphism, hence {(L;, ¢;)};cr
is a C* atlas on S such that if s £ ¢ then L; N Ly = @. So S is a locally Euclidean
space of dimension 1 which admits a differentiable structure. The topological space
S has uncountable connected components; thus it is not second countable with the
induced topology. The space S is paracompact. In fact, S is Hausdorff as a product
of Hausdorff spaces and if {U, }qe4 is an open covering of S, then, for some fixed ¢,
{Uy N Lt}yeca is an open covering of L, (which is paracompact since it is home-
omorphic to R with the usual topology) which admits a locally finite refinement
{Vi}rea. Thus {V}},ca rer is a locally finite refinement of {Uy }gea-

One could alternatively argue that S is paracompact since each connected com-
ponent of S is second countable.
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Fig. 1.15 The cone is not a
locally Euclidean space
because of the origin

Fig. 1.16 Two tangent \

circles are not a locally

Euclidean space

Problem 1.43 Consider the cone § = {(x, y, z) € R} : x? + y? = 7%} (see Fig. 1.15)
with the topology induced by the usual one of R3. Prove that the algebraic manifold
S is not even a locally Euclidean space.

Solution The point (0, 0, 0) € S does not have a neighbourhood homeomorphic to
an open subset of R%. In fact, if such a homeomorphism /#: U — V between an
open neighbourhood U of 0 = (0, 0, 0) in S and an open subset V of R? is assumed
to exist, then, for small enough ¢ > 0, the open disk B(k(0), ¢) of centre 4#(0) and
radius ¢ would be contained in V. Now, if we drop the point 4(0) in B(h(0), €)
the remaining set is connected. So it suffices to see that if we drop 0 in any of its
neighbourhoods, the set U \ {0} is not connected. In fact, U \ {0} = U U U_, where

Up={(x.y,0eU:2>0}, U_={(x,y,2€U:2<0},

so U NU_ =¥, and U4 and U_ are open subsets in the induced topology. Hence
S is not even a locally Euclidean space.

Problem 1.44 Let S be the topological space defined by the union of the two circles
in R? with radius 1 and centres (—1, 0) and (1, 0), respectively (see Fig. 1.16), and
the topology inherited from that of R?. Is S a locally Euclidean space?

Solution No, as none of the connected neighbourhoods in S of the point of tangency
(0, 0) is homeomorphic to an open subset of R. In fact, let V be a neighbourhood of
(0, 0) in S inside the unit open ball centred at the origin. If such a neighbourhood V
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were homeomorphic to R, then V \ {(0,0)} and R \ {0} would be homeomorphic;
but this is not possible, as V' \ {(0, 0)} has at least four connected components and
R\ {0} has only two.

Problem 1.45 Let S be a set with a C* atlas and consider the topological space S
with the induced topology.

(1) Is S locally compact, locally connected and locally connected by arcs as a

topological space? Does it satisfy the first axiom of countability? Does it satisfy
the separation axiom 777

(i1) Does it satisfy the separation axiom 7>? And the second axiom of countability?

(iii) Does it satisfy the separation axiom 737 Is S a regular topological space? Is §
pseudometrizable? Does it satisfy all separations axioms 7; ? Is S paracompact?
Can it have continuous partitions of unity?

(iv) Does S satisfy the properties mentioned in (iii) if we constrain it to be 7> and
to satisfy the second axiom of countability?

Hint Consider:

1. Urysohn’s Theorem: If S verifies the second axiom of countability, then it is
equivalent for S to be pseudometrizable and to be regular.
2. Stone’s Theorem: If S is pseudometrizable, then it is paracompact.

Solution

(i) S being locally Euclidean, it is locally compact, locally connected, locally con-
nected by arcs, and satisfies the first axiom of countability.

S satisfies the separation axiom 77. In fact, let p and g be different points
of S. If they belong to the domain of some chart (U, ¢) of S, we can choose dis-
joint open subsets Vq, V, of R” (assuming dim S = n), contained in ¢(U), and
such that ¢(p) € Vi, ¢(g) € V». Since ¢ is continuous, go_l(Vl) and (p_l(Vz)
are disjoint open subsets of S containing p and g, respectively. If p and ¢ do
not belong to the domain of a given chart of §, there must be a chart whose
domain U; contains p but not ¢, and one chart whose domain U, contains ¢
but not p.

Notice that Uy and U, are open subsets of S.

(i1) It does not necessarily satisfy the separation axiom 73, as it can be seen in
the counterexamples given in Problems 1.39, 1.40, 1.41. It does not necessar-
ily satisfy the second axiom of countability, as the counterexample given in
Problem 1.42 proves.

(iii)) Not necessarily, since S is not necessarily 7.

(iv) Yes, as we have:

(a) S is locally compact, as it follows from (i). As S is also 7>, it is 73 and
hence regular.

(b) By Urysohn’s Theorem, S is pseudometrizable.

(c) S being pseudometrizable and 7>, it satisfies all the separation axioms.

(d) S being pseudometrizable, it is paracompact by Stone’s Theorem.

(e) S being paracompact, it admits continuous partitions of unity.
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1.4 Differentiable Functions and Mappings
Problem 1.46 Consider the map
f:IRz—HR, (x,y)|—>x3+xy+y3+1.

(i) Compute the map fi: T R? — Tf(p)R

(ii) Which of the points (0, 0), (3 3) (——, %), is fi injective or surjective at?
Solution
»
9 f
f*<a— )=—( )8_ (3x +y)(P)8
*lp Hro anm
9 f
f*(a— ):8_(p)8_ (x+3y )(P)a
Yip Y Hro anm
(i)
d d d d
R Yookl a(2] Yo,
9x (0,0 |y 9y 10,0y arly

hence f.(0,0) is neither surjective nor injective.

] 29 a
(3],)-53l, 443
ox . 30t 2 dy

(é,;)>
hence f, (11 is surjective, but not injective.

il d il
(Gl ) =y = ()
Fld-b Hz O

hence f, 1 _1 is neither surjective nor injective.
3> 3

Problem 1.47 Let
f:R?> - R?, (x,y) > (x* =2y, 4x°y?),
g:R2—>}R3, (x,y)l—>(x2y+y2,x—2y3’yex)~

(i) Compute f*(l 2) and 8x(x,y)-

(ii) Find g.((4-2 ~ 3y D)o.n)-
(iii) Calculate the condltlons that the constants A, @, v must satisfy for the vector

(X d n ad n a )
J— w— V—
0x 8y 0z 2(0,0)

to be the image of some vector by g..
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Solution
(1)
) 2xy x*42y
f*(1,2) = ) g*(x,y) = 1 —6y2
48 16 . -
ye e
(ii)
9 3 0 2 4 -2
8x 3_ — 3_ =|1 -6 1 =110
X Y/ 0,1 -
o0 ! ! 3 g(0,1)
= ( 2—+10 9 +3 9 >
a X dy 92/ (1,-2.1)

(iii) Since
0 0
goo=[|1 0],
0 1

the image by g, of T(O,O)Rz is the vector subspace of T((),ogo)}R3 of vectors of
type (0, , v).

Remark f, cannot be injective at any point since dimR? > dimR.

Problem 1.48 The elements of R* can be written as matrices of the form A =
()yc ;)-Let Ag = (Csi’jg _CS‘S“; ). Let Ty : R* — R* be the differentiable transformation
defined by Ty (A) = AgA.

(i) Calculate Ty,.

(i) Compute Ty, X, where X = cos6 % —siné % + cos 6 % —sin6 %

Solution
(i)
cosf —sin6 0 0
T, — sinf  cos® 0 0
0% = 0 0 cosf —sinf
0 0 sinf  cos6

(@ii) Itis immediate that Ty, X = % + d% The result can also be obtained consider-
ing that if

S YA WL A WL P
T Ty TR T M
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is a vector field on R?, then 7y, X = AgA, where A = (i; ii ). We thus have

_ (cosf —sinf cosf)  cosf 1 1y _ 0 0
TG*X:<sin9 cos@)(—sin@ —sin9>_<0 0)254_3_[

Problem 1.49 Let E be the “Figure Eight” with its differentiable structure given
by the global chart (sin2s, sins) — s, s € (0, 27) (see Problem 1.35). Consider the
vector v = (d/ds)o tangent at the origin p = (0,0) to E and let j: E — R? be the
canonical injection of E in R

(i) Compute j,v.
(i) Compute j,v if E is given by the chart (sin2s, sins) — s, s € (—m, 7).

Solution

(1) The origin p corresponds to s = 1, so

Jsin2s
j*P = ( %v as(i)ns) = <_21) :
as s=m

_d
As v = gy, we have

(2 2\ 9
d sin 2
e
Jep = asins A1)
s=0

0

(ii)) We now have

3s
50 fup =2 |p + 2 |-
Problem 1.50 Consider the parametrisation (see Remark 1.4)

x =siné cos g, y =sinfsing, z=cosf, O0<bO<m O0<¢<?2m,
of S%. Let f: S — S be the map induced by the automorphism of R? with matrix
V2/2 0 V2)2
0 1 0
—V2/2 0 2)2

Consider the coordinate neighbourhood
U={(xy2 €S2:x+z#0}.

Compute f*(%h,) and f*(%h,) for p = (6p, ¢o) € U such that f(p) also belongs
toU.
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Solution This parametrisation can be described by saying that we have a chart @
from U to an open subset of A = (0, ) x (0, 27) with

<D_1(u, v) = (sinucosv, sinusinv,cosu), u,veA,

and that we call
=uod, p=vo®,

where u and v are the coordinate functions on A. Then we need to compute
f:((8/30) ) and f,((3/0¢)p), where p € U. As f(p) € U, we have

9 Ao f) dpo f)
f*<— >=< >() ’ +< )()
30|, 90 3 | /() 90 3¢ | 1)
8(90fo®])>
=(——=——)@w)
( du ( )89 o)
dpo fodh) 9
(et oo
f(p) %)
el 3(00f)> (8(<p0f)>
*\ 5 = v + N
g (3‘P p) < I v )39 £ dg v )39" £p)

3(90.]”0(15_1))
= (22 ) (o) —=
< dv ( )39 )

d(po fod™")
(L o

f(p)

Now,

(0o fo® )(u,v)

= (0 o f)(sinucosv,sinusinv, cosu)

2 2
= 9<T(Sinucosv + cosu),sinusinv, 7(— sinu cosv + cosu))

2
= arccos(%(— sinu cos v + cos u)),

(pofo® Nu,v)= arctan(\/i

sinu sinv
sinu cos v + cosu

(Notice that, since x + z # 0 on U, the function arctan is well-defined on U .)
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Then, we obtain by calculating and substituting the four partial derivatives in (x)

above:
f ]
*\ 96

) _ sin 6y + cos By cos g 9
p \/1 + sin? 6 sin? @0 + sin 26 cos ¢g a0 f(p)

V2singg ad
1 4 sin® 6 sin? g + sin 26 cos g ¢ f(p)’

0 — sin 6 sin o 0
fel =
ap »

/1 4 sinZ6g sin g + sin 200 cos g 9 | ()
V/2(sin? 6 + % sin 26 cos gp) K2
1+ sin® 6y sin? g + sin 26 cos go 3¢ | ¢()’

1.5 Critical Points and Values

Problem 1.51 Consider the map
(p:]R3—>R2, (xl,xz,x3)v—>(yl,yz)z(xlxz,x3).

(i) Find the critical points of ¢.

(ii) Let S? be the unit sphere of R3. Find the critical points of ¢|g.
(iii) Find the set C of critical values of ¢|g2.
(iv) Does C have zero measure?

The relevant theory is developed, for instance, in Milnor [7].

Solution

x2xto
001
that is, the set of critical points of ¢ is the x3-axis.

(i) Consider the charts defined by the parametrisation

(i) The Jacobian matrix ¢, = ( ) has rank ¢, < 2 if and only if x! = x2 =0,

xl:sinucosv, xzzsinusinv, x3:cosu,

foru e (0,7),ve (0,2r) and u € (0, 7), v € (—m, w) (see Remark 1.4). We
have
1
y1 :EsinzusinZU, y2=cosu.
So we can write

Lsin2usin2v  sin?ucos2v
(pls2), =2 . ;
5% —sinu 0 ’

thus rank(¢|s2), < 2 if and only if either sinu = 0 or cos2v = 0.
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Fig. 1.17 The set of critical 3
points of ¢| ¢

(iii)

@v)

1 Differentiable Manifolds

We have sinu # 0 in both charts. In the first chart, we have cos2v = 0
for v=m/4, 3w /4, 57 /4, Tr /4. In the second chart, one has cos2v = 0 for
v=—3n/4, —n /4, /4,37 /4. The sets of respective critical points coincide:
They are the four half-circles in Fig. 1.17 excluding the poles, due to the
parametrisation. Now, we must add the poles as they are critical points of ¢
by virtue of (i) above.

Hence, the set of critical points of ¢| is given by the meridians corre-
sponding to v =mn /4,3 /4,57 /4, T /4.

Since sin2v = +£1 for v =w /4,37 /4, 57 /4, Tm /4, the set of critical values of
@lg2 1s

1
C= {(yl,yz) yl= :I:ESinzu,y2 =cosu},
that is, the parabolas
2 2
'+ (0 =1 ' -() =-1

Note that the images of the poles are included.

A subset S of an n-manifold M has measure zero if it is contained in a count-
able union of coordinate neighbourhoods U; such that, ¢; being the corre-
sponding coordinate map, ¢; (U; N'S) C R” has measure zero in R”. This is
the case for C C R2, as it is a finite union of 1-submanifolds of R2.

Problem 1.52

(i) Let N = {(x,y) € R2:y =0} and M = R%. We define f: M - R by
f(x,y) = y%. Prove that the set of critical points of f|y is the intersection
with N of the set of critical points of f.

(i) Let N ={(x,y) e R2:x2 4+ y2 =1} and M = R2. We define f: M — R by
f(x,y) =x%+ y2.Is the set of critical points of |y the same as the one of f?

Solution

(i) The set of critical points of f is N and f|y is the zero map. Thus all the points

of N are critical for f|y.
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(i) No. In this case, the set of critical points of f reduces to the origin, but f|y =1,
so all the points of N are critical.

Problem 1.53 Find the critical points and the critical values of the map f: R —
R?, (x,y,2) > (x + %,y +2°).

Solution We have f, = ( (1) 21}' 20z ) Since rank f, =2, f has no critical points, hence

it has no critical values.

Problem 1.54 Consider the function
f:R3—>]R, (x,y,z2) > xsiny + ysinz + zsinx.

(i) Prove that (0, 0, 0) is a non-degenerate critical point of f.
(ii) Calculate the index of f at (0, 0, 0).

Solution
)
S4(0,0,00 = (siny +zcosx, xcosy +sinz, ycosz +sinx) g.0) = (0, 0, 0).

Thus rank fy(0,0,00 =0, so (0, 0, 0) is a critical point. The Hessian matrix of f
at (0,0,0) is

—zsinx cosy COS X 01 1
H(Jé,o,m =| cosy —xsiny cosz =11 0 1
cosx cosz  —ysinz 1 10

(0,0,0)

Since det H({)’O’O) =2 # 0, the point (0, 0, 0) is non-degenerate.

(i) Theindex of f at (0, 0, 0) is the index of H(J(; 0.0)° that is, the number of negative
signs in a diagonal matrix representing the quadratic form 2(x y +xz + yz)

associated to H({) 0.0)" Applying the Gauss method of decomposition in squares,
one has

2xy+2xz+2yz=2((x+z)(y+z)—Z2)
1 1
=2<Z(x+y~|—22)2— Z(x—y)z—zz>

1 1
= §(x+y+2z)2 - E(x —y)2 — 272

As two negative signs appear, the index of f at (0, 0, 0) is 2.

Problem 1.55 Consider the C* manifold R” and a submanifold L given by a vec-
tor subspace of R” with dim L < n — 1. Prove that L has zero measure.
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Fig. 1.18 The graph of the y 2
2.3 R
map t — (t°,17)

Solution Let dim L =k < n — 1. Consider the map
f:Rk—>R”, f(xl,xz,...,xk)zxiei,

where {e;} is a basis of L. By virtue of Sard’s Theorem, f (R*¥) = L has zero mea-
sure.

Problem 1.56 Let M| and M, be two C* manifolds. Give an example of differen-
tiable mapping f: M| — M> such that all the points of M are critical points and
the set of critical values has zero measure.

Solution Let f: M| — M, defined by f(p) = ¢, for every p € M| and ¢q a fixed
point of M>. Then the rank of f is zero, hence all the points of M are critical. On
the other hand, the set of critical values reduces to the point ¢, and the set {g} has
obviously zero measure.

1.6 Immersions, Submanifolds, Embeddings
and Diffeomorphisms

Problem 1.57 Prove that the C*° map
v:R— RZ t+—>(x,y):(t2,t3)
(see Fig. 1.18) is not an immersion.

Solution

1 ifr#£0,
0 ifr=0.

ax 0
rank ¥ = rank oA rank(2t 3t2) =
Jat  dt

For t =0, we have rank¥ =0 < dimR =1, thus ¥ is not an immersion. Let us
consider ¥y, in detail, as a map between tangent vector spaces. We have

W, TR — Ty R?

d
A—

dr dr

— W, (A—
fo

i)
0]
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d v
w*()\— >=)\<Lx° ) (1) )
dri, ot ox W (10)

=X <2t0% ) = (2110, 3013

0,0) € To.yR>  Vriftp=0,
=1(0,0) € TyhR>  ifr=0,
#(0,0) € Ty hR* if 19, A #0.

and

d(yo¥) d
+ ya—(fo) P
W (1) d y

0
+317 —

¥ (to) ¥ (1)

That is, ¥, (ToR) = (0,0) € T(O‘O)Rz. The whole tangent space ToR is mapped
by W, onto only one point of the tangent space T{g,o) RZ.

Problem 1.58 Let M = {(x, y) € R? : x> + y? < 1}. Define a C*™ map by

f:M—>]R2, (x,y)~ $,e"2 .
1 —x2—y2
(i) Find the set S of points p of M at which f;, is injective.
(ii) Prove that f(S) is an open subset of R2.
Solution
(i) One has

2 1 —x24y?

rank 2 = 2xef —— =
Jie < X (l_xz_yz)z

0
— x=0 or l=x*-y%

Since 1 > x2+ y2, wehave 1 > x2 —y2, 50 S =M\ {(0,y): —1 <y < 1}.
(i) Consider the subset {(0, y) : —1 <y < 1} of M. We have

£, :—1<y<1})= {(1_yy2,1>} = (—00, 00) x {1} C R%.
Thus f(M) ={(x,y) e R?: 1< y <e}, hence
f={x.»eR*:1<y<el,
which is an open subset of R2.

Problem 1.59 Let Riq and R, be the C° manifolds defined, respectively, by the
differentiable structures obtained from the atlases {(R, id)} and {(R, ¢)} on R, where
p: R—>R, o) = 3. Prove that Rjq and R,, are diffeomorphic (see Problem 1.22).
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Solution To prove that Rig and R, are diffeomorphic, we only have to give a map
@ such that its representative ¥ in the diagram

R_—2,R

o e

R—Y,R

be a diffeomorphism. Let @ (1) = </t. One has ¥ (1) = p o @ o id ') =1.

Problem 1.60 Consider the map f: R?> — R?\ {(0,0)} defined by x = e*cosv,
y=-¢c"sinv.

(1) Prove that the Jacobian matrix determinant of f does not vanish at any point
of the plane.
(i1) Can f be taken as a local coordinate map on a neighbourhood of any point?
(iii) Is f a diffeomorphism?
(iv) Given a point pg = (ug, vo), give an example of a maximal open neighbour-
hood of pg on which we can take f as a local coordinate map.

Solution

(i) Notice that x> 4 y? = e?* > 0;so that f(u, v) € R\ {(0, 0)} for all (u, v) € R

We have

ox ox

u  9v) [e'cosv —e"sinv

(Q a_y) - <e“ sinv  e“cosv ) ’

du v
hence d(x, y)/d(u, v) =e* > 0 for all (u, v) € R2.

(ii) By (i), f is a local diffeomorphism at every point of R. So f can be taken as
a local coordinate map on a neighbourhood of every point.

(iii) The map f is not a diffeomorphism as it is not injective. We have f(u,v) =
f@',v') if and only if u = u’ and v — v/ = 2kx, k € Z. In fact, from the
relations
e cosv =e" cosv’, esinv = e sinv’,

we obtain €2 = ¢2' and so u = u’. Then one has cos v = cos v, sinv = sin v/,
hence the difference between v and v’ is an integer multiple of 27.

(iv) The points having the same image as po are the ones of the form (ug, vy +
2km), k € Z. The nearest ones to pg are (ug, vg & 2m). Hence such a neigh-
bourhood is R x (vg — 7, vg + 7).

Problem 1.61 Let V be a finite-dimensional real vector space. Consider the open
subset & of Endg V defined by

&={T €Endr V :det(I +T) # 0},
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where I denotes the identity endomorphism.

(i) Prove that the map
f:&—EndrV, T I-T)I+T) ",

is an involution of &.
(i) Consider on & the differentiable structure induced by Endg V. Prove that
f: & — & is adiffeomorphism.

Solution

() fT €&, thenI + f(T)=2I(I+T)"' € &. Hence
det(I + f(T)) =det(2I (I + T)~") =24™V /det(I + T) #0.

It is easily checked that f(f(T))=T.
(i) The map f is C*°. In fact, the entries of f(7T") can be expressed as rational
functions of the entries of 7. As f~! = f, we conclude.

Problem 1.62 Prove that the function
f:R?> - R?, f,y)=(xe’+y, xe¥ —y),
is a C* diffeomorphism.
Solution Solving the system
xed +y=x, xed —y=y,
in x and y, we conclude that the unique solution is

3 x’+y’ _x’—y’.
G A e

X

hence the map is one-to-one. Let us see that both f and f~! are C*>°. We have

[y (ke +y.xe—y), Ty e (x er—yebf—x)/z, x—;y>.

Since the components of f and f~! and their derivatives of any order are elemen-
tary functions, f and f~! are C*°. Thus f is a C*° diffeomorphism.

Problem 1.63 Let ¢: R? — R3 be the map defined by
X =e¥ +e¥, y =e¥ —e%, =x-y.

Find the image set ¢(R?) and prove that ¢ is a diffeomorphism from R3 to ¢ (R3).
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Solution Solving, one has

5 ’
x=z/+y, x/:e2y+e2z’ y/:f:Zz e2y_62z’
and so
/ / 127 /
2y X +y 2Z_xez—y
- 7 e - ! .
1 +e% 1 +e%

Hence it mustbe x’ > 0, x' +y' > 0, x'e® > y/.
Thus,

¢(R3) :{(x,y,z) eR3:x >0, x+y>0, xeX >y}.
The map ¢ is injective, since the above formulae give the unique point (x, y, z)
having (x/, ¥/, 7’) as its image by ¢.

In order to see that ¢ is a diffeomorphism from R> to ¢(RR?), it suffices to prove
that the determinant of its Jacobian matrix J, never vanishes. We have

0 2% 2e%

detJy=det|2e™ 0 —2e% | = (et + ) £0.
1 -1 0

Problem 1.64 Consider the C* function f: R? — R? defined by
f(x,y,2)=(xcosz—ysinz, xsinz+ ycosz, z).
Prove that f|g> is a diffeomorphism from the unit sphere § 2 onto itself.

Solution For each (x, y,z) € $2. one has flx,y,2) € $2. 3o that (flsz)(S2) c §2.
Furthermore, given (u, v, w) € $2, we have to prove that there exists (x,y,z) € S 2
such that f(x, y, z) = (u, v, w), that is,

Xcosz — ysinz =u, xsinz 4+ ycosz = v, zZ=w.
Solving this system in x, y, z, we have
X=ucosw + vsinw, y=—usinw 4+ vcosw, Z=w.

These equations are the ones of the components of the inverse function of f|y2,
which is clearly C*, hence f|s2 is a diffeomorphism.

Problem 1.65 Let {(E, ¢)} and {(E, ¥)} be the atlases on the “Figure Eight” built
in Problem 1.35. Exhibit a diffeomorphism between the differentiable manifolds E,
and Ey defined by the differentiable structures obtained from the atlases {(E, ¢)}
and {(E, ¥ )}, respectively.

The relevant theory is developed, for instance, in Brickell and Clark [1].
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Solution Let
f:E,— Ey, f(sin2s, sins) = (sin2(s — 7), sin(s — 7)).
Since (Y o f o @~ 1)(s) =s — m, it follows that f is a diffeomorphism.

Problem 1.66 Let (N, ¢), (N, ) be the atlases on the “Noose” built in Prob-
lem 1.36. Exhibit a diffeomorphism between the differentiable manifolds N, and
Ny, defined, respectively, by the differentiable structures obtained from the atlases

{(N, @)} and {(N, ¥)}.

The relevant theory is developed, for instance, in Brickell and Clark [1].

Solution The map f: (N, ) = (N, ¥), (x,y) — (—x, y), mapping a point to its
symmetric with respect to the y-axis, is a diffeomorphism. One has

LD Ve L ) L

s> 0 () — fe7'(9) .

In fact,
1 0,1—y5) if —1<s<0,
()= . .
(sin2ms,cos2ms) if0<s <1,
_ 0,1—=y) if —1<s<0,
fle™'®)=1{" .
(sin2m (1 —s),cos2n(l —s)) if0<s <1,
and

(Wofop Ns)=s, se(=1,1).

Problem 1.67 The aim of the present problem is to prove that the manifold of affine
straight lines of the plane, the 2-dimensional real projective space minus a point, and
the infinite Mobius strip are diffeomorphic. Explicitly:

(a) Let M denote the set of affine straight lines of the plane, that is,
M = {r(a,v):a,veRz,v;éO},
where
r(a,v)={a+tv:reR} CR?

is the (affine) straight line of R? determined by @ and v.
Consider, for each p € R2, the set

Upy={LeM:p¢lL}, A, =R:\{p}, 0p: Up— Ay,

where ¢, (L), for L € Up, is the foot of the perpendicular from p to L (see
Fig. 1.19, left).
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Fig. 1.19 Charts for the —1
affine straight lines Pr(x)
Pr(L) X
L
p 5 q

(b)

©

Let Py denote the punctured projective space, that is, RP>\{r (0, 0, 1)}, where
7: R3\{0} > RP?

stands for the natural map sending a point to its equivalence class (see Prob-
lem 1.81).

Let 7 (w) € Py. Then w is a non-zero vector of R3, which is not parallel to
the axis z; hence the plane orthogonal to w through the point (0, O, 1) intersects
the plane xy (which we shall identify with R?) in a straight line, that is in a
point of M, which we shall denote by f (7 (w)). We thus have a map from Py
to the set of affine straight lines of the plane,

f: Phy— M,

which is well-defined since f (7 (w)) only depends on the direction determined
by w, that is, on 7 (w).
Moreover, let

Vi = {m(wi, wa, wz) 1wy #0}, Y1 (7 (wi, wo, w3)) = (Z—? Z—j)

w]p w3
Va = {7 (wi, wa, w3) : wy #0}, Yo (7 (wi, wa, w3)) = (— —)
w2 w2
if w(wi, wy, w3) belongs to either Vi or V,, respectively. Then (cf. Prob-
lem L.81), the set {(Vi, ¥1)}, i = 1,2, is an atlas for Py.
Let M denote the infinite Mobius strip, defined, as in Problem 1.31 above, as the
infinite strip [0, ] x R under the identiﬁcatioll 0,t)= (mr, —t) forall t € R.
Consider the one-to-one map h between M and Py defined as follows. Let
w: [0, 7] x R — M be the natural projection, so that u(«, t) = {(«, )} for o €
(0,m), and w(0,t) = u(mw, —t) ={(0, 1), (;r, —t)}, and define

h: M —> P()
wle, 1) —> h(u(e, 1)) = w(cosa, sina, 1).

This map is well-defined. This is obvious if & € (0, &), and

h(n(,0) =7(1,0,5),  h(u(r, =) =7(=1,0,—1) =7(1,0,1).
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Then:

1. Prove that

{(UP’ gop)}pe]R2

with U, and ¢, as given in (a), is an atlas on M.

2. Prove, by using the atlas given in part 1, that the map f in (b) is a diffeomorphism
from M to Py.

3. Prove that one can endow M with a structure of differentiable manifold by means
of the bijective map % given in (c), which becomes so a diffeomorphism.

Hint (to (a)) According to [5, p. 17], if a collection of couples (U;, ¢;) (i describing
a certain set of indices) on a set X is given such that:

(i) Any U; is a subset of X and X = U;.
(i) Any ¢; is a bijection of U; on an open subset ¢; (U;) of R”, and for all , j, the
set ¢; (U; N Uj) is an open subset of R",
(iii) For any pair 7, j, the map ¢; o goi_l iUiNUj) — @ (U NUj) is a diffeo-
morphism,

then X admits a unique structure of topological space such that any U; is an open
subset and the maps ¢; are homeomorphisms.

Solution

1. Given a point x € A, that is, different from p, there exists only one straight line
perpendicular to the segment px passing through x. This straight line is precisely
go;l (x). This proves that ¢, is bijective. Since obviously A is an open subset of
R? and | J per2 Up = M, it only rests to check the differentiability of the changes
of charts to verify that

{(U ’ @p)}peRZ

is an atlas.
To check it, let p, g € R?, p # g (see Fig. 1.19, right). We have

UpNUy={LeM:p¢L,q¢L}

To see that ¢, (U, N U,), which is the domain of the map ¢, o (p[jl, is an open
subset of A, we shall prove that its complementary is a closed subset. Let x
be a point in its complementary subset, that is, such that x does not belong to
the domain of ¢, o (pljl. Then, either x does not belong to the domain of (pljl,
which is A, that is, x = p; or contrarily x # p, but go;l(x) does not belong to
the domain of ¢, that is, to U,. But this happens if and only if g € (pljl (x), that
is, ¢ belongs to the straight line through x perpendicular to the segment xp, that
is, if and only if x sees the segment pg under a /2 angle. So x belongs to the
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Fig. 1.20 Change of charts —1
for the affine straight lines

m=(qoPp')(x)

circle Cp, with diameter being the segment pg. Summarising, either x = p (so
also x € Cpy), or x # p and x € Cpy; in short, x € Cp,;. Since Cpy is a closed

subset of R?, we have proved that @p(Up NUy) is an open subset of A ,.
It only remains to prove the differentiability of the map ¢, o (p;l. To this end,

let J: R> — R? denote the rotation of angle /2, expressed by
J(a7 b) = (_ba a)a

and suppose that x ¢ C,. Then

0, () =r(x. J(x = p)),
SO

(¢g 00, ) @) =@ (r(x, I (x = p))).

Denote this point simply by m (see Fig. 1.20). Since m belongs to the straight
line r(x, J (x — p)), we can put

m=x+tJ(x —p),
with ¢ such that (g —m, J(x — p)) = 0. Hence, since J is an isometry, we get

_{g—x,J(x—p)) oo x) = g o 4% T —p)) B
e e N R e AR ]

which is C®°, for the scalar product is a polynomial in the components of its fac-
tors, so the components of (¢, o @, 1) (x) are rational functions of the components
of x.

Consequently, we have proved that {(U,, ¢p)} ,cr2 18 an atlas on M, which is
thus a 2-dimensional C* manifold when endowed with the differentiable struc-
ture corresponding to the given atlas.

2. We have seen that f is well-defined. Conversely, each point L € M, that is, each
straight line in the plane xy, determines with the point (0,0, 1) € R? a plane
which cannot be parallel to the plane xy, so its normal straight line 7 (w) is
not parallel to (0, 0, 1). In other words, 7 (w) = f’1 (L), so proving that f is a
bijective map.
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Let us compute f and f~'. Let L = r(a,v) € M. The plane of R® con-
taining L and passing through the point (0,0, 1) must be parallel to the di-
rector vector of L, which is (v, 0), and also to the vector (a,0) — (0,0,1) =
(a, —1), (where we use the notation (x, b) € R3, for x = (x1, x2) € R2, to de-
note the point (x1, x2, b)). Since these two vectors are linearly independent, we
have

) =7 (r@ ) =7 (v, 0) A (@, = 1)) = 7(—v2, v1, —v2a1 + V1a2)
= n(lv, (Jv,a)).

Conversely, let
m(w) =m(wy, wy, w3) € Py

and, to be short, write w = (wy, wz) € R?, so that w = (0, w3). If fr(w)) =
r(a, v), we should have

m(w, w3) =n(Jv, (Jv,a)).
We put Jv = w, that is v = —Jw, so one should have
w3 = (Jv,a) =(w,a).

As (w, w) # 0, for in the opposite case w(w) ¢ Py, we can get that condition
letting simply

that is,

Flrw) = £ (i, w3)) = (“L“’) _m),

(w, w
which is the expression we looked for.
Now consider one of the charts of M,

wp:Up— Ap,
and compute
(ppofoy;)x), x=(x1,x2)€R?in its domain.

We have wl_l(x) =m(1,x1,x). Hence

1,
T @) = r(% (x1, —1)).
1
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Now, f(¥ l()c)) belongs to the domain U, of ¢, if and only if the straight

line
17
r(szl),(xl,—l))
1 +x3

does not contain p. That is, x does not belong to the domain of the map ¢, o ¥ !
if and only if p belongs to that straight line, i.e. if

_ x(,x)
14x7

is parallel to (x1, —1), or equivalently, if and only if it is orthogonal to J (x1, —1),
or even if and only if

< x2(1,x1)
p— 2 FU

,(1,X1)>=0-
l—i—x1

This equation is polynomial in the components of x, so that the set of points
satisfying the condition is a closed subset of R?, as we wanted. Suppose then
that x belongs to the domain of ¢, o f o ¥ ! which, as we have just shown, is
an open subset of R?. Then

(¢pofov )
can be written as a + tv, where

x2(1, x1)
a=—->=

) UZ(X1,—1),
1+ x]
and ¢ such that (p — (a + tv), v) =0, that is,

(p —a, U)
— V.
(v, v)

All the expressions involved in this formula through a and v are polynomial in
the components of x, so the map

(¢pofoyi )W) =a+

(0pof°1/ff1

is of class C*°. The proof for ¢, o f o wz_l is similar, hence f is C*.
Differentiability of f —1 is easier to prove. Let x = (x1, x2) € Ap, such that
x # p. We have

(fog, )@ =fr(x, Jx = p)) =7(p—x, (x, p—x))

:T[(pl — X1, P2 — X2, (x,p—x)),
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which belongs to the domain of, say, ¥, if and only if p; # x1, that is, the do-
main of ¥j o f~ 1o go;l is the open subset {(x1,x2) € R?: x; # p1}. For this
open subset we have

(wl Of71 o(p;I)(x): <p2 — X2 (-x’p —)C))’

9
P1—X1 p1—Xx1

clearly showing the differentiability of that map; the proof for v, is similar, so
we have proved that £~ also is a differentiable map, that is, that

f:Ph— M
is a diffeomorphism.

3. The map £ is surjective, for if 7 (w) = w(w, w3) € Py, one should have w # 0.
We can thus normalise the representative element, letting

w(w) =n(i, @)
lw| " |w]

As w/|w] is a unitary vector, there exists only one « € [0, 2r) such that

s

= (cosa, sinw),

S

|
so that

. w3
w(w)=mn|cosa,sina, — J.

|w
w3
n(w):h(,u(a, T)),
[w]
if ¢ € (7, 27), we have

(oo 2)

If « € (0, 7), we have

. w3
7| —cosa, —sina, ———
[w]

. w3
=m(cosa,sina, — | = (w);
|w]

if « =0, then
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finally, if @ = 7, then

7 (w) :n<—1,0, ﬂ) =h(,u<n, ﬂ))
|w] |w|

In other words, & is surjective. It is also injective, for if

h(u(e. ) =h(u(B. 5)).

we have
m(cosa, sina, t) = m(cos B, sin B, §).

As the two first coordinates of these representative elements constitute uni-
tary vectors, and these have to be a multiple of each other, we necessarily
have

(cosa, sina, t) = £=(cos B, sin B, s);

hence, as «, B8 € [0, 7], eithera =B and t =s;ora =0, 8 =m,t = —s, and so
u(e,t) =p(B,s);ora=m,B8=0,t =—s, and so u(e, t) = (B, s). The map
h is injective hence bijective. ~

So, one can indeed endow M with a structure of differentiable mani-
fold by means of the bijective map h, which thus becomes a diffeomor-
phism.

Problem 1.68 Prove that the map
p:R— Sl, t— (cos2mt,sin2mwt),
is a covering map.

Solution We must prove:

(i) p is C*° and surjective.

(ii) Foreach x € S!, there exists a neighbourhood U of x in § ! such that p_1 )=
\JUi, i €1, where the U; are disjoint open subsets of R such that, for each
iel, p: Uy — U is adiffeomorphism.

Now, (i) is immediate. Moreover p is a local diffeomorphism.
As for (ii), let y € R; then

pr(y—my+m) — S\ {p(y+m)}

is a diffeomorphism and

P (S"\{pe+m}) = (v + @k — Dm, y + 2k + D).
keZ

Of course, one can take smaller intervals as domains of the diffeomorphisms.
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Problem 1.69 Consider the curves:

(a) o:R— R?

1 (t,11]),
(b) o:R— R?

te> (£ —4r,17 - 4),
(©) o:R—>R?

t — (cos2mt,sin2mt,t),
(d o:R— R?
t — (cos2mt,sin2mt),

(e) o: (1,00) - R?

1 1
t— (; cos2mt, " sian‘),

) o: (1,00) > R?
1+1¢ 141t
t + cos2nt,isin2m ,
2t 2t
(2) o:R— R?
t — | 2cos t—z ,sin2 t—z s
2 2
(h) o:R— R?

t (2005(f(t) — %), sin2<f(t) - %)),

where f(¢) denotes a monotonically increasing C°° function on —oo < t < 0o such
that f(0) = &, lim;— _oo f(¢) = 0 and lim;—, f(¢) = 27 (for instance, f(¢) =
7 + 2arctant).

@) o:R— R?

(1/t,sinwt) if 1 <t <o0,

©0,r+2) if —oco<t<—1,
where in addition one smoothly connects, for —1 <t < 1, the two curves 0’| (oo, —1]
and o |[1,00) With a C* curve.

1. Is 0 an immersion in (a)? (resp., in (b), (d), (g))?
2. Is o an injective immersion in (b) (resp., in (d), (g), (h), (1))?
3. Is o an embedding in (c)? (resp., in (e), (f), (h), (1))?

The relevant theory is developed, for instance, in Warner [8].
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Fig. 1.21 (a) o is not an immersion. (b) o is a non-injective immersion

z
A A

_
_

= ,

Fig. 1.22 (c) o is an embedding. (d) o is a non-injective immersion

Solution

(a) o is not an immersion, as it is not a differentiable map at the origin (see

We recall that
/(t ) 1
o =0 s
0 *1(0 P 0

that is, o’ (o) is the image of the canonical vector at 7y € R.

(b) o is a differentiable map, and since o’ () = (312 — 4,21) # (0, 0) for all ¢, the
map o is an immersion. But for # = £2, it has a self-intersection, so it is not an
injective immersion.

(c) o is an immersion, as

o'(t) = (=2msin2mt,2wcos2mt,1) #(0,0,0), teR.

It is trivially injective and since the map o : R — o (R) is open, ¢ is an embed-
ding (see Fig. 1.22).
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@Y
)

Fig. 1.23 (e) o is an embedding. (f) ¢ is an immersion

(d) o is an immersion since

o'(t) = (=2 sin2n t, 27w cos 27 t) # (0, 0)

for all ¢, but o is obviously not injective. Nevertheless, o (R) is an embedded
submanifold. (See Problems 1.25 and 1.71.)

(e) o is an immersion, as

®

1 2 1 2
o'(t) = <_t_2 cos2mwt — Tn sin2m t, 3 sin2m ¢ + TnCOSZTK t> =(0,0)

if and only if each component vanishes or, equivalently, the square of each com-
ponent, or even the sum of those squares vanishes, that is, (1/ t4) + 472 / 2 =0,
or 1 +4r272 = 0, which leads us to a contradiction. Since o : (1,00) = o(1,00)
is an injective and open map, it follows that o is an embedding (see Fig. 1.23).
o 1S an immersion, as

pon cos2mt 41 . sin2mt t+1 _
o(t)_<— 72 —Tns1n27rt,— 2 +Tn0032nt =(0,0)

if and only if the sum of the squares of the components vanishes, that is, if
(/4% 4+ (¢ + Dx/)2 =0, or 1 + 412t + 1)>72 = 0, which leads us to a
contradiction. Finally, o is an embedding, as o : (1, 00) — o (1, 00) is an open
injective map.

(g) The image is a “Figure Eight”, whose image makes a complete circuit starting

at the origin as ¢ goes from 0 to 2w, in the sense shown in Fig. 1.24(g). The
curve is an immersion, as

o' (1) = (—2sm<z _ %) ZCOSZ(I _ %)) £(0,0)

for all #; but it is not an injective immersion since o ({0, £27, +4m,...}) =

{(0,0)}.
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Y

EAVAY
U

Fig. 1.24 (g) o is an immersion. (h) o is an injective immersion but not an embedding

Fig. 1.25 (i) o is not an

yl,
embedding // \\\
!
i
0,1)
\
\
1
1
i
|
(0,0 Loy, =
0,-1)

(h) We have a “Figure Eight” as in (g), but the curve now passes through (0, 0) only
once. Though it is an injective immersion, it is not an embedding, as the “Figure
Eight” is compact and R is not (see Fig. 1.24(h)).

(1) o is an injective immersion. It is not an embedding: In fact, take a point p on
the vertical segment {0} x (—1,41) of the graph of the curve. Then an open
neighbourhood of p in that vertical interval is never the intersection of an open
neighbourhood of p in R? with the graph of the curve (see Fig. 1.25, where
the C* curve connecting o |(—co,—1] and o |[1,o0) is dotted).

Problem 1.70 Prove that the map
©: R} — R3
(x,y,2) —> (x3 —3xz2+yz, y—3xz, z)

is a harmonic map and a homeomorphism of R? whose Jacobian vanishes on the
plane x = 0.
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Solution Since the Laplacian on the Euclidean space R is

92 92 92
AN e — —
axz  9y?  93z2

we have
Ap = A(x3 —3xz>+yz, y—3xz, 7) = (A(x3 —3xz2 +yz), A(y —3x2), Az)
=(0,0,0),

so ¢ is indeed a harmonic map.
Its inverse map ¢~ ! is easily seen to be

(x,,2) > (Vx = yz, y +32d/x — yz, 2),

from which it follows that ¢ is a homeomorphism.
Finally, one has for its Jacobian,

3x2 -3z 7z —6xz+y
det -3z 1 —3x =3x?,
0 0 1

which obviously vanishes on x = 0.

Remark H. Lewy proved in [6] that a one-to-one harmonic map R?> — R? has non-
vanishing Jacobian. The previous example, due to J.C. Wood [9], and which can be
modified for n > 3, proves that Lewy’s Theorem [6] fails for n > 3.

1.7 Constructing Manifolds by Inverse Image. Implicit Map
Theorem

Problem 1.71 Prove that the sphere S” is a closed embedded submanifold of R"*1,

Solution The map f: R**! - R, f(x!, ..., x"t) = Z?i]l (x1)?, is trivially C>
and has rank constant and equal to 1 on R"*1\ {0}. Since §” = f~'(1), §" is a
closed embedded submanifold of R"*!.

Problem 1.72 Prove that each of the functions f: R?> — R defined by:
@ fEya=x+y-2-1 O fayp)=2-y--1
defines a structure of differentiable manifold on f~!(0). The corresponding man-

ifolds are called one-sheet and two-sheet hyperboloids, respectively. Find in each
case a finite atlas defining its C*° structure.
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Fig. 1.26 An atlas with one Z
chart for the one-sheet
hyperboloid

R2-{0}

.,xwﬁm J0) y

R

Solution In the case (a), the rank of the Jacobian matrix of f is zero if and only if
x=y=2z=0,but (0,0,0) ¢ f~'(0). Thus the one-sheet hyperboloid is an embed-
ded submanifold of R3.

In the case (b), one proceeds as in (a), now with the Jacobian matrix J =
diag (2x, —2y, —2z). Thus the two-sheet hyperboloid is a C* submanifold of R?.

As for the atlas, we prove below that the one-sheet hyperboloid is diffeomorphic
to R? \ {0} and hence it suffices to consider only one chart. This fact can be visual-
ized by the map ¢ onto the plane z = 0 mapping each point p of the hyperboloid to
the intersection ¢(p) with that plane of the straight line parallel to the asymptotic
line by the meridian passing through the point (see Fig. 1.26).

Notice that there is another choice, mapping the points of the hyperboloid with
z < 0 to the interior of the disk x> + y? < 1 minus the origin, and the points with
z > 0 to the points with x2 + y% > 1.

The equations of ¢ are given by

R
1+22) 1+22/)

1

and, as a computation shows, the inverse map ¢~ is given by

x_x/2_+_y/2+1x/ _x/2+y/2+1 , Z_l_x/Z_y/2
2(x/2+y/2) ’ y 2(x/2+y’2) Y 2 /x/2+y/2 )

To have an atlas in the case (b), one needs at least two charts, as after finding x, y

or z in the equation x> — y> — z2> — 1 = 0, none of them is uniquely defined. Let

H= f_l(O). Then the charts (Uy, ¢1), (Ua, ¢2), given by
Up={(x.y,00eH:x>0},  ¢: U1 >R  ¢x,y.2=0,2),
Uy={(x.y.00€eH:x<0}, @:U—>RL @, y,2) =02,

obviously define an atlas for the manifold.

Problem 1.73 Let H be the two-sheet hyperboloid defined as in Problem 1.72.
By using the charts defined there and proceeding directly, prove that the natural
injection j: H — R3 has rank 2 at every point.
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Solution Take the atlas in Problem 1.72(b). We have U; = <p1_1(R2), Uy =
©y '(R?), and the corresponding coordinate functions in R are given by the in-
clusion j: H=U,UU; — R3, so that

joor't R - R3
.2 = (VI+y2+22y.2),
jo<p2_1: R?2 - R3
(y,2) = (=V1+y2+22,5,2).
We have
o frank( o Duy i peUi (3.2) =1(p).
rank j,p = . .
rank(]ogoz )*(y,z) if pels, (y,2) =p2(p),
that is,
y z
1+y2+72 1424272
rank ji, = rank v i : v 5 ‘ =2,
0 1
-y —z
142472 142472
rank ji, = rank v f ¢V (; =2
0 1

if pe U, (y,2) =¢1(p), and p € U, (y,2) = ¢2(p), respectively.
Problem 1.74 Prove that the subset H of the Euclidean space R of all the points

(x,y,z) of R3 satisfying x3 + y> 4+ z> — 2x y z = 1 admits a C* 2-manifold struc-
ture.

Solution The map
f: R} >R, fy,=x+y +23 —2xyz -1,
is C* and its Jacobian matrix is
J= (3x2 —2yz 3y*—2xz 372%-— 2xy),
which vanishes only if (x, y, z) = (0, 0, 0). In fact, multiplying the identities
3x2=2yz, 3y? =2xz, 322 =2xy,

we get 27x2y2z% = 8x2y2z2, from which x y z = 0. If x # 0 then by the first of the
three equations above we would have the absurd y # 0, z # 0. Thus x = 0. By the
same reason, one has y =z =0; but (0,0,0) ¢ H.
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Problem 1.75 Prove that the subset M of the Euclidean space R which consists of
all the points (x, y, z) of R? satisfying

xz—y2—|—2xz—2yz=1, 2x —y+2z=0,
admits a structure of C*° 1-manifold.
Solution The functions
[ty D=2 =y +2z-2yz—1, Hx,y,0)=2x—y+z,

are C* functions. The rank of the Jacobian matrix of fi, f> with respect to x, y, z,
is less than 2 if and only if x — 2y — z = 0, but the points satisfying this equation do
not belong to M = £~10).

Problem 1.76 Prove that, if F: R"~! - R is any differentiable function on R
then the function f: R" — R defined on R” by

f(xl,...,x"):F(xl,...,x”_l)—x”,

defines a structure of C* manifold on f ~1(0). Prove that this manifold is diffeo-
morphic to R"~!. Illustrate the result considering the C°° manifolds on R3 thus
determined by the functions f: R? — R given by

@ fe,y,0=x"+y"—z, (b fl,y=x"—y" -z

which are examples of paraboloids: Elliptic (of revolution) in the case (a), and hy-
perbolic in the case (b).

Solution The rank of the Jacobian matrix of f is 1 everywhere, thus f~!(0) ad-
mits a structure of C° manifold. Furthermore, it suffices to consider the chart

(f710), ), where
¢: f7H0) > R, go(xl,...,x")=(x1,...,x"_l).

In the particular case of the paraboloids, taking into account the previous consid-
erations, it is clear that:
Case (a): It is only necessary to consider the chart (U, ¢) with

U=, ¢ fTO->RL ey 0=@y).
Case (b): Proceed as in (a).
Problem 1.77 Let F: R" — R be any homogeneous polynomial function (with

degree no less than one) with at least one positive value. Prove that the function
f:R* > R, f(x) = F(x) — 1, defines on f~1(0) a structure of C° manifold.
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Solution The Jacobian matrix of f is

7 <aF oF )
F=\oxt axn )’
If deg F = 1, then at least one of the elements (9 F / axi)( p) does not vanish.
If degFF =r > 1 and the matrix ((dF/dx"')(p)) is zero at a point p =

(x',...,x™), then F(p) is also zero at that point. In fact, since F is homogeneous
of degree r one has

1

oF
ax"

1 oF n
rF(p)=x —(pP)+-+x (p).
dax
Thus f(p) = F(p) — 1 = —1, hence on f~'(0) the Jacobian matrix J ¢ does not
vanish. That is, rank Jy =1 on f’l(O), so that f’l(O) is a submanifold of R”.
Notice that f~!(0) is not empty as if F has a positive value, then it also takes all
the positive values, since F(tp) =t" F(p).

1.8 Submersions. Quotient Manifolds

Problem 1.78 Let f: R — R be given by f(x,y,z) =x>+y> — 1.

(i) Prove that C = f~!(0) is an embedded 2-submanifold of R3.
(i) Prove that a vector

( ad ad 8)
v=|la—+b—+c—
dx By 0z 0,1,1)

is tangent to C if and only if b =0.
(iii) If j: S' — R? is the inclusion map, prove that j x idg: S' x R — R3 induces
a diffeomorphism from S! x R to C.

Solution

(1) f is a differentiable map and rank f, = rank(2x 2y 0). Hence the rank of f is
1 at every point except at {(0, 0, z) : z € R}, but these points do not belong to C.
Thus, by virtue of the Implicit Map Theorem for Submersions 1.14 (f is a sub-
mersion in some neighbourhood of C), C is a closed embedded submanifold
of R and dim C = dimR? — dimR = 2.

(i1) Given v € TPR?’, p € C,one has v € T,C if and only if v(f) =0, but v(f) =
(2ax +2by)(o,1,1) = 2b, thus v € T;,C if and only if b = 0.

(iii) im(j x idr) = C, as (x,y) € S! if and only if x> 4+ y*> = 1, or similarly
(x,y,z) € C, for all z € R. Hence F = j X idg: S x R — R3 is a differ-
entiable map (as it is a product of differentiable maps) that can be factorized
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by C, which is an embedded submanifold of R3. That is, there exists a differ-
entiable map fy that makes commutative the diagram
SIxR ¢ g3

Jo ™\ i
C

where i denotes the embedding of C in R3. On the other hand, Jj X idp is
also an embedding, since j is. Thus the map f(;1 that makes commutative the
diagram

C — R3

I\ Jj x idgr
SIxR

is C*°. Thus fy is a diffeomorphism.

Problem 1.79 Let ¢: R? — R? be the map given by
u=x2+y2—|—z2—1, v=ax + by +cz, a,b,ceR,a2+b2+62=1.

(i) Find the points at which ¢ is a submersion.
(ii) Find ¢~ 1(0).
(iii) Find the points where ¢ is not a submersion, and its image.

Solution
(1)

_ 2x 2y 2z\
rank @, _rank<a b c) =2

at the points (x, y, z) in which the vector (x, y, z) is not a multiple of (a, b, ¢).
Hence ¢ is a submersion on R3 \ {(a, b, c)), where ((a, b, c)) denotes the
straight line generated by (a, b, ¢).

(ii) Let (a,b,c) denote the plane through the origin orthogonal to the vector
(a, b, c). Then:

o 10) = {Gx,y.2) eR 2+ +2=1, ax + by + cz =0}
=5>N(a,b, o).
(iii) The map ¢ is not a submersion at the points of ((a, b, ¢)), whose image is
go((a,b,c)) = {()\2 — 1,A)} CR?= {(u, v) eRZ:u=10>+ l}.
Problem 1.80 Consider the differentiable map ¢ : R* — R? given by

u=x*4+y*+2 41> -1, v=x?4+y2 42412 -2y —2745.
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(i) Find the set of points of R* where ¢ is not a submersion, and its image.
(ii) Calculate a basis of ker ¢«(0,1,2,0)-
(iii) Calculate the image by ¢, of (1,0,2,1) € T(1,2,()71)R2 and the image by ¢* of
(du +2dv) (1,5 € T(*_LS)Rz, choosing the point (0, 0,0, 0) in ¢! ((—1, 5)).

Solution

(i) ¢ is not a submersion at the points of R* where

_ 2x 2y 2z 2t
rank ¢, = rank <2x 2y 27-2 2t> < 2.

Hence, the set is
A={(x,y,z,)eR*1x =0, y=2z, 1 =0}
Therefore,
(A ={w,v) eR*:u=22" -1, v=2)% —4r +5, A eR}.

(i) We have ¢, : T(o,l,g,o)R“ — T(4,4)R2. Every vector X € T(9,1,2,0) is of the type

X=X 0 + A 9 +A 9 + A 0
=il 2= 3 41
ax |, i, 9z], at|,
_ . _ (0240
where p = (0, 1,2, 0). Since ¢.(0,1,2,0) = (0020), we have
0
©x(0,1,2,00X = (242 +4A3) — +2A3—
If X € ker ¢y, we deduce A, = A3 =0. Thus
d 0
kergup=qA—| +u—| A, pnuelR
0x » at »

and {2 ,, 2|,} is a basis of ker p,.
(iil) ¢x1,2,0,1)(1,0,2,1) = 4337|(5»7>- Let p = (0,0,0,0), so ¢(p) = (—1,5) and
§02<_1,5) (du +2dv) = —4(dy + dz)(0,0,0,0)-

Problem 1.81 We define an equivalence relation ~ in the open subset R"+1 \ {0}
by the condition that two vectors of R"*! \ {0} are equivalent if they are propor-
tional. The quotient space RP" = (R"*! \ {0})/~ is the real projective space of
dimension .

(i) Prove that, giving RP" the quotient topology induced by the previous equiva-
lence relation, it is Hausdorff.
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(i) Let [x', ..., x"*1] be the equivalence class in RP" of (x!, ..., x"*1) e R"*+1\
{0}. For each i = 1., 2,...,n+ 1, let U; be the subset of points [xl, .. .,x”*l]
of RP” such that x' # 0. Prove that the functions ¢; : U; — R" defined by

1 i—1 i+1 xn-i—l
Xt xi 7 i xi

(pi([xl,...,x"+1])=(x—.,...,x . ’x — ...,

are homeomorphisms and that the changes of coordinates ¢;; = ¢; o gpjfl are
differentiable. Hence the systems (U;, ¢;), i =1,2,...,n + 1, define an atlas
on the space RP”.

(iii) Prove that the projection map

T R**1\ {0} — RP"
(xl, ...,x"“) = [xl,...,x"'H]

is a submersion. Hence RP”" is a quotient manifold of R\ {0}.

Solution

(i) The relation ~ is open, i.e. given the open subset U C R**! \ {0}, then
[U]=J,y[x]is an open subset of (R"*1\ {0}) x (R"*!\ {0}). In fact, since
U is open, so is Uy = {Ax : x € U}, A # 0 being fixed, and [U] = U/\#O U,.
Moreover, the graph of ~ is the subset

I ={(x,2x): 2 R\ {0}, x e R™\ {0}}
of (R"™F1\ {0}) x (R**1\ {0}). The subset I" is closed, as if (x,, Anx,) >
(x,y) then (X,) is bounded. Thus it has a convergent subsequence (1,,). Let
A =limg_ 00 Ay, . Then

y= lim A;x, = lim A, x,, = Ax.
n—0o00 k—00

So (x, y) € I'. We conclude that the quotient space is Hausdorff.
(ii) Itis obvious that the functions ¢; are homeomorphisms. As for the changes of
coordinates

$ij =i 0‘/’;1 teiUinUj) — ¢i(U; N U)),
we clearly have fori < j:

o;UNU)={(t",....t") eR":¢' #£0}.
Furthermore,

goj‘l(tl,...,t”)=[tl,...,tffl,l,tj,...,t”].
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So,for(tl,...,t")E(pj(UiﬂUj) wehave(pj_l(tl,...,t") as above and more-
over
| . A f=l it A1 4 m
(p,](l,...,t)— t—l.,..., [i . [i yeeny [i ,F, t—l,,t—l

= (xl,...,x”).
The equations

1 i—1

t : t

1 -1

=—, ..., x'=— xt=— ..., xTr=—,
tl tl tl tl

. i
X'/_IZ—., .XJZ—.
t t

t}’l

N

n
A 1

correspond to differentiable functions on Uj;.
(Note that we have supposed i < j, which is not restrictive.)
(iii) R"*1\ {0} is an open submanifold of R”*!. Using the identity chart on R”*1\
{0} and an arbitrarily fixed chart ¢; as in (ii) above on U; C RP”, the projection
map 7 has on 7~ 1U;) (where x° # 0) the representative map

giomoid ! Y U) > R
| 1 xl xi—l xi+l xn—i—l
(x,...,x )I—) IERERE g FEERRER i s
X X X X

which is easily seen to have rank 7. Since i is arbitrary, 7 is a submersion, thus
concluding.

Problem 1.82 Construct an atlas on the real projective space RP” considered as the
quotient space of the sphere S” by identification of antipodal points. Prove that the
projection map 7 : S — RP" is a submersion. Hence RP” is a quotient manifold
of S".

Hint Use the atlas given by the 2n 4 2 open hemispheres defined by the coordinate
axes, and the canonical projections.

Solution As we know, RP" is the quotient space of the subspace R"*! \ {0} of
R"*+1, by the relation ~ given by x ~ y if there exists A € R \ {0} such that x = Ay.
The projection 77 : R"*1\ {0} — RP” is an open mapping. On S” the relation above
reduces to x ~ *x, that is, [x] = {x, —x} for every x € S”. Hence on S" the above
relation corresponds to the antipodal identification.

Consider the restriction to S” of the projection m, that we continue denoting by
w: 8" — RP", w(x) = [x], and which is still open and surjective. In fact, given
[x] € RP", then x/|x| € S" and 7 (x/|x|) = w(x) = [x]. Hence, RP" can be con-
sidered (as a topological space) as the quotient space of S” obtained by identifying
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antipodal points. From which it follows, since 7 : §” — RP" is continuous, that
RP”" is compact and connected.

Notice that if U C S” is contained in an open hemisphere and x € U, then
—x ¢ U, hence |y : U — w(U) is injective; that is, 7|y is a homeomorphism.
This property allows us to construct an atlas on RP"” from an atlas on $” whose
coordinate domains are contained in open hemispheres of S”. For instance, the atlas
consisting in the 2n + 2 open hemispheres defined by the coordinate hyperplanes
and the canonical projections. Let, for instance, Vl.+ ={xes" cxl > 0}, and

hi v — R"

1 1
(xl,...,x"+l) — (xl, ...,xi_l,xi+1,...,x”+l).

We then define in RP", V; = 7(V;*) and ¢;" = hi o (|,+)~': V; — R". The map
(pi+ is a homeomorphism, since it is a composition of homeomorphisms. Consider-
ing V. ={xeS": xt < 0}, it follows that n(Vf’) =m (V") = V; and the similar
homeomorphism is ;" = h; o (7T|V_—)_1 : Vi = R". Notice that ¢; (V;) = goiJ“(V,-),
but ¢~ # goi"’; in fact, we have ¢; ([x]) = —(pl.+([x]). Since ¢;” = —(,oi"r (they differ
by the diffeomorphism r — —¢ of R"), we shall forget the charts (V;, ¢;”), and we
shall consider only the charts (V;, <pl.+), i=1,...,n+1.1fi# j, then V;NV; £,
and moreover,
-1
o o (¢f) e (VinV) = gf(vinV)

is given by

(pl.+ o ((pj)fl = h[Jr o (7T|Vl_+)7] o (7T|Vj+) o (h?)il

=hfo(n™! °”)|vl.+mvj+ Oh;'r_l

—1
=hio (hj) ,

which is differentiable since it is a change of coordinates in §”, known to be differ-
entiable. By the constructions above, for a given i, the projection map m has locally
the representative map

q);r o (7'L'|V[+) o (h;r)i1 : hlJr(VlJr) — (0,+(Vt)s

which is the identity map, so having rank n. Since i is arbitrary, 7 is a submersion,
and we have finished.

Problem 1.83 (The Real Grassmannian as a Quotient Manifold) Let

k)

McR”x-(~~xR"
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be the subset of k-tuples (vi, ..., vx) of linearly independent vectors of R”. Let
GL(k,R) act on M on the right by (vy, ..., ) - A= (v],...,v}), where

k
vi=> dv,  A=(a})eGLKkR), i, j=1,....k
i=1

Prove:

(i) M is an open subset of R" x @ x R™.

(i) If ~ is the equivalence relation induced by this action, then the quotient man-
ifold M/~ exists and can be identified to the Grassmannian G (R") of all k-
planes in R".

Solution

. i . . . (k)
(i) Letusdenote by x*, 1 <i <n, 1 < j <k, the natural coordinates on R” x --* x

R”". Given (vq, ..., v;) € M, we write
v e X o)
X = ; : : (%)
XU, vk) e X, k)
that is, x; (v1, ..., vg) is the ith component of the column vector v;.
Let A, ;1 <i1 <--- < iy < n,denote the determinant of the k x k subma-
trix of (x) defined by the rows iy, ..., ix. The subset M is open, as it is defined
by the inequality

Z A7 . >0.

1<ip<<ip<n

(i) Let ((x;.), i), i,r=1,...,n; j,s =1,...,k, be the natural coordinates on
the product manifold M x M, and let zz, a,b=1,...,k, be the entries of a
matrix in GL(k, R).

The graph ¢ of ~ is the image of the differentiable map

¢: MxGL=k,R)—> M x M,  oX,Z)=(X,XZ).

The graph ¢ is closed in M x M, as it follows by taking into account that a
pair ((vq,...,vg), (wi,...,wg)) € M x M belongs to ¢ if and only if w; €
(v1,...,v), 1 <i <k, and that every vector subspace of R” is a closed subset.
Hence, by applying the Theorem of the Closed Graph 1.16, we only need to
prove that ¢ is an embedded submanifold.

Certainly, ¢ is injective as (X, Z) = ¢o(X', Z) means X = X', XZ = X7/,
and since rank X = k, the latter equation implies Z = Z'.
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Next we prove that ¢: M x GL(k, R) — ¢ is a homeomorphism. Assume
lim ¢(Xp, Zp) = lim (X3, XpZp) = (X, Y).
h—00 h—00

Hence limy,_, 00 X5 = X. As ¢ is closed in M x M, there exists Z € GL(k, R)
such that ¥ = XZ. We only need to prove that lim,_,.c Z;, = Z. Set X, =

Wiy -5 Vkn), X = (v1,..., k). As the vectors vy, ..., v are linearly inde-
pendent, we can complete them up to a basis (vy, ..., Uk, Vk41, - -, Up) in R".
Let
k n
Vjih= Za;‘hvi + Z b’jyhvi, 1< j<k, (%)
i=1

i=k+1

be the expression of vjj in this basis. As limh_?oo vjp = vj, we obtain
limh_moa;.h =4, fori, j=1,...k, andlimh_mob’jh =0,fork+1<i<n,

1< j<k. Set X = (Vk+1, - - -, Un), and let Ay, By, be the matrices of sizes k x k,
(n — k) x k, respectively, given by

i \i=lk i kIS
Ap= (“;,h)ljzl ..... K’ By = ( lj,h)lzj\glk\n

Then, (%) can be rewritten as X, = XA, + X Bj,; hence
XnZh = XAnZy + X By Zy,
and passing to the limit, we obtain
XZ =X lim (AyZy) + X lim (ByZp).
h— o0 h—o0
Taking components we have Z = limy,_, 0 (AxZy) and limy,— 00 (BrZy) = 0.
Since Ay goes to the k x k identity matrix Iy = (§;;) as h — 0o, we can con-

clude.
Let us compute ¢,. We have

k
. 0 0 d
! (X,2) 8x; s=1 73y (X,XZ)

i
ij
n
, 0
)=2x5
(X,Z) 1 Vb

r=

0
9y =<ﬂ*<@

where | <i<nand j,a,b= 1,...,k.‘
We claim that the tangent vectors Ej’., ¢y, are linearly independent for every
(X, Z) e M x GL(k, R). In fact, if

n k k
ZZNJE;"_ Z Wy &y =0, (% *)

i=1j=1 a,b=1

(X,XZ)
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for some scalars )\;, g, then by applying the equation (* x %) to the function

x;'., we obtain A; = 0. Hence, this equation reduces to

Z“bz

a ’
a,b=1 r=1 ayb (X,X7)
or else,
n k k
,bLb _0.
gg(? a )33’1; (X.XZ)
Hence
xll x}l M% Mli
: ] - [=o
Xt X M]f Mlli

As rank(xj.) =k, the previous equality implies (uj) =0
Finally, let us show that M/~ can be identified to the Grassmannian. We
have a natural surjective map

W:M—)Gk(Rn), Yy, ...,08) = (v, ..., V).
We have dim(vy, ..., vx) =k as vy, ..., vg are linearly independent. Moreover,
lI/(vl,...,vk)le/(v’l,...,v,L)=V

if and only if {vy,..., vt} and {vi,...,v,’{} are two bases of V. Hence there
exists A € GL(k, R) such that (v}, ..., v;) = (v1,...,vg) - A, thus proving that
the fibres of ¥ are exactly the orbits of GL(k, R).

Problem 1.84 Letw: M — N be adifferentiable map. Prove that 77 is a submersion
if and only if it admits local sections through each point, i.e. for every go = 7 (po),
Ppo € M, there exist an open neighbourhood V of gp in N, and a differentiable map
o : V — M such that (see Fig. 1.27):

(i) o(qo) = po;
(il) m oo =idy.

Solution From (ii) we have 7y p, 0 04, = 1dT oV Since the identity map is surjec-
tive, i : TpyM — Ty N is surjective. Conversely, if 7 is a submersion at pg, by the
Theorem of the Rank 1.11, there exist local coordinates (xl, o x™), (yl, R
centred at po, qo in M, N, respectively, such that yi o =x!, 1 <i<n. Notice
that m > n, as 7 is a submersion. Hence we can define a map o on the domain of
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Fig. 1.27 A local section o M

of a submersion 7: M — N j

(y',...,y") by setting

; yioif1<i<n,
x'oo =
0 ifn+1<i<m.
Then, for every i =1, ..., n, we have

yi o(moo)= (yi orr) oo=x'o0 =yi,
thus proving that o is a local section of 7.

Problem 1.85 Let M, N be smooth manifolds and let S < N be an embedded
submanifold. A smooth map f: M — N is said to intersect S transversally at a
point x € S if either:

(i) fx)¢S,or
(i) f(x) €S and Ty)N = fulTeM) + Tr)S.

The map f is said to intersect S transversally if f intersects S transversally at
every point.
Prove: If f intersects S transversally, then

1. £71(S) is an embedded submanifold of M.
2. The codimension of f~!(S) in M equals that of S in N.
3. Forevery x € f~1(S), there is an exact sequence of vector spaces,

0— T (f1(S)) = TeM — TyN/ TS — 0.

Solution Let us fix a point x € M such that f(x) € S. As the questions are local,
we can assume N = R™, and also that S is defined by the equations y9+! = ... =
y™ =0, where (y‘, ooy, y‘f“, ..., y™) is a coordinate system on N defined
around f(x). Hence dim S = ¢, or equivalently, codimS =m —¢q. Let 7: N =
R™ =R? x R"77 — R™~1 be the projection onto the last m — g components. The
composite mapping 7 o f is submersive at each point in f~!(S) as, by applying 7,
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Fig. 1.28 The tangent vector UxR"
field 0’ to a curve o as a
curve in TM

to both sides of the formula
TN = fu(TeM) + Ty S,
one obtains that
Tn(ranR" ™ =1(Ty)N) = ( 0 ) (Tx M),

because the tangent vectors in 77 (x)S go to zero according to the equations for the
submanifold S.

Consequently, the differentials (d, (y?T! o f),...,dy(y™ o f)) are linearly inde-
pendent and hence, f~!(S) is locally defined by the equations

Yo f=0=---=y"0 f =0,

thus proving parts 1 and 2 (as codim f~'(§) = m — ¢), and part 3 also follows by
simply taking dimensions in the short sequence in the statement.

1.9 The Tangent Bundle

Problem 1.86 Prove that if o is a C* curve in the C* manifold M, then the
tangent vector field o’ is a C* curve in the tangent bundle T M.

Solution Given a C* curve o: R — M, the tangent vector field o’ is, by defini-
tion, a map that we can write as

d
o'=0,0—R—>TM,
dr

where d/d¢ denotes the canonical vector field on R and hence it can be considered
as a curve in TM (see Fig. 1.28), so that for a coordinate neighbourhood U C M
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with coordinate functions x!, ..., x", one has
d " d(xioo) 0
w(d) =X T og,
t s o t X o (s)
Thus,
d(x! d(x"
o'(s) = ((xl oa)(s), cee ( ! oa)(s), %(s), e, %(s)).

The coordinate functions {x’} and ¢ are C*. Hence the composition x’ o o is
C® for eachi = 1,...,n; and the functions d(x' o o)/d¢, which are coordinate
functions on the open subset 7 Y(U) of TM, are also C™.

Problem 1.87 Assume that the manifold M admits a basis {Xy, ..., X,} for the
(C*°M)-module X(M) of C* vector fields on M.
Prove that the map

F
MxR'>TM= ] T,M
pPEM

(p,al,...,a")r—> F(p,al,...,a")=2aiXi|peTpM
i

is a diffeomorphism, that is, that T M is then trivial.
Remark Compare with Problem 2.18.

Solution To begin with, we prove that for every p € M, the tangent vectors
X1lp, ..., Xulp are linearly independent and hence they are a basis of T, M. Let
(U, x', ..., x") be a coordinate system defined on an open neighbourhood U of p,
and let f € C°°M be a function such that:

(a) f =1 on an open neighbourhood V C U.
(b) suppf CU.

Then f3/dx" defines a global vector ﬁeld. Hence there exists an n x n matrix
with entries fih € C®M such that f9/ox' =), fl.h Xj,. Evaluating at p, we obtain
that

(3/0x) = ; Xl - *)

Moreover, as (8/8x1)p, ..., (0/0x™)) is a basis of T, M, there exist scalars )»2
such that Xp|, = >, AZ(a/axi)p, and substituting this expression into (x), we
obtain ('E)/Bx{')p =3 f;’(p))\il(a/axi)p. As {(8/8xi)p} is a basis, we conclude
f Jh (p)A = 8;, thus proving that the matrix (f }’ (p)) is invertible.
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Moreover,

(i) F isinjective, as if
F(p,al,...,a") :F(p/,[zl,...,[z”),

it follows that p = p’. Furthermore, Y ;a’'X;|, = Y ;a X;|,, from which,
since the X;|,, are a basis of T, M, we have a' =a' foreveryi =1,...,n.

(ii) F is surjective, since each v € T, M is of the form v = AiXilp, that is, v =
F(p, AL, ..., 0.

(iii) F is differentiable. In fact, let (U, ¢) be a chart around p € M, with ¢ =

(x!,...,x™), and consider the associated chart (x ~1(U), @) in T M, where

7:TM —> M, v () =p, vel,M,

that is,
77 W) L o(U) x R
L0
=) M— @ (v) = AL,
v Z 7| e = (e )
i=l1 P
Now, as .Xl,...,Xn are C* vector fields, we have X;|y = Z?:l fija%_/’
where fij: U — R are C™ functions. Hence, given t = (t!,...,t") € (V)

such that ¢(p) = (¢!, ..., "), one has
(@ o Fol(pxidpn) )(t!,....1" d',....a")

=(@oF)(p,a',....a") :@(aiXi|p)

-1
<Za f (t) 9x] 1(:))
=<t‘,...,t”,za"f,.1 o7 '(1),. Za 1 w‘(r)))

Thus @ o F o (¢ x idge) ! is C*, hence F is C™°.
Moreover F~1 is C. In fact,

((p xidrm)o F 1o @) (!, ... " At L a7
n 9

:((@Xian)OF_l)<Z)\.lw B >

i=1 ¢ ®)

= ((¢ x idgn) o F ! <Z,\ e~ )X _1(0)
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=(¢xian)(¢‘(r>,Zw’ﬁ‘ (™' ®). ZA fe” (t)))
:(r‘,...,t",ZAiﬁl (™' ), Z)J i _l(t)>

where (fj) = (f/‘f)’l. Hence (¢ x idrr) o F~' o @71 is € and thus F~!
is C°,

Problem 1.88 Let j: S — R3 be the natural inclusion map. Prove that the map
jx: T 8? — TR? is an embedding.

Solution Let U =R3\ {(0,0,0)}. As j(§%) C U, we have j,TS?> C TU, and since
U is open in R3, it suffices to prove that j,: TS? — T'U is an embedding. Consider
the map

¢: U— §? xR, (p(x)=<| i |x|>

Then, ¢ is a diffeomorphism whose inverse map is ¢! (y, 1) = Ay, A e RT, y € 5.
One has (¢ o j)(y) = (y, 1), for all y € S%. Hence ¢ o j, = (¢ o j) establishes a
diffeomorphism between T'S% and T (S x {1}) C TS? x TR™T. As ¢, is a diffeo-
morphism we conclude that j, is a diffeomorphism between T'S? and the closed
submanifold ¢~ (T' (82 x {1})) C TU.

1.10 Vector Fields

Problem 1.89 Consider the vector fields

X a n 5 0 v a
=Xy— .X —, =y—,
yax 9z y8y

onR? and the map f: R® = R, f(x, y, z) = x>y. Compute:

O [X,Y]a1.00 i (fX)1.1.00
(i) (X, 1,0); iv)  fe(X(1.1.0)-

Solution

®

[X, Y] 9 9
, = X— = ——
(1,1,0) -y Ix a
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(i)
(fX)(1,1,0)=f(1,I,O)X(l,l,()):(i—i-i) .
ax 9z /(11,0
(iii)
af

(Xf)(l’ 110) =X(1,1,0)f = (a)(]’ 170) =2.
@iv)

1
of of af) d

b'¢ =5 oy o2 B
Je(X(1,1,0) (ax dy 9z /11,00 \1 d

where ¢ denotes the canonical coordinate on R.

)
|
)
|

Problem 1.90 Write in cylindrical coordinates the vector field on R defined by
d d

0
X=2———+4+3—.
ox dy 0z

Solution The change from cylindrical coordinates (p, €, z) to Cartesian coordinates
is x = pcos6, y = psin6, z = z. The Jacobian matrix of this transformation is

cos® —psinf O
A=|sinf pcosd O
0 0 1

The field X is written in cylindrical coordinates as

ad a a
X = fi(p,0,2)—+ f2(p,0,2) = + f3(p. 0, 2) —.
ap a6 9z

Therefore,
cosf® —psinf 0 fi 2
sinf pcosf® O HLl=1-1
0 0 1 f3 3
Hence
. 0 2sinf +cosf o 0
X=2cosf —sinf)— - — — +3—.
a0 0 a0 0z

Problem 1.91 Find the tangent space at the point p = (1, 1, 1) to the surface S in
R? defined by the equation f =x> —y3 +xyz—xy=0.

Solution One has
df = (3x2+yz —y)dx+ (—3y2+xz —x)dy +xydz.
So, (df), = (3dx —3dy +dz) .
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If

X=1[x 0 +A 0 +A 9
—\Mox 28y 38zp

is a vector tangent to S, then d f(X) = 0, and conversely. So, at (1, 1, 1) we must
have A3 = —3A1 4+ 3A,. Hence,

X,=x 0 +A 9
=AM 27—
P ax|, 1,

ad ad a a
=AM|{——-3—) +x|—+3—] .,
0x 0z » dy 0z P
so the vectors (% — 3%) p and ( % + 3;—2) p are a basis of the tangent space to S at
(1,1, 1).

0
+ (=3A1 +342) —
0z

p

Problem 1.92 Let f: R? — R be the C* function defined by f(x,y,z) = x> +
y% — 1, which defines a differentiable structure on S = £~!(0). Consider the vector
fields on R3:

(a) X=(x2—1)%+xy%+xzaa—z; (b) Y=x%+y%+2xz2aiz.
Are they tangent to S?
Hint If pe S and X € TPR3 , X is tangent to the submanifold S if and only if
Xf=0.

Solution

@
(2 af of af 5 2
Xf=(x 1)_8x +xy—ay +azo- =2x(x" 4+ y° —1).

Thusif p=(x,y,z) € S, X, f =0. Hence X is tangent to S.
(b) Yf=2x>4+2y21If p=(x,y,z) €S, then Y, f=2,s0Y isnot tangent to S.

Problem 1.93 Find the tangent plane to the one-sheet hyperboloid H = x2 + y% —
22 =1 at a generic point of itself.

Solution Consider the parametrisation (see Remark 1.4) given by
x =coshusinv, y =coshucosv, z=sinhu, wueR, ve(0,2r).

‘We have on the hyperboloid:

d . .0 . 0 0
— =sinhu sinv— + sinhu cosv— + coshu —,
ou ox ay 0z
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d
— =coshucosv— — coshusinv—,
av ox dy

that is, d/du and d/dv are respectively the restrictions to the hyperboloid of the
vector fields on R \ {0} given by

¥ Xz a n yz a e 5 0 Y ad 0
=t X -, =y ——X—.
x2 4 y2 dx /X2 +y2dy Y 0z Y ox dy

Hence, for p = (xo, 0, 20) € H,

0
+u—

» ov

T,H = Aa
P2 ou

,A,ueR}:{aXp+pr:a,b€R}

d
+<_&a__m0_
p

3
V¥ + 9 g

p

X02 d
:{07%47+W05
Xo + Yo

0
+a,/x2+ 2 —
0 yoaz,,

Problem 1.94 Show that the vector fields X, Y, Z given by

X S A
= _— x — —_ s
P Yox Ty "oz TRai),

p

,a,beR}.

where p € §3 = {(x,y,7,1) € R*: x? + y2 + 72 4+ 1> = 1}, define a global paralleli-
sation of §3.

Solution The vector fields are tangent to S°, as (X, N,) = (Y, N,) = (Z,, N})
=0, where N, denotes the outward-pointing unit normal vector to § 3 at p,

N R AR
=|x— — — _ ,
P Ty T ),

and (-, -) denotes the Euclidean product of TPR“ =R*
Furthermore, the fields are linearly independent, as

-y x -t z
rank | —z ¢ x —y|<3
-t -z Yy X

if and only if p = (0,0,0,0) ¢ S3.
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The fields X, Y, Z are the restriction to S of the fields written similarly on R4,
which are C™ on R*. Since S3 is an embedded submanifold in R?, the vector fields

given on 3 are C*° on S>.

Problem 1.95 Give a C™ non-vanishing vector field on the sphere §2"*1.

Solution We have S2'+! = {p = (x!,..., x?"+?) e R?"+2; fo{z(xi)2 =1}.
The vector field X defined by
0 a 0
X, =22 1.9 L 2nt2 2n+1 ’
P X ax! p+x ax2 p+ X gx2n+l1 » g2n+2 »

where p € §2"*1, is tangent to 2!, In fact, it is clearly orthogonal to the normal
vector

at p with respect to the Euclidean product (-, -) of R?"*+2_ Moreover, X is C* since
the functions x’, i =1,...,2n + 2, are C*. Hence X € X(§2"+1).

Problem 1.96 Find the general expression for X € X(R?) in the following cases:
(i) L5z X=X and [5, X]=X;

- 9 ol —
(i) [5; + 3y X]=X.

Hint (to (ii)) Take new coordinates u = %(x +y),v= %(x —y).

Solution

() Let X =a(x,y)< +b(x, y)%. Then,

[8 ,X:|=8a(x,y)i+8b(x,y)i

ax ox  0x dx  dy

K IR N B L C

dy dy  0x dy  ox

from which

da(x,y) 0b(x,y)

oY - a(x,y), Kk P2 b(x,y), (%)
0x 0x

da(x,y) ob(x,y)

Y a(x,y), O b(x,y). (%)

dy dy

Solving, from (%) we have

a(x,y)=Af(ye", b(x,y) = Bg(y)e".
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Substituting these expressions in (xx), one has

FM=r»m, gm=g,
from which f(y) = Ce”, g(y) = De”. Hence

a(x,y)=Ee™,  b(x,y)=Fe',
and
' a ad
X=e""E—+F—.
ax ay
(i) Taking u and v as in the hint, we have % = % + aiy’ and one can write X =

a(u, v)aa—u +b(u, v)%. We have

0 da(u,v) 0 ob(u,v) 0
—, X | = — + — =X,
ou du Jou du Jv
from which
da(u, 0b(u,
a(u,v) —a(u. v), (u,v) — b(u.v),
u u

Hence, as in (i) above, we have a(u, v) = f(v)e*, b(u, v) = g(v)e*. So

1 d 0 1 0 0
Y LN W) 9 Loy ez 2 _ 3
f(z(x y))e o + 3 +g 2(x y) Je ox o)

that is,
1 0 1 0
X =e"t/2p( Z(x — — 4+ k| =(x — — 1
e 2(x y) 8x+ 2(x y) 2y

for arbitrary C* functions A, k.
Problem 1.97 Consider the two vector fields on R"*! defined by

co=0. e1=)_ fulx')da.
o

where 3y = 9/9x° and
0, =0/0x%, 1<a<n, fa(xi)zfa(xo,...,x"), 0<i<n.

We define recursively e, = [ep, e,—1], 2 < r < n. Then:

(i) Compute e, in terms of the vector fields 9.
(i1) Find functions fy (x'), such that ey, ..., e, are linearly independent.

Solution

(i) e2 =130, > fa(x)a] = D d0(fr(x"))Bs.
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We proceed by induction: Suppose e, =) _, 86_1 (fu(x7))dy; then,

ers1 =100 1= [0, 05 (farlx Zao 0 (fa(x')))da

= 3 05l

(i) Take f,(x") = (x°)*~!. Then
eo = do,

‘= Zf“ 0o = Z(xo)aflaa =0+ + -+ (x0)"

r= 20 (fel))e =D (7))o = 3ot = ()"
=82+2x033_|_3(x0) a4+.._+(n_1)(x0)n—2an’

e = 335 (fulx'))au = Y (@ = De = 2)(x)* 0.
en = Z(Ol —Da@—-2)...(xd —n+ 1)(x0)a—n8a - 1)%,.

1.10.1 Integral Curves

Problem 1.98 Is every vector field on the real line R complete?
Solution Let
0
X=x>— e X(R).
0x

The integral curves are the solutions of the equation x'(r) = x2(1), i.e. x'(1)/

x2(t) = 1, whose solution is x(t) = —1/(t + A). The integral curve through xg
verifies x (0) = xg, hence xo = —1/A, thus it is the curve
()= —2_,
1—1x9

which is not defined for t = 1/xp, so X is not complete.

Problem 1.99 Compute the integral curves of the vector field on R given by

X = 8+ 3+28
Yox Ty T a2
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Solution The tangent vector at a point p of an integral curve y of the vector field
X coincides with the value of X at p.
Let y (1) = (x(1), y(t), z(1)). Hence, y'(t) = (x'(1), y'(1), (1)), where

dx dy dz
a0 a7 dr

’

from which the integral curves are of the type y () = (A€’ + B, Ae’, 2t + C) and
the curve passing through (xo, yo, zo) for t =0 is

y(®) = (xo+ yo(e" — 1), yoe', 21 +20).

Problem 1.100 For each of the following vector fields find its integral curves and
study whether it is complete or not:

@) x:iex(Rz\{O}); (ii) X=i+exiex(R3);

0x dy 0z
9 9 x% 9
i) X=e*—; v) X=y—, Y="o—, X, Yl
(iii) e o (iv) iy 2 3y [ ]
W X 3 ~) X 9 3
\Y =Xx—; V1 = y— —Xx—.
ox yax ay

The last four vector fields belong to X(R?).

Solution
(i) The integral curves are the solutions of the system
=1 y=0;
thus,
x()=t+A, y(®)=B,
and the integral curve of X through a given point (xg, yg) is
x(1) =1+ Xxo, y(1) = yo.

If xo > 0, the maximal integral curve through (xg, 0) is defined only for the
interval (—xg, +00). Hence X is not complete.
(i1) The integral curves are the solutions of the system

=0, Ywm=1, @) =",

thus,

x(1)=A, y(t) =t + B, z(t)=ett+C.



78

(iii)

(iv)

1 Differentiable Manifolds
The integral curve of X through (x¢, yo, zo) is
x(t) = xo, y(@) =1+ yo, z(t) = "t + 70,

which is defined for t € R, so X is complete.
The integral curves are the solutions of the system

X =1, Yy ®)=0;
thus,
D =14 A, y(t) = B;
that is,
x(t) =log(t + A), y(t)=B.
The integral curve of X through (x¢, yg) is
x(r)=log(t +e%),  y(@)=yo.

X is not complete as this curve is only defined for ¢ € (—e*?, 4+00).
The integral curves of X are the solutions of the system

x'(1) = y(1), y'(t)=0.

The integral curve through (xg, yo) is x(¢) = yot + x¢, y(t) = yo. Hence, X is
complete.
Similarly, for ¥ we have

2
Y)=0, y@)=1 2(”.

Hence x (1) = x¢. So y/'(t) = %xé and thus y(¢) = %xét + yo. Hence, Y is com-
plete.
As for
(%, 7] 3 x2d
’ =Xy —— =7
Yoy T 2 ox

we have the system

: x2(1) :
Y === YO =y0x0),

As in Problem 1.98, we obtain

2x0
t) = .
*® xot +2
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Fig. 1.29 Integral curves of Y

the vector field
X=yd/ox —xd/dy

)

(vi)

RN
N

So we have y'(¢)/y(t) = 2xo/(xot + 2), thus log y(¢) = 2log(xor + 2) +
log B. Since y(0) = yy it follows that yy = 4 B. Therefore,

y(0) = 2 (ot +2)%

Hence [ X, Y] is not complete as its integral curve is not defined for t = —2/x.
The integral curves are the solutions of the system

X' @) =x(@), y' (1) =0.
Hence the integral curve through (xo, yo) is

x(t)=xo¢',  y(1)=yo.
The graph is a horizontal half-line on R? of exponential speed, with x €
(—00,0) or (0, +00) depending on either xo < 0 or xo > 0, respectively. The

graph is the point (0, yg) if xo = 0. X is complete.
The integral curves are the solutions of the system

o=y, YO =—x@®.
That is,
x(t) = Asint + Bcost, y(t) = —Bsint + Acost.
As x(0) = x9 = B, y(0) = yg = A, the integral curve through (x¢, yo) is
x(t) = yosint + xgcost, y(t) = —xpsint 4 yg cosz.

Since x2(1) 4+ y2(1) = xg + yé, the integral curves are the circles with centre at
the origin (see Fig. 1.29). The vector field is complete.
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1.10.2 Flows

Problem 1.101 For each 7 € R, consider the map ¢, : R — R? given by
(x,y) = @ (x,y) = (xcost 4 ysint, —x sint + ycost).

(i) Prove that ¢, is a 1-parameter group of transformations of R>.
(i1) Calculate the associated vector field X.
(iii) Describe the orbits.
(iv) Prove that X is invariant by ¢, that is, that ¢+ X, = Xy, (p)-

Solution

(i) Each ¢y is trivially C*°. Furthermore,
(@) @o(x,y)=(x,y), thus gy =idp>.
(b)

(pro@s)(x,y) =@ (xcoss + ysins, —x sins + ycoss)
= (x cos(s +1)+ ysin(s + 1), —x sin(s +1) + y cos(s + t))
= (pl-FS(xs y)

(ii) We have X =21 + xz%, with

d
M(Ly)=a (xcost +ysint) =y,
t=0
d
12(%)’)25 (—xsint 4+ ycost) = —x,
t=0

thatis, X = y% —x%.
(iii) The orbit through p = (xg, yo) is the image of the map R — R? given by

t— (xpcost + ypsint, —xpsint 4+ ypcost),

that is, a circle centred at the origin and passing through p = (xo, yo). If p =
(0, 0), the orbit reduces to the point p.
(iv) If p = (x0, y0), then

0
— (xgcost + ypsint) —
dy

a
X (p) = (=x08int + yo cost)a—
X

vt (p) v (p)

Hence

_( cost  sint Yo\ _
P Xp = <— sint  cos t) <—xo> =Xo(p)-



1.10  Vector Fields 81

Problem 1.102 Let 7 M be the tangent bundle over a differentiable manifold M.
Let 9: R x TM — T M defined by (¢, X) =€’ X.

(i) Prove that ¢ is a 1-parameter group of transformations of 7M.
(i1) Calculate the vector field Y on T M associated to ¢.
(iii) Prove that Y is invariant under ¢.

Solution

(i) Letg;: TM — TM, X — €' X. Obviously ¢g = idy . Furthermore,
(@rop)X =¢(e’X)=e"T"X =g X,
SO @1 0 Y5 = Pr+s.
Let us see that ¢ is differentiable. Pick (fp, Xo) € R x TM. Let 7 de-
note the canonical projection from TM to M. Let p = n(Xp) € M and

(U, ¥ = (x',...,x™) be a coordinate system on a neighbourhood of p. Let
(m~1(U), ¥) be the chart in T M built from (U, ¥), that is,

U= xidpn)ot: 7N U) - ¥ (U) x R",

with 7: 771 (U) > U x R", where

9 0

| 1

t<<)L 8?4_”'4_)\"8)6”) >_(x’)h e k)
X

Let us denote ¥ = (xl,...,x",yl,...,y”). Then, given Zg € TyM, g € U,
such that

W (Zo) = ((x" o7)(Z0),.... (x" 0 7)(Z0), y' (Z0), ..., ¥"(Z0))
=(x"Q), . X" (@), ¥ (Zo), ..., Y (Z0)) = (a,...,a", b, ..., b"),

we have, taking on R the chart (R, idg):

(Fopo(dg x¥) ) (t,a',...,a" b, ..., b")
= (W o)1, Zy) = ¥(e' Zy)
= ('@, ....x"(@).€'y (Z0). ... €'Y (Z0)
:(al,...,a”,e’b],...,elb”).
Hence ¢ is differentiable.
(i) Let Y be the vector field generated by ¢. Let Xo € TM and p = 7 (Xo)

and consider as before the charts (U, ¢) in p, with ¢ = (xl, ..., x™) and
(7N ), ®) in Xg, with & = (x!, ... x", yb, ... 9.
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ThenY: TM — TT M has at X the expression

n

9 N
ro= ()3t | g

i=1

As Y is generated by ¢, one has

Yy, (x') = i t_o(xi(w(t, X0)),  Yx, ()= I t_o(yi(w(t, X0))).
Thus
. d . d .
) =] wex)=2| wo)=o
Yx,(y') = o l_o(e’y’ (X0)) = y' (Xo).

SoYx,=>1, yi(Xo)aivi|X0, hence Y =) 7, yiaiyi.
(iii) It suffices to prove that (¢;4)x, Yx, = Yerx,- We know that

n
: a
Yerx, = e/ Z ) (XO)F
i=1

e’ Xo
On the other hand,

(p,(al,...,a",bl,...,b”):(al,...,a”,e’bl,...,e’b"),

so that the matrix associated to ¢y is ([(’; e,ol )
n

Since Yx, = (0, ..., 0, y'(Xo), ..., y"(X0)), we have

(o) xo (Yxo) = <IS e’OIn) (0, ...,0, ¥ (Xo), ..., y"(X0))

=(0,...,0, 'y' (X0), ..., " (X0)) = Yerx,»

as expected.

1.10.3 Transforming Vector Fields

Problem 1.103 Consider the projection p: R?2 > R, (x, ¥) — x. Find the condi-
tion that a vector field on R? must verify to be p-related to some vector field on R.

Solution Let
X=a(x y)i +b(x y)i e X(R?)
T 0x 3y '
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In order for X to be p-related to some vector field on R, it must happen that for each
couple of points (xg, y0), (x1, ¥1) € R? such that p(x0, y0) = p(x1, y1) one has

0 0 d d
P*<<a(x,y)—+b(x,y)—> )=p*<(a(x,y)—+b(x,y)—> )
dx dy (x0,y0) dx dy (x1,y1)

()
Since for the given pair of points we have xo = x1, we can write such a couple of
points in the form (x, yp), (x, y1), and we have
) _d
G,y dt

(55, =7

Px\ = =Px\ 7

Bx (X’yo) 8.x
0 0

ol )=l )=
Y1(x,y0) Yl

where ¢ is the canonical coordinate on R. Substituting in (x), we obtain the condition
we are looking for: a(x, yo) = a(x, y1), for all x, yo, y1.

’
X

Problem 1.104 Let M = {(x, y) € R : x > 0} be endowed with the natural differ-
entiable structure as an open subset of R2, and let f:M—-R,(x,y) > x.

(i) Prove that Xy y) = (x/r3,y/r3), where r = /x2 + y2, is a C™ vector field
on M.
(i) Is X f-related to a vector field on R?

Solution

(i) The functions M — R, given by (x,y) — x//(x2+y?)3, and (x,y)
v/ (x2 4+ y2)3, are C* on M.

(i) No, as if X were f-related to a vector field on R, then (as in Problem 1.103) it
would be fi X, = fi Xy if p = (x0, y0), P = (x0, Y), Yo # ¥, and this is not
the case, as it is proved below.

The matrix associated to f, with respect to the bases {d/dx,d/dy} and
{d/d¢}, that is, the Jacobian matrix of idr o f o id;,ll, is (1 0). Consequently,
if p = (x0, y0) € M, we have

X0 d

Jag+3

f*Xp:

xo.
Hence f. X, # fiX .
Problem 1.105 Consider the 2-torus 72 = S! x §'. Consider the submersion
fRE T2 f(6,0)) = (e, "),

and a vector field X € X(R?). Under which condition is X f-projectable onto a
vector field Y on 72?
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Fig. 1.30 A vector field on 0,
R? inducing a vector field
on T?

Solution It is immediate that the condition is fi(X (g424x,67+2k'7)) = f+(X(6,67))-
Equivalently, X must be invariant under the action of 72 on R? defined by (k, k') -

0,0") = (0 + 2km, 0’ 4+ 2k'm) (see Fig. 1.30).

Problem 1.106 Let f: M — N bea C® map and X and Y be f-related C* vector
fields. Prove that f maps integral curves of X into integral curves of Y.

Solution For the integral curve of X through p € M, 0: (—¢,&) = M, one has

(a) oisC™; (b) o(0)=p;

(©) d
on | —
*\dt
Then the map f oo : (—e,&) — N satisfies:

(i) f oo is differentiable as a composition of differentiable maps.

(i) (fo0)0)= f(p).

(iii)
B d

)=o)

d
= f*a(to) (0*t0 (a )) = f*(Xa(to))
To

=Y(roo)ry) (X andY are f-related).

) =X5@), forallzge(—¢,¢).
o

d
(f 00)x <a

That is, f o « is the integral curve of Y passing through f(p).

Problem 1.107 Let ¢: M — N be a diffeomorphism between the C*° mani-
folds M and N. Given X € X(M), the vector field image ¢ - X of X is defined

by
@ X =0(Xyo1(y).
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Prove:

(1) Infact, ¢ - X € X(N).
) - [X,Y]=[p-X,0-Y], X, Y € X(M).

Solution

(1) From the definition of ¢, it is immediate that the image of a vector is a vector.
Moreover, ¢ - X is C*°, which follows from
(p-X:ga*oXO(p_l.

Further, we have, denoting by w7y (resp., 77 ) the projection map of the tan-
gent bundle over M (resp., N), that mry o (¢ - X) = id. In fact,

]TTNO(p*OXO(p_lquO]TTMOXO(p_l:(poq)_l:id.

(ii) From the definition of ¢ - X it follows that (¢ - X) f = X (f o ¢) o ¢~ !. Hence,
for any p € N, one has

(¢ [X.Y]),f =[X. Y10 (f 0 9)
=Xy 1 (Y (f 09)) = Ypu1 ) (X (f 0 9))
=X, 1) (@ - V() 09) = Y1) (- X)(f) 0 9)
=@ - X)p((0-Nf) =@ V(- X)f)=l¢ X, 0-Y1,f.
Problem 1.108 Let f: R — R, x > e*. Find the vector field image f -9/dx.

Solution The Jacobian of f is e*. We have, for any fixed xg, that

d 0 0 B
(7 a0), =+ Gl o) =2l ) = ().
X/ xo X1 =1 (x0) X logxg X/ xo

Hence

Problem 1.109 Let 7: M — N be a surjective submersion of manifolds such that
the set 771 (g) is a compact connected set for each point ¢ € N. Suppose that the
vector fields X € X(M) and Y € X(N) are m-related, i.e. myp X, = Yr(p) for all
pPEM.

Prove that the vector fields X and Y are complete or incomplete simultaneously.

Solution Since the vector fields X and Y are m-related, for any integral curve I"(¢)
of X its image y (t) = m(I"(¢)) is an integral curve of Y, i.e. Y is complete if X is
complete.
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Suppose now that the vector field Y is complete. Choose a point p € M. Let
y(t),t €[0,T],0 < T < oo, be any integral curve of Y such that y (0) = 7 (p). Itis
evident that the set y ([0, T]) C N is compact (as a continuous image of a compact
set). To solve the problem we will prove first that its preimage 77y ([0,1]) is a
compact subset of M.

Indeed, using the well-known Whitney Embedding Theorem, we can sup-
pose that M is an embedded submanifold of R! for some ! € N; in particular,
the topology on M is induced by the standard topology on R!. Suppose that
the set 7~ !(y ([0, T1)) is not compact. Then the set either 7! (y ([0, T/2])) or
7~y ([T/2, TY)) is not compact. So that there exists a sequence of compact sets

[0, T] = [ao, bo]l D [a1,b1] D laz, b2]1 D ---Dlay, by] D -

such that each set A, = n_l(y([a,,, b,1)) is not compact. There exists a unique
common point 1o =), enl@n, bp]. Put go = y (tp). Since the set s (go) is compact
(in M and, consequently, in RY), there exists an open ball B in R’ containing this set
and such that the intersection of this set with the sphere S = d B is empty. Now we
prove that A, NS # (. To this end assume that A, NS =0@,i.e. A, C (R'\{B}) UB.
But each (closed) set A, is not compact, i.e. is unbounded in R! and thus A, N (Rl \
{B)) #%. Also A, N B # @ as 7' (qo) C A, N B. Taking into account that the set
y([an, by]) is connected and the map 7 is open (an image of each open subset is
open), we obtain that the set

7(Ay N B) N7 (A, N (RN {BY}))
is not empty, i.e. it contains some point ¢" for which
7 g)NB#P and 77'(¢')N(R'\{B}) £ 9.
Also by assumption,
7 (q') c An C (R'\{B}) UB.

But the set 7' (¢’) is connected, thus we are led to a contradiction. Thus there
exists a point p, € S N A,. By compactness of the (closed) set SN M C M, some
subsequence {p,,} C {p,} converges to a point p € § N M. By continuity of 7
and y, the sequence

{ﬂ(pnk)=l/(tnk)}, tn, € [ang, by, ],

converges to the point 77 (p) = y (fo) = qo. But p € S and 7~ (g9) N S = @, which
is a contradiction, i.e. the set 7 1 (¥ ([0, T])) is compact.

Since the vector field X is smooth, for each point p € M there exists a neighbour-
hood U of p, a positive number ¢ € R and a local 1-parameter group ¢,: U — M
of X defined for all ¢ € (—¢, €). Since the set n’l(y([O, T1)) is compact, there
exists a finite covering {UX}, k = 1,...,n, of it, with corresponding groups qbtk ,
t € (—&, ). In other words, for each point p € 771 (y ([0, T])) there exists the
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integral curve I'(t), I'(0) = p of X defined for all ¢t € (—&q, &9), where g9 =
min{eq, ..., &,}.

Consider now the point p (recall that w(p) = y(0)) and the integral curve
Iy: [0,b] > M of X such that I'(0) = p and 0 < b. Since the vector fields X
and Y are mr-related, we have that

n(]"(t)) =y(@) if0<t<min{b, T}.

If b< T, then I"(b) € 71 (¥ ([0, T])) and, consequently, as we remarked above,
the extension I (¢,/2) €xists. Thus there exists the integral curve I'r which is an
extension of I',. Since T is arbitrary, the vector field X is complete.
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Chapter 2
Tensor Fields and Differential Forms

Abstract After providing some definitions and results on tensor fields and differen-
tial forms, this chapter deals with some aspects of general vector bundles, including
the ‘cocycle approach’; other topics are: Tensors and tensor fields, exterior forms,
Lie derivative and the interior product; calculus of differential forms and distribu-
tions. Some examples related to manifolds studied in the previous chapter are also
present, such as the infinite Mobius strip, considered as a vector bundle, and the tau-
tological bundle over the real Grassmannian. Certain problems intend to make the
reader familiar with computations of vector fields, differential forms, Lie derivative,
the interior product, the exterior differential, and their relationships. Other group of
problems tries to develop practical abilities in computing integral distributions and
differential ideals.

L’algorithme du Calcul différentiel absolu, c’est & dire 1’instrument
matériel des méthodes (...) se trouve tout entier dans une remarque due a
M. Christoffel (...) Mais les méthodes mémes et les avantages, qu’ils présen-
tent, ont leur raison d’étre et leur source dans les rapports intimes, que les lient
a la notion de variété a n dimensions, qui nous devons aux génies de Gauss
et de Riemann. D’apres cette notion une variété V,, est définie intrinséque-
ment dans ses propriétés métriques par n variables indépendants et par toute
une classe de formes quadratiques des différentielles de ces variables, dont
deux quelconques son transformables I’une en 1’autre par une transformation
ponctuelle. Par conséquence une V,, reste invariée vis-a-vis de toute transfor-
mation de ses coordonnées. La Calcul differentiel absolu, en agissant sur des
formes covariantes ou contrevariants au ds> de V,, pour en dériver d’autres de
méme nature, est lui aussi dans ses formules et dans ses résultats indépendent
du choix des variables indépendantes. Etant de la sorte essentiellement attaché
a V,, il est I’instrument naturel de toutes les recherches, qui ont pour object
une telle variété, ou dans lesquelles on rencontre comme élément caractéris-
tique une forme quadratique positive des différentielles de n variables ou de
leurs dérivées.!

IThe algorithm of absolute differential Calculus, that is, the material instrument of the methods
(...) is fully included in a remark by Mr. Christoffel (...) But the methods themselves and their

PM. Gadea et al., Analysis and Algebra on Differentiable Manifolds, 89
Problem Books in Mathematics, DOI 10.1007/978-94-007-5952-7_2,
© Springer-Verlag London 2013
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GREGORIO RICCI-CURBASTRO AND TULLIO LEVI-CIVITA, Méthodes
de calcul differentiel absolu et leurs applications, Math. Annalen 54 (1900),
no. 1-2, 127-128. (With kind permission from Springer.)

However Einstein realised his problems: ‘If all accelerated systems are
equivalent, then Euclidean geometry cannot hold in all of them.’ Einstein then
remembered that he had studied Gauss’ theory of surfaces as a student and
suddenly realised that the foundations of geometry have physical significance.
He consulted his friend [and mathematician] Grossmann who was able to tell
Einstein of the important developments of Riemann, Ricci (Ricci-Curbastro)
and Levi-Civita. Einstein wrote: “... in all my life I have not laboured nearly
so hard, and I have become imbued with great respect for mathematics, the
subtler part of which I had in my simple-mindedness regarded as pure luxury
until now.” In 1913 Einstein and Grossmann published a joint paper where
the tensor calculus of Ricci and Levi-Civita is employed to make further ad-
vances. Grossmann gave Einstein the Riemann—Christoffel tensor which, to-
gether with the Ricci tensor which can be derived from it, were to become the
major tools in the future theory. Progress was being made in that gravitation
was described for the first time by the metric tensor but still the theory was
not right. (...) It was the second half of 1915 that saw Einstein finally put the
theory in place. Before that however he had written a paper in October 1914
nearly half of which is a treatise on tensor analysis and differential geometry.
This paper led to a correspondence between Einstein and Levi-Civita in which
Levi-Civita pointed out technical errors in Einstein’s work on tensors. Einstein
was delighted to be able to exchange ideas with Levi-Civita whom he found
much more sympathetic to his ideas on relativity than his other colleagues.

JOHN O’CONNOR AND EDMUND F. ROBERTSON, Atrticle General Rel-
ativity, in ‘The MacTutor History of Mathematics archive,” School of Math-
ematics and Statistics, University of St. Andrews, Scotland. (With kind per-
mission from the authors.)

advantages have their foundation and their source in the intimate links they have with the notion
of n-dimensional manifold, which we owe to the geniuses of Gauss and Riemann. According
to this notion, a manifold V, is intrinsically defined with respect to its metric properties by n
independent variables and by a full class of quadratic forms of the differentials of these variables,
such that any two may be mutually transformed by a pointwise transformation. Consequently, a V,,
remains invariant under any transformation of its coordinates. The absolute differential Calculus,
dealing with covariant or contravariant forms of the ds? of V., in order to obtain other ones of the
same nature, is itself independent of the choice of independent variables inside its formulas and its
results. Being so essentially linked to V},, it is a natural tool of all the researches on such a manifold
(...) or one meets positive quadratic differential forms and their derivatives.”
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2.1 Some Definitions and Theorems on Tensor Fields
and Differential Forms

Definitions 2.1 Let & = (E, 7w, M) be a locally trivial bundle with fibre F over M.
A chart on £ is a pair (U, ¥) consisting of an open subset U C M and a diffeomor-
phism ¥ : 771 (U) — U x F such that pr; o ¥ =7, where pr,: U x F — U is the
first projection map. ¥ is called a trivialisation of & over U.

Let V be real vector space of finite dimension n, and let £ = (E, 7w, M) be a lo-
cally trivial bundle of fibre V. A structure of vector bundle on & is given by a family
o = {(Uy, Wy)} of charts on & satisfying:

(i) Uy is an open covering of the base space M.
(ii) For each pair (o, 8) such that U, N Ug # @, one has

(W5 0, ) (P, v) = (P, gga(PIV), (P, ) € (Ua NUg) X V,

where gqg is a C* map from U, N Ug to the group GL(V) of automorphisms
of V.
(iii) If &/’ D &/ is a family of charts on & satisfying properties (i), (ii) above, then
A =4 .
Such a bundle & = (E,w, M, o), or simply & = (E,w, M), is called a (real)

vector bundle of rank n. The C*° maps gq5: M — GL(V) are called the changes of
charts of the atlas 7.

Proposition 2.2 The changes of charts of a vector bundle have the property (called
the cocycle condition)

8ay (P)gyp(P) =8up(p), peUyNUgNU,.

Definition 2.3 Two vector bundles of rank n are said to be equivalent if they are
isomorphic and have the same base space B.

One has the following converse to Proposition 2.2:

Theorem 2.4 Let % = {U,} be an open covering of a differentiable manifold M,
and let V be a finite-dimensional real vector space. Let go5: M — GL(V), Uy N
Ug # 9, be a family of C* maps satisfying the cocycle condition in Proposition 2.2.
Then there exists a real vector bundle ¢ = (E, w, M, &), unique up to equivalence,
such that the maps gqp are the changes of charts of the atlas <7 .

Definition 2.5 The family (Uy, g4g) is said to be a GL(V)-valued cocycle on M
subordinated to the open covering U .

Definitions 2.6 Let .7 (M) be the set of tensor fields of type (r, s) on a differen-
tiable manifold M and write .7 (M) = EB?,.;:O T (M). A derivation D of 7 (M)
is a map of .7 (M) into itself satisfying:
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(i) D is linear and satisfies
Dx(T' @ h)=DxT1 @ L+ T1 ® DxT», XeX(M), T\,T» € T(M).

(ii) Dy is type-preserving: Dx (7 (M)) C T (M).
(iii) Dy commutes with every contraction of a tensor field.

Let A" M be the space of differential forms of degree r on the n-manifold M,
that is, skew-symmetric covariant tensor fields of degree r. With respect to the ex-
terior product, A*M = @;_, A" M is an algebra over R. A derivation (resp. anti-
derivation) of A*M is a linear map of A*M into itself satisfying

D(wi Awr) = Doy Awy + w1 A Dy, wi,wr € A*M
(resp. D(w1 Awy) = Doy Awy+ (—1) 0 ADwy, @1 € A'M, wy € A*M.)

A derivation or anti-derivation D of A*M is said to be of degree k if it maps A" M
into A" XM for every r.

Theorem 2.7 (Exterior Differentiation) There exists a unique anti-derivation
d: A*M — A*M

of degree +1 such that:

(i) d*=0.
(ii) Whenever f € C*M = A°M, df is the differential of f.

Definitions 2.8 Fix a vector field X on M and let ¢; be the local one-parameter
group of transformations associated with X. Let Y be another vector field on M.
The Lie derivative of Y with respect to X at p € M is the vector (LxY), defined
by

Yo =ity _

R
- t

(@rY 1))
=0
The Lie derivative of a differential form o with respect to X at p is defined by

wp — X (0g, (p))

t @.1)

L = lim
( Xw)p t—0

The Lie derivative of a tensor field T of type (r,s) with respect to X at p is
defined by

d
(LxT)p = T (@ - T)p.,
=0

where the dot denotes, for an arbitrary diffeomorphism @ of M,
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P-(X1Q--®X,Q01Q---®b;)
=0-X1® - ®®-X,®(@ )00 (@)

"5,
X; e X(M),0; € A'M.
In particular, the action of @ on a differential form 6 € A M is given by

(@-0)p=0p-10 (@), =((@7")0),. peM.

For each X € X(M), the interior product with respect to X is the unique anti-
derivation i of degree —1 defined by ix f =0, f € C*M, and ix0 = 6(X), 0 €
A'M. We shall use sometimes, to avoid confusion, ¢ instead of i to denote the
interior product.

Theorem 2.9 Let X € X(M). Then:

) Lxf=Xf, feC®M.
(i) LxY =[X,Y],Y e X(M).
(iii) Ly maps A*M to A*M, and it is a derivation which commutes with the exte-
rior differentiation d.
(iv) On A*M, we have

Ly =ixod+doiy,

where iy denotes the interior product with respect to X.

Proposition 2.10 Let ¢; be a local one-parameter group of local transformations
generated by a vector field X on M. For any tensor field T on M, we have

d
@s (LXT)=_<E(‘PI . T))

t=s

In particular, LxT =0 ifand only if ¢; - T =T forall t.

Definitions 2.11 Let m, n be integers, 1 < m < n. An m-dimensional distribution
2 on an n-dimensional manifold M is a choice of an m-dimensional subspace 2,
of T,M for each p € M. & is C*™ if for each p € M, there are a neighbourhood
U of p and m vector fields X1, ..., X,, on U which span Z at each point in U.
A vector field is said to belong to (or lie in) the distribution 2 if X, € 2, for
each p € M. Then one writes X € 2. A C* distribution is called involutive (or
completely integrable) if [X, Y] € 2 whenever X and Y are vector fields lying in 2.

A submanifold (N, ¥) of M is an integral manifold of a distribution 2 on M if

W*(TqN)ZQI/,(q), geN.

Definitions 2.12 Let & be an r-dimensional C* distribution on M. A differential
s-form w is said to annihilate 9 if, for each p € M,

wp(V1,...,v) =0, v,...,v5€ P,
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A differential form w € A*M is said to annihilate & if each of the homogeneous
parts of w annihilates 2. Let

I(2)={we A*M : » annihilates Z}.

A function f € C°°M is said to be a first integral of 2 if df annihilates 2. An
ideal .# C A*M is called a differential ideal if it is closed under exterior differenti-
ation d, that is, d.# C .#.

Proposition 2.13 A C* distribution 9 on M is involutive if and only if the ideal
F(D) is a differential ideal.

Theorem 2.14 (Frobenius’ Theorem) Let & be an (n — q)-dimensional, involutive,
C®® distribution on the n-dimensional manifold M. Let p € M. Then through p
there passes a unique maximal connected integral manifold of 9, and every con-
nected integral manifold of & through p is contained in the maximal one.

Definitions 2.15 In the conditions of Theorem 2.14 it is said that the involutive
distribution & defines a foliation, M is said to be a foliated manifold, the unique
maximal connected integral manifold of & through each point is called a leaf of the
foliation, and the foliation is said to be of codimension q.

Definition 2.16 A codimension q foliation F on a differentiable manifold M of di-
mension 7 is a collection of disjoint, connected, (n — g)-dimensional submanifolds
of M (the leaves of the foliation), whose union is M, and such that for each point
p € M, there is a chart (U, ¢) containing p such that each leaf of the foliation inter-
sects U in either the empty set or a countable union of (n — g)-dimensional slices
of the form x"~4+! = ¢"=4%1  x" = ¢". More formally, a foliation F consists
of a covering U of M by charts (U;, ¢;) such that on each intersection U; N U, the
changes of charts @;; = ¢; o (pi_l are of the form

@ij(xl,...,xq,xq+1,...,x")= (@ij(xl,...,xq),%‘j(xl,...,xq,xq+1,...,x"))

with
(p,‘jZRqﬁRq, W,’j!RnﬁRniq.

2.2 Vector Bundles

Problem 2.17 Let (E, 7w, M) be a C* vector bundle with fibre ", where F =
R, C or H. Prove that the homotheties

h:FxE—E, A, y) = h(h,y) =2y,

are C°.
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Solution Let U be an open subset of M.Let ¢: 71 (U) — U x F be a trivialisation
of (E, m, M), that is, a fibre-preserving diffeomorphism linear on the fibres, and ¢ a
chart, that is, a diffeomorphism of the open subset Eyy = P (U) of E onto U x F",
linear on the fibres.

Then, h|y is the composition map

id ’ -1
]FXEUI]F—X;prUxIF”L)UXF"(p—)EU

x,y) — (A, p,x) — (p,Ax) —> Ay.
Since ¢ is a diffeomorphism and A’ is C*°, the map h|y is C*.

Problem 2.18 Show that for a C* vector bundle & = (E, 7, M) with fibre R”,
triviality is equivalent to the existence of n C* global sections, linearly independent
at each point.

Solution Let {¢;} be the canonical basis of R". If we have a global trivialisation

E —“ 5 MxR"

x| i

y
then we have sections ¢; of M x R" given by ¢; = (id, ¢;). Thus, we have sections
& of E defined by & = u~! 0 &;, which are linearly independent because ! is an
isomorphism on each fibre.
Conversely, if &; are such linearly independent sections of E, we define the triv-
ialisation u by u() = (7 (), ol o) witha = Zi o'& (w(a)) € E. Its inverse
map is given by u "' (p,a!,....a") =Y di&|,, pe M.

Problem 2.19 Prove that the infinite Mobius strip M (see Problem 1.31) can be
considered as the total space of a vector bundle over S'. Specifically:

(i) Determine the base space, the fibre and the projection map 7.

(ii) Prove that the vector bundle (M, 7, S!) is locally trivial but not trivial.
Solution

(i) With the notations of Problem 1.31, we have that the base space is S = (0, 11 x
{0})/~ C M, the fibre is R (see Fig. 2.1), and the projection map is defined by

I if0<x <1,
JT([(x’y)])_{[(0,0)]=[(1,0)] ifx=0orx=1.

(ii) The charts in Problem 1.31 are in fact trivialisations that cover S entirely. Now
suppose that there exists a non-vanishing global section o : S' — M, i.e. a con-
tinuous map such that w o 0 =idg:. This is equivalent to a continuous function
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Fig. 2.1 The Mobius strip as R _on
the total space of a vector =i =
bundle il
M"‘-\-\.
-'“““x_,___h__ T
T
Sl
s: [0, 1] — R such that s (0) = —s(1). Since s must vanish somewhere, o must

also vanish somewhere, so getting a contradiction.

Problem 2.20

(i) Consider
E={(u,v)=(xy.zabc)eR xR :|ul =1, (u,v) =0}

and the projection map on the unit sphere S? givenby 7 : E — S%, w(u, v) =u.
Prove that £ = (E, 7, $%) is a locally trivial bundle over $2 with fibre R2.

(i) Let & = {(U;, ®;)}, i = 1,2, 3, be as in the solution of (i) below. Prove that
TS?=(E,n, 82, <) is a vector bundle (see Definitions 2.1) with fibre RZ.

Solution

(i) The open subsets Uy, U, Uz of S? given by |x| < 1, |y| < 1, |z| < 1, respec-
tively, are an open covering of S2. Define local trivialisations by

&1:x WU - Ui xR, (x,y,2,a,b,¢) > (x,¥,2,bz — ¢y, a),
Oy (Up) > U xR, (x,y,z.a,b,¢) > (x,y,2.cx —az, b),
&3: N (Uz) = Uz x R?, (x,y,z,a,b,¢c)—~ (x,y,z,ay — bx,c).

It is immediate that they are diffeomorphisms.
(i) As a computation shows, the changes of charts are given, for each u =
(x,v,2) € S%, by

-1 [(xy =z —1 yz X
gZI(M)—m<_Z xy)’ 832(M)—12+x2 —x yz)°

-1 x y
g13(u)_)62+y2 (_y Zx)'
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The cocycle condition is thus satisfied. Indeed, one has

(—yz * ) = (g32(u))_l = g23(u)

—X —yZ

g21(u)gi3(u) = 212

and the similar identities for gi2(u)g23 (1) and g13(u)g3a(u).
Moreover, for

E={(uv), (' v))eExE:u=u,(uv)=u,)=0},
the maps
stE—E, (), (@, ) (u,0+0),
h:Rx E—E, (A, (u,v)) > (u, 1v),

are C* (as for h, see Problem 2.17), and they induce a structure of two-
dimensional vector space on each fibre of T'S?.

Problem 2.21

(1) Let {(Uy, @y)} be an atlas on a manifold M, where ¢,: Uy — R”, ¢, =
(x(}l, oo, xy),n=dimM. Let go5: Uy NUg — GL(n, R) be the map

h 8x3
(gaﬂ(p))[ :8 i (p)v pEUamUﬂ.
*p

Prove that {g,g} is a cocycle on M whose associated vector bundle is the tangent

bundle T M.
(i1) Similarly, if the map g;ﬂ : Uy NUg — GL(n, R) is given by

i

0x
h
(85(P); =55 (). P €UaNUp.
o

prove that {g ﬂ} is a cocycle on M whose associated vector bundle is the cotan-
gent bundle 7*M.

Solution

(i) Let us define two linear frames at p:

il ad
Ug =\ — S ug=\—-
" oy » P~ o)

According to the definition of gug(p), we have

ad
R )
axﬂ

d

™
n
» oxlt

)

p

n

_ n 9
=Y (2ap(P)); o,

P h=1

d
Bxl’g
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Hence ug = uy - gop(p), where the dot on the right-hand side stands for the right
action of GL(n, R) on the bundle of linear frames F'M (see Definitions 5.3).
Accordingly,

ug =iy - gyp(p) = (Ua - 8y (P)) - 8yp(P) =l - (8ay (P)&yp(P)).
As GL(n, R) acts freely on F'M, we conclude that

8ap(P) = 8ay (P) &y (D),

thus proving that {gyg} is a cocycle.
Moreover, if 7: TM — M is the tangent bundle, for every index o, we have
a trivialisation

Do: t N (Uy) — Uy xR, @o(X)=(p, 21, ..., "),
X =" ,A(d/3x}), € TyUy, or in other words,

o (X) = (p,ug ' (X)),

where u, is understood as a linear isomorphism uy : R* — T, M.

In order to prove that the cocycle {gqg} defines T M, it suffices to see that the
cocycle associated to these trivialisations is {g4g}. In fact, if {e;} is the standard
basis of R”, forv =Y, Ale;, p € Uy N Ug, we have

(Pa0@5")(p.v) = Pa(up®) = (p.uy ' (upv)))

.
- (re'(Zo3g1))
(o ( 5455l )
o oxp o oxgl,
\ o
<p’th l)\l ( ) <M P>>
(rx

ps k’ gaﬁ(P)) >=(p,ga,s(p)-v).

i,

(i1)) We have

n n /jS n Bxé 9 )
Z(g;ﬁ(P)) gaﬂ(P) Z—h O[(P) Zﬁ(p)—j (x;)
= j=1 Xo ﬂ j=1 o 8x/3 p
9 .
=i (xe) =8
o lp
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Hence g%5(p) = ('gap) ™' (p), and then

8y ()85 (D) = (8ay) " (D) (8y8) " (1) = (‘ap) ™ () = 85 (P).

thus proving that {g;f;} is a cocycle.

Finally, by proceeding as in (i) above, it is easily checked that {g;ﬁ} is the
cocycle attached to the trivialisations of the cotangent bundle 7: T*M — M
defined as follows:

Wy 7 (Uy) > Uy x R,

Yo (@) = (p, u (@) = 2
(@) = (p. (@) = (p, w(axl

o

)-o(3:
) -
» ox]!

where u; : T;,“M — (R")* is the dual map to uy : R* — T, M.

)

weT M, peU,NUp,

Problem 2.22 (The Tautological Bundle Over the Real Grassmannian) Denote
by y¥(R") the subset of pairs (V,v) € Gx(R") x R" such that v € V and let
7 Y (R") - Gr(R") be the projection 7 (V, v) = V. Prove that y*R") isa C®
vector bundle of rank k.

Solution The fibres of 7 are endowed with a natural structure of vector space as
71 (V)= V. Hence rank ! (V) =k for all V € G;(R"). The maps

YE(R?Y) xGu@m vE(RY) = yE(RY), (V. 0), (V,w)) > (V, v+ w),
R x y*(R") — yF(R"), (A, (V,0)) > (V,20),

are differentiable as they are induced by the corresponding operations in R”. It re-
mains to prove that y¥(R") is locally trivial. Let us fix a point Vy € G (R"), and
let 7 be the set of k-planes V such that ker p|y = 0, where p is the orthogonal
projection onto Vj relative to the decomposition R” = Vp & VOJ-. Certainly, Vo € %
as ply, =id.

If {v?, e vg} is an orthonormal basis of Vj and {vy, ..., vt} is a basis of V, then
V € 7 if and only if

det({v7, vj)); ;-

thus proving that % is an open neighbourhood of Vj. For every V € %, the restric-
tion ply: V — V) is an isomorphism as ker p|y = 0 and dim V = dim Vj. Hence
we can define a C trivialisation

.....

U xVo>n ') c v (R")
(V,v0) = (V. (plv) ™ (v0)).
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Problem 2.23 Let @: E — E’ be a homomorphism of vector bundles over M with
constant rank. Prove that ker @ and im @ are vector sub-bundles of E and E’, re-
spectively.

Solution As the problem is local, we can assume that E, E’ are trivial: E = M x
R", E' =M x R™. Then @ is given by

@(p,v)=(p, A(p)v),

where A = (a;'.), 1<i<m, 1<j<n, a;'. € C®M, is a C*® m x n matrix. Set
r =rank, @ for all p € M. Given pg € M, by permuting rows and columns in A,
we can suppose that

aj(po) ... a}(po)
det : : #0.
aj(po) ... a(po)
Hence there exists an open neighbourhood U of pg such that
al(p) ... a(p)

det : : #0, pel.
aj(p) ... a/(p)

Asrank A(p) =r forall p € U, it is clear that ker(®|y ) is defined by the equations
n
Za}(p)v] =0, 1<i<r,
j=1

where v = Zj vjej, {e1,..., ey} is a basis of R". By using Cramer’s formulas we
conclude that the previous system is equivalent to

n
vl = Z bl(p*, 1<h<r
k=r+1

Hence (p, v) € ker @ if and only if
n r
v= Z ok (ek + Zb’,j(p)eh).
k=r+1 h=1
Define sections of E over U by

ef, 1<k<r,

,
g, =
K :ek+22:1bZ(P)€h, r+1<k<n.

Then, {o1(p),...,0,(p)} is a basis of E,, and {o,11(p),...,0,(p)} is a basis of
(ker @), for all p € U, thus proving that ker @ is a sub-bundle of E.
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Moreover, if F C E is a sub-bundle, then FO = {we E*: w|p =0} is a sub-
bundle of E*, asif {01, ..., 0y} is a basis of sections of E over U and {01, ..., 0,}
is a basis of sections of F', then the dual basis {crl*, ..., 0.} is a basis of sections of
E*|y,and {o],..., 0} is a basis of sections of FY. Furthermore, as @ has constant
rank, then the same holds for @*: E’* — E*, as a matrix and its transpose have the
same rank. We can conclude by remarking that im & = (ker @*)°.

Finally, we give the following counterexample. Let £ = E’ = R x R be the trivial
bundle over R with fibre R, and let @: E — E’ be defined by @ (p, 1) = (p, Ap).
Then

0 if p#0,

ket P =1R it p=0

2.3 Tensor and Exterior Algebras. Tensor Fields

Problem 2.24 Let V be a finite-dimensional vector space. An element 6 € A*V*
is said to be homogeneous of degree k if & € A¥V*, and a homogeneous element of
degree k > 1 is said to be decomposable if there exist ol ..., 0% € A'V* such that
0=0"A--nO*.

(i) Assume that & € A¥V* is decomposable. Calculate 6 A 6.
(ii) IfdimV > 3 and 0',62, 63, 6% are linearly independent, is 0! A 6% + 63 A 64
decomposable?
(iii) Prove that if dim V = n < 3, then every homogeneous element of degree k > 1
is decomposable.
(iv) If dim V =4, give an example of a non-decomposable homogeneous element
of A*V*,

Solution

(i) It is immediate that 6 A 6 = 0.
(i) No, since

(0" A2+ O3 ANOY) A (0" NO2+ 07 A0Y)=20" NO2AOP AOTF£O

so by virtue of (i) it is not decomposable.

(iii) If dimV =1 or 2, the result is trivial. Suppose then that dim V = 3, and let
{a!, @?, &3} be a basis of V*. If @ € ALV*, the result follows trivially. If 6 €
A3V*, then § = aa' A a? A3, and hence it is decomposable. Then suppose
that € A2V*, so that @ = aa! A a? + ba! A o + ca? A a®. Assume that
a #0. Then

b b
0 =aa' A <Ol2 + —a3> +coc2 N (aot1 — CO(3) A <0¢2 + —a3>.
a a

If a =0, then 6 = (ba' + ca?) A a3,
(iv) The one given in (ii) in the statement is such an example.
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Problem 2.25
1. Let A, B be two (1, 1) tensor fields on a C* manifold M. Define S by
S(X,Y)=[AX,BY]+[BX,AY]+ AB[X,Y]+ BA[X, Y] — A[X, BY]
—A[BX,Y]— B[X, AY] — B[AX,Y], X,YeX(M).

Prove that S is a (1,2) skew-symmetric tensor field on M, called the Nijenhuis
torsion of A and B.

2. Let J be a tensor field of type (1,1) on the C* manifold M. The Nijenhuis
tensor of J is defined by

Ny(X,Y)=[JX,JY]—J[JX, Y= J[X,JY]+J?[X,Y], X,YeX(M).

(a) Prove that N is a tensor field of type (1,2) on M.
(b) Find its local expression in terms of that of J.

The relevant theory is developed, for instance, in Kobayashi and Nomizu [2, vol. 2,
Chap. IX]. However, for the sake of simplicity we omit the factor 2 of the Nijenhuis
tensor in that reference.

Solution

1. From the formula

[fX,gY]= fglX,. Y]+ f(Xg)Y —g(Y X

it follows that S(f X, gY) = fgS(X,Y), f, g € C®°M. Since the Lie bracket is
skew-symmetric, so is S.
2. (a) The proof is similar to the one in the case 1.

(b) Let x!, ..., x" be local coordinates in which J = Z”Jl’ ail ® dx’/ and
szzi’jkN}ka,@)dxf@dx
d 2,0 a 2oL
F= 2 g Nf(@mFI;Nuﬁ

From the definition of the Nijenhuis tensor we obtain

, | ,
i _Xn: JlaJk J’a—#+1i%—1ia—J’f .
Jk po T ax! kgxt Paxk 7l gxi

Problem 2.26 Write the tensor field J € ﬂllR3 given by

J = dx(X)ai—l—dy@ai—i-dz@);Z
in the system of spherical coordinates given by
X =rcos¢gcosb, y=rcosgsinb, z=sing,
r>0, pe(—n/2,7/2), 6 €(0,2m).
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Solution We have
0 0 0
J=d — +d — +do R —,
r®8r+ (0®8(p~|— ®89

as J represents the identity map in the natural isomorphism T*R?® @ TR3 =
End TR3, and hence it has the same expression in any coordinate system.

2.4 Differential Forms. Exterior Product

Problem 2.27 Consider on R?:

0 0 0
X=("+y)—+(*+1) V=01

dx 3y’
0 = (2xy +x? + 1) dx + (x* — y)dy,
and let f be the map
f:R3—>R2, (u,v,w)|—>(x,y):(u—v,v2+w).
Compute:

@ [X, Y]o,0-
(i) 6(X)(0,0).
(iii) f*6.

Solution
()

) 3
[X,Y1=(y*—2xy+2x+1)—, so [X,Yloo=—| -
8x ax (0,0)

(ii)
0(X)(0,0) = ((2xy + x>+ 1) (x> + ) + (x* — y) (y* + 1)) (0,0) = 0.
(iif)
740 =2 —v) (v + w) + @ —v)* + 1} du
+{20(@@ = v)* = v? —w) = 2(u — v)(v* + w) — (u — v)? = 1} dv
+{—v)? —v* —w}dw.

Problem 2.28 Consider the vector fields on R?:

0 d
X=x—+2xy—, Y=y

ax ay 5’
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and let w be the differential form on R? given by
o= (x?+2y)dx + (x +y%)dy.
Show that w satisfies the relation
do(X,Y)=Xo) - Yo(X) —o([X, Y]),
between the bracket product and the exterior differential.

Solution We have [X, Y] =0 and

a(xZ+2 a(x2+2
dw:( O+ 2) g 4 20T y)dy>/\dx

dx dy
d 2 3 2
+ (x+y)dx+ (x+y)dy Ady
ax ay
= —dx A dy.

From

Xa)(Y):xy+2x2y+6xy3, Ya)(X):ny~|—2x2y+6xy3,

a a a
da)(X, Y):—(dx/\dy) X—+2xy—,y— =—xy
0x dy ~ dy

one easily concludes.
Problem 2.29 Find the subset of R? where the differential forms
oa=xdx + ydy, B=ydx+xdy
are linearly independent and determine the field of dual frames {X, Y} on this set.

Solution We have det(, ;) = x? — y* # 0 on R? \ {(x, y) : x = %y}. Thus @ and

B are linearly independent on the subset of R? complementary to the diagonals
x+y=0andx —y=0.

The dual field of frames
0 0 0 0
X=a—+b—, Y=c—+4+d—, a,b,c,deCwR2
ox dy ox ay

must satisfy X (o) =Y(8) =1, X(B) =Y («) = 0. Hence,

ax+by=1 and cx+dy=0
ay+bx=0 cy+dx=1.
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Solving these systems, we obtain

X a y 0] y 0 X d
X = —_ = —, Y=—
x2—y209x x%2—yZoy

xz—y28x+x2—y2@'

Remark The result also follows (here and in other problems below) from the
general fact that, {e; =), kf%} being a basis of vector fields on a manifold

and {0/ =), Mljdxl} its dual basis, from (3, ,uljdxl)(zk)\fﬁ) = §;; one has
() ="07"

Problem 2.30 Consider the three vector fields on R3:

3 3 3
— 2 z___ = — 2—
e1=(2+y%)e P e 2xy8x+(2+y)ay,
o2 20 20
e3 = —2xy" y(2+y)ay+(2+y)8z.

(i) Show that these vector fields are a basis of the module of C* vector fields
onR3.

(i) Write the elements 0 of its dual basis in terms of dx, dy, dz.
(iii) Compute the Lie brackets [e;, e ;] and express them in the basis {e; }.

Solution

(i) The determinant of the matrix of coefficients is (2 + y%)3e?, which is never
null; hence the three fields are indeed a basis of X(RR3).

(i) We proceed by direct computation. One has i (e i) = 8;, where 8; is the Kro-
necker delta. Hence, if

0! = A(x,y,2)dx + B(x,y,z)dy + C(x, y,z) dz,
we have
1=0"(er) = A2+ y?)e?, 0=06"(e2) = A2xy + B(2 +y?),
0=0"(e3) = A(—2xy%) + B(—y(2+ %)) + C(2+y).
Solving the system, we have

1 2xy
A= —— B=——7—7°5°5—, C=0.
(2+y2)e 2+ y?)es

Similarly, if 2 = D(x, y, z)dx + E(x, y, z) dy + F(x, y, z) dz, we deduce

1
D=0, E=—3, F= Y .
2+y2 2+y2
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Finally, if 63 = Gx,y,2)dx + H(x,y,z)dy + I (x, y, z) dz, we similarly

obtain
1
G=0, H=0, I=——.
2+ y?
Hence,
1 2
1 dx — xgz dy,
(24 y?)er (2 + y?)2ez
1 y 1
02 — dy + dz, 03 = —dz.
242 0 Ty 2452

(iii) Applying the formula
[fX,gY]=f(XQ)Y —g(Y )X + fg[X, Y],

we deduce [e1, e2] = 0. Similarly, one gets
le1, e31=—(2+ y?)er, [z, e3] = (y* —2) ez + 2ye3.

Problem 2.31 Consider the three vector fields on R3:

0 8+8 8+8+(1+2)8
el = —, e)=—+ —, e3=—+ — xX°)—.
'~ o 27 x ay 37 x ay 0z
(i) Show that these vector fields are a basis of the module of C* vector fields

on R3.
(ii) Write the elements of the dual basis {#?} of {e;} in terms of dx, dy, dz.

Solution
)
1 0 0
det|{1 1 0 |=14x2£0.
1 1 14x2
(i)

1=0"(1)=(Adx + Bdy + Cdz)(e;) = A, 0=0'(e)=A+ B,
0=0'(e3)=A+ B+ (1+x7)C.

Solving the system, we have A =1, B = —1, C = 0. Hence ol = dx — dy.
Similarly, we obtain 62 = dy — dz/(1 + x2) and 63 = dz/(1 + x?).

Problem 2.32 Consider the vector fields
0 0

d ad
X=x— —, Y=—y— —
x8x+y8y y8x+x8y
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on R?, and let y : R? — R* be defined by

u:x2—y2, v:x2+y2, w=x-+Yy, t=x—y.
(i) Compute [X, Y.
(ii) Show that X, Y are linearly independent on the open subset R? \ {(0, 0)} of R?
and write the basis {«, 8} dual to {X, Y} in terms of the standard basis {dx, dy}.
(iii) Find vector fields on R*, y-related to X and Y, respectively.

Solution
(i1)
XYY _ 2 2 2
det(_y x)—x +y°#0, (x,y) eR*\{(0,0)}.
Let
a=a(x,y)dx +b(x,y)dy, B =clx,y)dx +d(x,y)dy.
We thus have

9 9 9 9
l=a(X)=a(x,y) dx(xa— +y8—) + b(x, y)dy<x8— +y@>

0] a a a
O=a¥)=alx,y)dx|{ —y—+x— | +Dbx, y)dy| -y — +x—
dx ay ax ay

Thatis, 1 =a(x,y)x +b(x,y)y and 0 =a(x, y)(—y) + b(x, y)x, and one has
a(x,y) =x/(x*+y?), b(x,y) = y/(x* + y?). Hence,

X y
= d dy.
o 2+ 2 x+x2+y2 y
Similarly, we obtain 8 = —ﬁ dx + xsz}z dy.
(i)
2x 2y

12 2y X
e 1 (Q
1

2x —2y <ai ) 2x2+2y2)(%otp>
0l d
+(x+y)<8— 1/f>+(x—y)( 1/f>,

d 3 3
W*Y=—4xy(£ ow> +(x—y)<%ow> +(—y—x)<501/f>-
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Taking
~ 0 d 0 d ~ 0 0 0
X=2u—+2v—+w—+1t—, Y= —w?)—+1— —w—,
“ou T TV T e R i
we have
VX =X o, UY =Y o
Problem 2.33 Prove that the differential 1-forms w!, ..., »* on an n-manifold M

are linearly independent if and only if w! A --- A @k 0.

Solution Ifw!, ..., o* are linearly independent, then each T, M, p € M, has a basis
{1, ..., Uk, ..., Up) such that its dual basis {¢', ..., ¢k, ..., ¢"} satisfies ¢’ = 0|,
1 <i <k;hence w! A --- A o is an element of a basis of AXM, and so it does not
vanish.

Conversely, suppose that such differential forms are linearly dependent. Then
there exist a point p € M and i € {1,...,n} such that |, = 3", ; a;w’|,, and
thus, at the point p,

W' ANPAN NS A A =0 /\a)z/\-n/\Zaja)j/\---/\wk:O.
JF
Problem 2.34 Prove that the restriction to the sphere S of the differential form
a=xdy —ydx +zdr —rdz
on R*, does not vanish.
Solution Given p € §3, (a|g3)p =0 if and only if «, (X) = O for all
X eT,S*={X eT,R*: (X,N)=0},

where (, ) stands for the Euclidean metric of R*, and

Nextpyl oy 2y, 2
= X— —_— _— —_—
dx Y ay ¢ 9z ot
is the outward-pointing unit normal vector field to $3. Define the differential form
B by B(X)=(X,N). Thus B =xdx + ydy 4+ zdz + ¢ dr.
If (a]g3)p =0, then &), and B, vanish on T), $3. But two linear forms vanishing
on the same hyperplane are proportional, and thus &), = A8, A € R, or equivalently,
-y X -t z

—:—:—:)\,_
X y b4 t

We find x2 +y2 =0,z2+1% =0, and hence x = y =z =1t =0, which is not possible
because p € S°.
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Problem 2.35 Let !, ..., ®" be differential 1-forms on a C® n-manifold M that
are independent at each point. Prove that a differential form 6 belongs to the ideal
¥ generated by ', ..., " if and only if

OAD' A A =0.

Solution If 6 € .7, then 6 is a linear combination of exterior products where those
forms appear as factors, and hence 0 A w! A --- A " =0.

Conversely, given a fixed point, complete !, ..., o toabasis
Y. 8 p p
ol e o e,
SO
0 = Z filmika)il A Ak,
I<ij<<ig<n
IfO Aw' A--- Aw" =0, then for each {i1, ..., ix}, we have
fil...ika)il/\--~Aa)i"/\w1/\-~~/\wr=0.
Then
R 4 | T 2 o' AR A A =0,
1 N ) = A ADRAD A AD =0
{(1,....r}0 iy, ..., ik} =9 = fi,..ii =0.
Hence,

0= Z f,-lmika)"‘ A Ak,

(e IO{i1 s it} 520

Problem 2.36 Let M be a C* manifold. If {wl, ..., "} is abasis of T;M, pPEM,

1

prove that there are coordinate functions x ", ..., x" around p such that (dxi )p= o'

forall i.
Solution Let (U, yl, ..., ¥") be a coordinate system around p. Since the differ-
entials {(dyl)q, ..., (dy")4} are a basis of Tq*M for each ¢ € U, we can write

o' =); f;’(dyf),,. Since {w', ..., "} is a basis of TM, we have det(f;') £0.
Thus the system (U, x!, ..., x") defined by x'(¢q) = > f}yf (q) is a coordinate
system, and one has (dx'), = > f; (dy))p, =o',

Problem 2.37 Determine which of the following differential forms on R3 are clo-
sed and which are exact:

(1) a=yzdx+xzdy+xydz. (i) B=xdx+x?y*dy + yzdz.

(i) y =2xy?dx Ady+zdy A dz.
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Solution

(i) @ =d(xyz); thus « is exact and hence closed.
(ii) dB =2xy?>dx Ady + zdy A dz; thus B is not closed, hence it is not exact.
(iii) y = dw, where w = (x?y% — %zz) dy; thus y is exact, hence closed.

Recall that, by the Poincaré lemma, every closed differential form on R” is exact.
Thus, another way to prove (i) and (iii) is:

(i) da =0, and thus « is closed and hence exact.
(iii) dy =0, and thus y is closed and hence exact.

Problem 2.38 Let 7: M — M’ be a surjective submersion of manifolds M and
M’ . Suppose that the set 7 ~!(p’) is connected for all p’ € M'. Let w € A*(M).

Prove that there exists a unique differential form o’ € A*(M’) such that w =
7*(w') if and only if iyw = 0 and Lyw = 0 for all vector fields ¥ belonging to the
smooth distribution ker, C T M of vectors annihilated by 7.

Solution The distribution kerm, is an involutive smooth distribution (see Prob-
lem 2.57). Since the map 7: M — M’ is a submersion, by the Theorem of the
Rank 1.11, for any point p € M, there exist a connected neighbourhood U of p,
coordinates x!, ..., x" on U and coordinates x!,..., X" (n > n’) on the open set
U’ =7 (U) C M’ such that the restriction 7 |y in these coordinates has the form

T (xl,xz,...,x”) — (xl,xz,...,x”/),

i.e. in the neighbourhood U the restriction ker 7|y is spanned by the vector fields
a/0x" o, 0/0x". Now let w € AYM. Let iyw =0 and Lyw = 0 for all vector
fields Y € ker . Since

Ly =iyod+doiy
(see formula (7.3)), we obtain that iy dw = 0. Then in the local coordinates
(xl, ..., x™) on U we have

’

_ L 1 n n J1 Jg+1
do|y = Z b]lm]qﬂ(x,...,x e X )dx A Adxte

I<ji<<jgrisn'
and, consequently,

: o )
wly = Z ailmiq(x,...,x")dx”/\u-/\dxl‘l,

P P ’
I<ij<--<ig=<n

where a;, . ; , are functions only of the variables x L % Hence, there is a unique
local differential g-form o’ € AU’ such that w|y = p*o’.

Let p1 € U and py € 7~ (7w (p1)), i.e. m(p1) = w(p2). Since the set 7~ (7w (p1))
is a connected closed submanifold of M (by the Implicit map Theorem for Submer-
sions), the points pj, p> belong to the same leaf of the distribution ker z,. Then
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there exists a smooth vector field Z € kerm, such that for the corresponding (local)
one-parameter group ¢; we have o7 (p1) = p2, T € R. But Lzw = 0, and therefore
¢;w = w for all ¢ (see Proposition 2.10). Thus, for ¢_7 = (p;l,

Wpy =T rwp, =9 (T W) = (T 0 91) W) =T 0r

i.e. w|;-1(y) = 7% (w'). From the uniqueness of the local form o’ € A9U" it follows
that there is a smooth global differential g-form ' € A9M’ such that v = 7*w'.
Since the map 7 is a surjective submersion, such a form «’ is unique.

Problem 2.39 Let o be a closed differential 2-form of constant rank 2¢ on a mani-
fold M. Denote by ker o the kernel of «, i.e. the distribution on M which is formed
by the set of all vector fields X € X(M) satisfying ixya = 0.

Prove that the distribution ker « is a smooth involutive distribution.

Solution Let pyp € M be an arbitrary point. Locally, in a coordinate system
(U, x',...,x™), where U C M is an open subset containing po, the form o is deter-
mined by the expression

Z aij(xl,...,x”)dx' Adx’.
1<i<j<n

Since the two-form « is smooth, the map p — A(p) = (aij(xl(p),...,x"(p)))
(ajj = —aj;) determines a smooth matrix function on the set U. Moreover, there
exists some 2¢ x 2¢ minor of the matrix A(p) nowhere vanishing on some open
subset O C U containing pg. Therefore in O the kernel of the form «), which
coincides with the kernel of A(p), is generated by n — 2¢ smooth vector fields.
Thus ker « is a smooth distribution of dimension n — 2¢.

By the definition of do (see formula (7.2)), for arbitrary vector fields X, Y, Z €
X(M), we have

da(X,Y, 2) = X(a(Y, 2)) — Y(a(X, 2)) + Z(a(X, Y))
—a([X,Y].Z) +a([X. Z1.Y) —a([Y, Z], X).

Suppose now, in addition, that X, ¥ € ker«. Then in the right-hand side of the ex-
pression above all terms vanish with the exception of the fourth term. Since do =0,
we obtain that ([ X, Y], Z) = 0. Thus

X,Y ekera = [X,Y]€ekerq,

i.e. ker« is involutive.

Problem 2.40 Let M be a submanifold of a manifold M. Suppose that X, Y are
smooth vector fields on M which are tangent to M at each point belonging to M,
ie. Xp, YpeT,MCT,MifpeM.
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Prove:

(1) The map M—TM, p+> X, (resp. p = Y)), defines a smooth vector field X
(resp. Y) on M.
(i1) The bracket [X, Y] of the vector fields X, Y has the same property as X and Y:
[X,Y], e T,M CT,Mif p e M.
(iii) We have [X, Y], =[X, Y1, foreach p e M C M.

Solution It is clear that it is only necessary to prove all three assertions (i), (ii), (iii)
locally.

(i) Fix some point py € M C M. Since M is a submanifold of M, by the Theo-
rem of the Rank 1.11 there exist nelghbourhoods OCMand OCMNO of
the point pg, and coordinates (x!, ”) in O such that a point pe O is an
element of the subset O if and only 1f xi( p) =0 forall i > dimM, i <n.In
particular, x (p) ,x'(p), where [ = dim M, are coordinate functlons in the
open subset 0. We have

n
Xlo)p =7 ai
i=1
But for each p € /9] C O, the vector Xj is an element of T;M, i.e.

ai(p) = a; (x"(p),....x"($),0,...,0) =0, i>1, (%)

and, consequently,

8611 8 1, ~ . .
8—](17)— ( (), . x(p),O,...,O):O, i>1, j<I. (%)
Thus,
Xl ;—Zal
for all p € OcCo, Where a; = ajlg. Since Gl =a L X
0,...,0), the vector field X |5 is smooth.
Slmllarly,

- 3
(Ylo)p = _bi(p)5

i=1

for all p € O C M, and the vector field )7|5,

/
Yﬁﬁzz axz’

is smooth.
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(ii) and (iii) We shall see (ii) and (iii) giving two proofs. The first proof using the
local representations of the vector fields:

j a
[X. Y]p—22<a,(p>a L (P) — )m (by definition)
j=1li=1
" (. 0b; aa] 9
=ZZ(ai L(P) = bi(P)—5 (P ))ﬁ (by (+))
j=li=1 X
I 1 ) 3
=ZZ(a,(p)—’<p>—b(p)— ))ﬁ (by (+%))
j=1i=1 X
j ad
_Zz<az ](P)_ )w

j=1li=1

Hence assertions (ii) and (iii) hold. _

As to the second proof, consideL the one-to-one immersion 7 : M —- M,
pHp, defining the submanifold M C M. Then the vector fields X and X,
Y and Y are m-related, i.e.

n*o)?ZXon', n*oyzYon.

By Theorem 1.21 the vector fields (brackets) [}N( , Y ] and [X, Y] are also m-
related. Thus,

[X.Y],=m(X.Y],)=[X.Y],, peM,
and, in particular, [X, Y], € Tp]l7[.

Problem 2.41 Let w be a differential 1-form on a manifold M and consider a
nowhere-vanishing function f: M — R such that d(fw) = 0. Prove that w A
dw =0.

Solution We have d(fw) =df A w 4+ fdw, and since f(x) #% 0 for all x € M,

one has dw = —(1/f)df A w. As w is a differential 1-form, we have w A dw =
—(1/)ondf Ao=0.

2.5 Lie Derivative. Interior Product

Problem 2.42 Let X and Y be vector fields on a C* manifold M. Prove that if ¢,
is the local 1-parameter group generated by X, we have for all p € M:

1
(Ps*((LXY)%—l(p)) = }L{% ?(‘ps*Y%—l(p) (ps-H*Y —1 (p)) (*)
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Solution Since ¢; is the local one-parameter group of X, one has ¢; - X = X,
where by definition (¢; - X)), = @u(X o (p )) Then, applying Problem 1.107, we
have

os LxY =@ - [ X, Y]=[ps- X, 05 - Y] =[X, 05 - Y] =Lx(gs-Y).
Thus,

Dsx ((LXY)%*l(p)) Lx(ps+Y, (17))
1
= hm (Qos* §0¢*((‘Ps* (17)) (p)))
= lim ‘(%*Yw;%p) ~ Prebss X i )

_hm (%* o (p) ~ Cstex ¥t )

Problem 2.43 Let f denote a diffeomorphism of the C*° manifold M. Prove that
ix(ffa)=f*lrxa), XeX(M), acA™M.
Solution If « € A" M, then for Xy, ..., X,_; € X(M), one has
(ix(f*@)),Xilp. - Xrm1lp)
=(f" )p(X,,,X1|p,...,X,,1|,,)
= ay(p) (X ps fs(Xilp)s o fs(Xrm1lp))
=) (X pp (- XD fpys oo (F - X)) i)
and
(f*Gpx) ,Xilp. ... Xr—1lp)
= (i r.x0) r(p) (e X1lp)s - os fu(Xrz1lp))
= ((f X (F X0 gy (F - X)) -
Problem 2.44 Consider on an open subset of R? the differential 1-form
a = P(x)dx" 4+ Py(x)dx? + P3(x) dx?,

where x = (x!, x2, x3).

(i) Find the conditions under which ix do = O for
X =X10/dx + X20/dy + X30/0z.

(i1) When do we have ixa =0 and ix doe = 0?
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Solution
(i) Letus compute do. If we write P;; = 8Pi/8xj and Q;; = Pj; — P;j, then
do = (P31 — Ppa)dx! Adx? + (P3; — P3)dx! Adx®

+ (P33 — P3)dx? A dx?

:ZjSdxiAdxj.
i<j
Hence,
ixde=0 <& ixda(Y)=0, YeX(R}
& dal X 9 0, k=1,2,3
o [ =V, =1, 4,
axk
& ) Qjidx Ady in o
£ <! Poxl” xk
i<j 1
= Y3 0 (xisjs] - xi3j8])
I i<y
= Z(Z QuXi—Y QlkX1>
I <k k<l
=ZQHX1=0, k=1,2,3.
I
(i) By (i),
3
iyde =0 & Zlexlzo, k=1,2,3,
I=1
and

‘ 9 .
ixa=a(X)=0 < (ZP,-dx’)(ZX/w):O 2N ZPiX’z(),
i j i

2.6 Distributions and Integral Manifolds. Frobenius Theorem.
Differential Ideals

Problem 2.45 Consider on the octant of R? of positive coordinates the vector fields

X d 5 d Y d d
= X— — —, = Xy— — XZ—.
ox y8y yay Zaz
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(i) Prove that they span an involutive distribution on this octant of R3.
(i) Find the integral surfaces.

Hint (to (ii)) Substitute Y by x7ly.

Solution

) [X,Y]=Y.

(ii) Since in the given domain x does not vanish, we can substitute x~ Y for Y,
which, jointly with X, determines the same distribution. The integral curves of
X are (xoe', yoe =%, z0), and those of x~'Y are (xo, yoe', zoe™*), so that the
respective local flows are

@i(x.y.2)=(xe',ye . 2),  Yylx.y.2) = (x,ye', ze7).

The map

(t,5) € R? > (5 0 @) (x0, Yo, 20) = s (x0e’, yoe ™ 20)

—2t+s

= (xoe', yoe ,20¢™")

is the integral surface through (xo, yo, zo)-. In fact, the point (5 o ¢;)(x0, Y0, 20)
is obtained from (xg, yo,zo) as follows: We first run an interval “¢” from
p = (x0, Yo, z0) along the integral curve of X through p for r = 0 and then
an interval “s” from ¢, (p) along the integral curve of x ™'Y through ¢; (p) for
s = 0. If we put

—2t+s s

x(t,8)=xoe',  y(t,s)=yoe z(t,s) = z0e ",

then we see that x?yz is constant. Hence the integral surfaces are defined by
xzyz = const. As a verification, observe that X(xzyz) = Y(xzyz) =0.

Problem 2.46 Consider on R? the distribution & determined by

a 2xz a y i 2yz ad

o T Tec e Ty 1+x2+y207
(i) Calculate [X, Y] and find whether Z is involutive or not.
(i) Calculate the local flows of X and Y.
(iii) If & is involutive, find its integral surfaces.

Solution

(i) [X,Y]=0, and thus Z is involutive.

(ii)) We have
x' =1 xX=x9+1
, =4
y =0 Y=o
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and
7 200+
2 1+ @o+02+

if and only if logz =log A(1 + (xo + £)? + y3) if and only if z = A(1 + (xo +
)% +y3). Fort =0,z = A(1 + x5 + y3), so

1+ (xo+ 1>+ y3
1+xg+y§ .

Hence the local flow of X is

1+(x+t)2+y2>

‘Pt(X,y,Z)=<x+t,y,Z l+x2+y2

Similarly, the local flow of Y is

1+x2+(y+s)2>

ws(x,y,z)=<x,y+s,z a2 1)?

(iii) The integral manifolds can be written as ¥ (¢, s) — (Y5 o ;) (x0, Y0, 20). Butlet
us see a better solution. We are looking for a differential 1-form annihilating X
and Y. For example, we have as a solution:

o =2xzdx +2yzdy — (1+x2+y2)dz
=zd(1+x*+y%) — (1+x*+y?)dz

_ 2 212 Z
=—(1+x"+y%) d<71+x2+y2>'

Hence, the integral manifolds are = const.

Z
14x24y2
Problem 2.47 The vector field X = x% + xyaiV + za%, defined on x > 0, y > 0,

z > 0 in R?, determines a two-dimensional distribution given by the vector fields
orthogonal to X. Is this distribution involutive?

Solution The vector fields U = — y% + % and V = —z% +x 3% are orthogonal to

X and linearly independent at each point. They span that distribution, but [U, V] =
P .
—y3;- Since

-y 1 0
-z 0 x|=-yz
0 0 —y

is not identically zero, we have [U, V], ¢ (U, V,). Hence the distribution is not
involutive.



118 2 Tensor Fields and Differential Forms

Fig. 2.2 An example of
foliation with non-Hausdorff

quotient manifold 40
20 \ J’
N 2 3 4 6
-20

Problem 2.48 Prove that

0 0
X = —cos?x— + sinx —
ax dy

determines a foliation with non-Hausdorff quotient.

Solution This vector field determines an integrable distribution of codimension 1
of R?. We have two kind of solutions:
Integrating the equation that X determines, i.e.

dx dy
cos2x  sinx’
we obtain the curves
y=—secx + A

(see Fig. 2.2) for x # 2k + D) /2, k € Z.

Moreover, we have the solutions with initial conditions of the type ((2k + 1) /2,
Y0), that is, the straight lines ¢ — ((2k+1)m /2, (= DFp). Actually, if p and g are two
non-separable points of the quotient, then each of them corresponds to a solution of
this kind.

Take, for instance, the integral curve x = —m/2; a point on it, say (—m /2, yo);
and an open disk around this point. This open disk intersects all the integral curves
intersecting the y-axis at the points with ordinate greater than or equal to Ap > 0.
This is also true for open disks around the point (;r /2, y1). Such an open disk inter-
sects all the integral curves that intersect the y-axis at points with ordinate greater
than or equal to A1 > 0. Now, the integral curves intersecting the y-axis at points
with ordinate greater than max(Ag, A1) intersect both open disks. Hence the pro-
jections of the two open disks on the quotient intersect, so that the projections of
x = —m/2 and of x = /2 cannot be separated. Consequently, the quotient mani-
fold is not Hausdorff.
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Problem 2.49 Consider on R3 the vector fields

oo ? y_ 00 39
~x Tz

=—+—, Z=z—-—.
dy + 9z ¢ ox dy
(i) Prove that X, Y, Z define a C* distribution 2 on R3. Which dimension is it?
Is it involutive?
(i) Compute the set .#(2) of forms which annihilate 2. Is it a differential ideal?
Is the ideal .# generated by e* dy a differential ideal?

Solution

(i) X.Y, Z are not linearly independent because Z = X — Y. Hence ¥ is a two-
dimensional C* distribution spanned, for instance, by X and Y, which are
linearly independent. & is not involutive, as [X, Y] = —% and —% ¢ 9, since
if it were

0 0 + 9 +b 9 +b 9
—— =az—+a— — —,

0x ¢ 0x 9z ay 0z
we would have az = —1, b =0, b + a = 0, which would lead us to a contradic-
tion.

(i) {X,Y,d/dx} is a basis of X(R>). Therefore, if {«, B, w} is its dual basis of 1-
forms, then . (%) = (w), where (w) stands for the ideal generated by w.
Let us determine w = f dx + gdy + hdz, f, g, h € C*R3. From

O=wX)=fz+h, O=w(¥)=g+h, 1=a)(ai>:f
X

it follows that f = 1. Thus h = —z, and hence g = z; that is, w = dx + zdy —
zdz. Since & is not involutive, . (Z) cannot be a differential ideal.

We can also prove this directly. One has dw =dz Ady = —dy Adz. If it
were, for a, b, c € C®°R3,

do=wA (adx +bdy + cdz)
=(b—az)dx Ady+ (c+az)dx Adz 4+ (zc +zb)dy A dz,
we would have b —az =0, c+az =0, zc +zb = —1. From the first and second
equations one has b 4 ¢ = 0, in contradiction with the third equation. One can

also conclude by applying Problem 2.35, as w A dw = —dx A dy A dz # 0.
Finally, .# is a differential ideal since

d(ex dy) =e"dx Ady =e"dy A (—dx).

Problem 2.50 Given on R* = {(x, y,z,1)} the 1-forms « = dx + zdr and 8 =
dz + dt, let .7 be the ideal generated by « and B, and let & be the distribution
associated to .#.
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(i) Compute a basis for 2.
(i) Is & involutive?
(i) If p = (1,0, 1,0) € R*, do we have

B a

+8
ay ‘

» 0x

€ 9y?
P

Up

(iv) fo=dx Adz4+dx Adt +dzAdt,isw e F?
(v) Is y = const, z = const an integral manifold of 2?
Solution

(i) For X, Y € 2 given by

X 9 +b 90 + 9 +d 9 Y 9 + f 9 + 9 +h 9
=a— — 4+ c— —, —e— _ - —
ax oy ez % ox oy T8 T

fora,b,c,d, e, f, g, h € C®R*, it must be

a(X)=a+zd =0, aY)=e+zh =0,
B(X)=c+d=0, BY)=g+h=0.

Thus, for instance, we can consider

X= 0 + 9 9 Y=
“Yx ez ot By
(i) [X,Y]=0, and hence ¥ is involutive.
(iii) No, as
(vp) = (dx + zdr) 3 9 + 0 1#£0
o, (vy) = (dx —3— — ) = .
PP “@p ay Zax »

(iv) w=dx A B+dz A B, and hence w € .Z.
(v) The tangent space is (%, %), but a(%) =1, so y = const, z = const is not an
integral manifold of 2.

Problem 2.51 Prove that the 1-form a = (1 +y?)(x dy + y dx), defined on R?\ {0},
generates a rank-1 differential ideal and find the integral manifolds.

Solution Since 1 + y2 does not vanish, o generates the same annihilator ideal as

o
As d(xdy + ydx) =0, the ideal is differential.
The integral manifolds are xy = const (see Fig. 2.3).
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Fig. 2.3 Integral manifolds
ofa = (1+ yz)(x dy 4+ ydx)

S

T
o
Fig. 2.4 The component in z
the first octant of an integral
surface of the distribution
a=yzdx +zxdy+xydz
Y

Problem 2.52 Let U = R3 \ {axes}. Compute the integral surfaces of the distribu-
tion determined by the ideal of A*U generated by

o=yzdx +zxdy +xydz.

Solution We have o = d(xyz). If X is annihilated by «, then we have a(X) =
X (xyz) = 0. Thus the integral surfaces are the surfaces xyz = const (see Fig. 2.4).

Problem 2.53 Consider the (1, 1) tensor field

1 o d
= — ®dx hx— ®d
coshx dy ® dx o+ cos x8x ©dy

on R? and the distribution & defined by the condition: X € Z if and only if JX =
X.

(i) Compute the integral curves of Z.
(i) Compute the fields X € & for which LxJ =0.
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Solution

() IfX = fax+h €9, f,h € C°R2, then

1 9 0 0
( —®dx+coshx—®dy>(f +h >

coshx dy dy
a a a a
f — +hcoshx— =f—+h—.
~ coshx dy ax dy

Thus f = hcoshx. Denoting by (x,y) the integral curves of &, we have
dx/dt = (dy/dt) coshx. Hence dy = dx/ cosh x, and thus

y = arctansinhx + A. (%)

That is, the integral curves of & are given by (*).

(i)

B 3
LxJ = hycoshx — Iy — ®dx — — ®dy
coshx / \ dx ay

d 1 0
+ (hycoshx + fsinhx — fy coshx)( ®dy — 3 ®dx>
cosh” x 8y

=0. (%)

Moreover, if X € &, then we have f = gcoshx, and from this equation and
from (xx) we conclude that we have to solve only the following equation:

Let u = 2arctane”. Then we have

oh . 1 0h
dx  coshx du’

oh __

and hence 5 = 3y Taking t =u + y, w =u — y, we obtain

oh  0h ah

= dy w’
Thus & = h(u + y) = h(2arctane* + y), and we finally have
f =h(2arctane* + y) coshx,

where h(2arctane” + y) is an arbitrary differentiable function in that argument.

Problem 2.54 (A Reeb Foliation of $3) The three-sphere S* can be decomposed as
two solid 2-tori joint along their common 2-torus boundary. In fact, if one removes



W
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Fig. 2.5 Left: The two core
circles of §3 (here actually
the part in 3 \ {oo}), this
viewed as the union of two
solid 2-tori. Right: Some
curves y = f(x) + ¢

@

the solid torus of rotation from R3 = §3 \ {00}, what remains is homeomorphic to a
solid torus minus an interior point. Consider the vertical coordinate axis as the core
circle (see Fig. 2.5, left).

Find a foliation of the strip

[,y eR*:—1<x <1}

originating a foliation in (each) solid torus and so a codimension 1 foliation of the
three-sphere S°3.
For the development of the relevant theory, see Reeb [4] and Lawson [3].

Solution Consider the C°°-foliation of the (x, y)-plane given by the lines x = ¢ for
|c] > 1 together with the graphs of the functions

y=fx)+c, —l<x<I, eR,

where f has the property that its derivatives £ satisfy limyx 1 f ) = o0 for all
r (see Fig. 2.5, right).

Consider now the foliation of the solid cylinder obtained by rotating the strip
given in the statement about the y-axis in R3. This foliation is invariant by vertical
translations, and so we can obtain a foliation of the solid torus where each noncom-
pact leaf has the form that one can see in Fig. 2.6, left. Gluing together two copies
of the foliated solid torus gives a Reeb foliation of S (see Fig. 2.6, right, showing
part of a transversal cutting of two leaves). Note that both the “interior” and the
“exterior” leaves approach their common 2-torus boundary after turning around it.

Problem 2.55 Let M be a C* n-manifold, and let 2 C T M be an integrable dis-
tribution of rank p. By Frobenius’ theorem, & is spanned by 8/dx",...,3/3x” on
an open subset U of M, for a certain coordinate system (U, x'). We can consider
local frames of M of the type

0 a .
(Q,...,M—p,Xu...,Xq), p+g=n=dimM,
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Fig. 2.6 Left: The foliation (generated by curves as the previous ones) of the “interior” solid torus
in §3. Right: Transversal cut of a Reeb foliation of S> showing two sections of an “interior” leaf
and part of an “exterior” leaf

where
X—L—Zf“i 1<a<p, 1<u<q, f*eC®M
u—axp+u uaxaa ~X \p7 X \qa u .
a

Write the integrability condition of the complementary distribution .7¢ generated
by X1, ..., X4 on the open subset where these vector fields are defined.

Solution In order for . to be integrable, it must be [X,, X,] € 5 for any
Xy, XpeH,u,v=1,...,q.Then

d . 0 ] p 0
(X, Xy]= [MT D iyt —;fv W}
a
af, ofy pOfy L Ofd 0
_Xa:(axpﬂ T gxptu +Xb: woxb 0 axs ) )oxa €7
As [Xy, Xy] € H2, the last expression in parentheses must be zero, that is, the con-

dition is
afe___ofy +Z<fbaf;‘_ baf;)=0'
b

dxptv  gxptu “9xb v axb

Problem 2.56 Let X be a vector field on a smooth manifold M, and let ¢, be its
local one-parameter group (local flow) on M. Let 2 C T M be a smooth distribution.
Prove that the following conditions are equivalent:

(i) For any vector field Y lying in &, the bracket [X, Y] belongs to & (the distri-
bution & is preserved by the vector field X).

(i1) For any vector field Y lying in &, the local vector field ¢; - Y belongs to & (the
distribution & is preserved by the local flow ¢, of X).

For a development of the relevant theory, see, for instance, Gawedzki [1].
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Solution Let p € M and suppose that Z is preserved by the vector field X. Let
us choose a scalar product in 7,M. Let P; be the orthogonal projection onto
©1+(Py_,(p)) C TpM. The operator function P;: T,M — T, M smoothly depends
on the parameter ¢. Let Y € &, and let

Yi=(¢-Y)p, 1ie. bydefinition Y; =@ (Yp_, (p))-
We have by Proposition 2.10

dy;

F = —((pz -[X, Y])p € P(TyM),

because [X, Y] € Z. Now Y; = P;(Y;) by the definition of P;, and consequently,

dv, d(RY,) dP N av, dp, day,
dt —  dr de " Tdar T odr T ode
Thus,
dp,
—ZYIZO
dr

Since varying Y, ¥; span the range of P, we get

dp,

— P =0.

ar '
Let P/ denote the transpose operator of P; (with respect to the scalar product in
T,M). From P, = P} and P? = P, one obtains
dP\* dP; dp; dp;, dP;
— ) =— and —P+P—=—.
(dt) dr a Ty T
Hence,

dpP, dpP, dP, \*
— =P —=—P, ) =0.
dr dr dt

Consequently, P, = Py, and ¢, preserves .
Clearly, from the definition of the Lie bracket (see also Proposition 2.10) we have
thatif ¢; - Y € 2, then [X,Y] € 2.

Problem 2.57 Let m: M — M’ be a surjective submersion of manifolds M
and M.

(i) Prove that kerm, C T M (the set of vectors annihilated by 7,) is an involutive
smooth distribution on M.

Let the set 7' (p’) be connected for all p’ € M’, and let 2 C T M be a smooth
distribution on M containing the distribution ker z,. Suppose that Z is preserved
by kerm,, i.e. [Z, Y] € Z for all vector fields Z € kerm, and Y € 2.
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Prove:

(ii)

(iii)

There exists a unique smooth distribution 2’ on M” such that 7, ) = 7.7,
for all p € M. Moreover, for any point p € M, there exist a neighbourhood
U C M and vector fields {¥;} lying in 2|y such that the restriction 2’|y,
where U’ = 7 (U), is spanned by vector fields {Y[ }, and the vector fields Y;, Y/
are sr-related for each /.

If the distribution & is involutive, then so is Z'.

Solution

®

(i)

Since the map w: M — M’ is a submersion, by the Theorem of the Rank 1.11,
for any point p € M, there exist a neighbourhood U of p, coordinates
Lo x"on U, -1 <x/ <1, j=1,...,n, and coordinates xl,...,x"/
(n’ < n) on the open subset U’ = w(U) C M’ such that the point p has co-

ordinates (0, ..., 0) and the restriction 7|y in these coordinates has the form
7'[:(x],xz,...,x”)—>(xl,xz,...,x”), (*)

i.e. in the neighbourhood U the restriction ker |y is spanned by the commut-
ing vector fields 9/ axm d/0x". Therefore Z is an involutive smooth
distribution on M.

Let py, p2 € 7' (p’) C M for some point p’ € M’. Since the set 7~ (p’) is
connected, the points pj, pa belong to the same leaf of the distribution ker 7.
Then there exists a smooth vector field Z € ker m,. such that for a correspond-
ing (local) one-parameter group ¢;, we have ¢, (p1) = p2, 1o € R (we can use
a partition of unity to construct such a field). But & o ¢, = 7 for all ¢, and
therefore it follows (see Problem 2.56) that

n*(‘@Pl) = (JT* o (plo*)(@pl) = n*(@pz).

Hence the distribution 2’ is well defined. To prove the smoothness of &',
choose a point p € M and neighbourhoods U C M, U’ C M’, with the co-
ordinates as above. Let ¥ be any local vector field belonging to 2|y :

n
0
1 (] —
Y(x ,...,x")—jg_la](x ,...,x”)axj.

The sub-bundle ker 7, is spanned on U by 8/dxX, k =n’+1,...,n, and the
distribution 2|y is preserved by these vector fields 8/dx* and, consequently

(see Problem 2.56), by the corresponding local flows
(p,k: (xl,...,xk_l,xk,xk+1,...,x”) = (xl,...,xk_l,xk +t,xk+1,...,x”).

Therefore the vector field

. , 3 . N
1 1 1
Y//(x ,...,x”):jgzlaj(x ,...,x",O,...,O)EZ E bj(x ,~~~7xn)ﬁ
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(recall that x/ (p) =0, j=1,...,n)is asmooth vector field belonging to 2| .
Thus,

n

’ ’ a
Ve ) = ) 5
j=

is a smooth vector field belonging to %'|y, and the vector fields Y”, Y’ are 7 -
related. Thus there are vector fields {¥;"} and {Y;} belonging to the restrictions
92|y and 2’|y, respectively, such that 2’|y is spanned by the vector fields
{Y/} and the vector fields ¥,”, Y/ are rr-related for each /.

(iii) By Proposition 1.21, if the distribution 2 is involutive, then so is &’.

Problem 2.58 Let: M — M’ be a surjective submersion of manifolds M and M’.
Let the set 7! (p’) be connected for all p’ € M’, and let X € X(M) be a smooth
vector field which preserves the distribution ker .

Prove that there exists a unique smooth vector field X’ on M’ such that the vector
fields X, X’ are m-related.

Solution We will use the notation of the solution of the previous Problem 2.57.
As above, consider the vector field Z (belonging to the distribution ker ) with its
local one-parametric group ¢, connecting points pp, pp for which 7 (p1) = w(p2).
For the vector field X, we have (see Proposition 2.10)

d
E(% - X)=—¢:-[Z, X].

Since the bracket [Z, X] belongs to the distribution ker i, and the local flow ¢; of
Z € kerm, preserves the (involutive) distribution ker m,, the difference ¢, - X — X
is a vector field belonging to kerm, for all . Thus m.X, = m.X,, and X',
X;T( = X 18 a well-defined vector field on the manifold M’. Therefore in

the coordinate system (U, xt x") around p € M, the smooth vector field X |y
has the following form (see the local expression (x) for 7 in the solution of Prob-
lem 2.57):

(X|U)(X1,...,xn)=Zaj(x1,...,xn/)@

Now it is clear that the vector field

0

n'
1 n'
= aj\x ,...,x —
U’ Zl ]( ’ ’ )8x./
J:

X/

is also smooth. The vector fields X, X’ are w-related.
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Chapter 3
Integration on Manifolds

Abstract After giving some definitions and results on orientability of smooth man-
ifolds, the problems treated in the present chapter are concerned with orientation
of smooth manifolds; especially the orientation of several manifolds introduced in
the previous chapter, such as the cylindrical surface, the Mobius strip, and the real
projective space RP2. Some attention is paid to integration on chains and integration
on oriented manifolds, by applying Stokes’ and Green’s Theorems. Some calcula-
tions of de Rham cohomology are proposed, such as the cohomology groups of the
circle and of an annular region in the plane. This cohomology is also used to prove
that the torus 72 and the sphere S are not homeomorphic. The chapter ends with
an application of Stokes’ Theorem to a certain structure on the complex projective
space CP".

Dans le domain des parametres ay, ..., a, d’un groupe continu quelconque
d’ordre r, il existe en effet un élément de volume qui se conserve par une
transformation quelconque du groupe des parametres (...) Le premier groupe
des parametres, par example, est formé de I’ensemble des transformations
que laissent invariantes r expressions de Pfaff wy, ..., w,; ’élément de vol-
ume dt est wjwy - - w,. Si 'on désigne par Sp une transformation fixe du
groupe et si ’on pose So.S, = Sp, a un domaine (a) correspond un domain ()
de mé&me volume. Or il existe des groupes continus dont le domain est fermé
et de volume total fini; si alors on parte d’un function quelconque des vari-
ables et qu’on fasse I’integral des functiones transformées par les differents
transformations du groupe, on obtient une function invariante par le groupe.'

1“In the domain of the parameters ay, ...,a, of any continuous group of order r, there exists
indeed a volume element which is preserved under any transformation of the group of parameters
(...) The first group of parameters consists, for instance, of the set of transformations preserving
r Pfaff expressions wi, ..., w,; the volume element dt is wjw; ---w,. Denoting by Sy a fixed
transformation of the group and putting So.S, = Sp, to a domain (a) corresponds a domain (b) with
the same volume. Now, there are continuous groups with closed domain and finite total volume;
hence starting with any function of the variables and integrating the functions obtained by the
different transformations of the group, one obtains a function invariant under the group.”

PM. Gadea et al., Analysis and Algebra on Differentiable Manifolds, 129
Problem Books in Mathematics, DOI 10.1007/978-94-007-5952-7_3,
© Springer-Verlag London 2013



130 3 Integration on Manifolds

ELIE CARTAN, “Les tenseurs irreductibles et les groupes linéaires simples
et semi-simples,” Boll. Sc. Math. 49 (1925), p. 131. Oeuvres Completes, vol. I,
part I, Gauthier-Villars, avec le concours du C.N.R.S, Paris, 1952, p. 532.
(Reproduced with kind permission from Dunod Editeur, Paris. Not for re-use
elsewhere.)

The extension to manifolds involves two steps: first, we define integrals
over the entire manifold M of suitable exterior n-forms and second, for those
M which have a predetermined volume element (e.g. Riemannian manifolds),
integrals of functions over domains are defined. All the standard properties of
integrals follow readily from the corresponding facts in the Euclidean space.
As an illustration of the use of integration on manifolds an application is made
to compact Lie groups. It is shown that by averaging a left-invariant metric on
a compact group one may obtain a bi-invariant Riemannian metric. With the
same techniques—due to Weyl—it is shown that any representation of a com-
pact group as a matrix group acting on a vector space leaves invariant some
inner product on that vector space, from which it follows that any invariant
subspace has a complementary invariant subspace.

WILLIAM M. BOOTHBY, An Introduction to Differentiable Manifolds and
Riemannian Geometry, 2nd Revised Ed., Academic Press, 2003, p. 222. (With
kind permission from Elsevier.)

3.1 Some Definitions and Theorems on Integration on Manifolds

Definitions 3.1 Let V be a real vector space of dimension n. An orientation of V
is a choice of component of A"V \ {0}.

A connected differentiable manifold M of dimension n is said to be orientable if
it is possible to choose in a consistent way an orientation on 7' M for each p € M.
More precisely, let O be the “0-section” of the exterior n-bundle A" M*, that is,

o= J{oeaTim).
pPeEM

Then since A"T; M \ {0} has exactly two components, it follows that A"T*M \ {O}
has at most two components. It is said that M is orientable if A"T*M \ {O} has two
components; and if M is orientable, an orientation is a choice of one of the two
components of A"T*M \ {O}. It is said that M is non-orientable if A"T*M \ {O}
is connected.

Let M and N be two orientable differentiable n-manifolds, and let ®: M — N
be a differentiable map. It is said that @ preserves orientations or that it is
orientation-preserving if ®: T, M — T )N is an isomorphism for every p € M,
and the induced map @*: A"T*N — A"T*M maps the component A"T*M \ {O}
determining the orientation of N into the component A"T*M \ {O} determining
the orientation of M. Equivalently, @ is orientation-preserving if @, sends oriented
bases of the tangent spaces to M to oriented bases of the tangent spaces to N.
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Proposition 3.2 Let M be a connected differentiable manifold of dimension n. Then
the following are equivalent:

(i) M is orientable;
(ii) There is a collection € = {(U, ¢)} of coordinate systems on M such that

dx’
U U and det 397 >0 onUNV
U.p)e€ r

whenever (U, x', ..., x") and (V,y', ..., y") belong to €
(iii) There is a nowhere-vanishing differential n-form on M.

Theorem 3.3 (Stokes” Theorem 1) Let ¢ be an r-chain in M, and let w be a C*
(r — 1)-form defined on a neighbourhood of the image of c. Then

/ a):/da).
ac c

Theorem 3.4 (Green’s Theorem) Let o(t) = (x(t)), y(t)), t € [a, b], be a sim-
ple, closed plane curve. Suppose that o is positively oriented (that is, o |q,p) is
orientation-preserving) and let D denote the bounded, closed, connected domain
whose boundary is 0. Let f = f(x,y) and g = g(x, y) be real functions with con-
tinuous partial derivatives of /0x, 0f /0y, 0g/dx, g/dy on D. Then

ag of B dy
/D(a‘@)d"dy—/a(f +e dr>df

Definition 3.5 Let M be a differentiable manifold. A subset D € M is said to be
a regular domain if for every p € 9D there exists a chart (U, ¢) = (U, xt x")
centred at p such that

o(UND)= {x epU):x" 20}.

Theorem 3.6 (Stokes” Theorem II) Let D be a regular domain in an oriented n-
dimensional manifold M, and let w be a differential (n — 1)-form on M such that

supp(w) N D is compact. Then
/ dw = / )
D aD

Definitions 3.7 A differential r-form o on M is said to be closed if da = 0. It
is called exact if there is an (r — 1)-form B such that o = dB. Since d*> = 0, every
exact form is closed. The quotient space of closed r-forms modulo the space of
exact r-forms is called the rth de Rham cohomology group of M:

H) r(M,R) = {closed r-forms}/{exact r-forms}.
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If ®: M — N is differentiable, then @*: A*N — A*M transforms closed
(resp., exact) forms into closed (resp., exact) forms. Hence @ induces a linear map

®*: Hjp(N,R) »> H}p(M,R).

3.2 Orientable Manifolds. Orientation-Preserving Maps

Problem 3.8 Prove:

®
(i)

The product of two orientable manifolds is orientable.
The total space of the tangent bundle over any manifold is an orientable mani-
fold.

Solution

®

(i)

A C® manifold M is orientable if and only if (see Proposition 3.2(ii)) there is
a collection @ of coordinate systems on M such that
ax'
M = U U and det{ — | >0 onUNYV
ay/
U,p)ed

whenever (U,xl, ..., xand (V, yl, ..., y") belong to @.

Suppose M and M, are orientable. Denote by (U l,x{) and (U, xé ) two
such coordinate systems on M; and M>, respectively. With a little abuse of
notation (that is, dropping the projection maps pr; and pr, from M; x M; onto
the factors M1 and M), we can write the corresponding coordinate systems on
M1 x My as (U; x Ua, xi , xé ). As the local coordinates on each factor manifold
do not depend on the local coordinates on the other one, the Jacobian matrix of
the corresponding change of charts of the product manifold M; x M, can be
expressed in block form as

%
J— Ji 0 ayt 0
“\0 L) 0 ﬁ
ayé

Since det J; and det J, are positive, we have detJ > 0.

Alternatively, the question can be solved more intrinsically as follows: Given
the non-vanishing differential forms of maximum degree w; and w; determin-
ing the respective orientations on M1 and M3, it suffices to consider the form
w = prj o Aprywy on My x M.

Let M be a differentiable n-manifold and let = be the projection map of the tan-
gent bundle T M. For any coordinates {x’} on an open subset U C M, denote by
{xf, yi} = {x! o 7r, dx'} the usual coordinates on 7 ~!(U). Let {x"’} be another
set of coordinates defined on a open subset U’ C M such that U N U’ # . The
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change of coordinates x'* = x"’(x/) on U N U’ induces the change of coordi-
nates on 7~ (U N V) given by

. , Bx” ,
x”:x”(xl,...,x”), = E , i=1,...,n.
8x1

The Jacobian matrix of this change of coordinates is

ax/i
- a2kt k ox'i

axkoxs Y dxJ
Since det J = det( ax )2 > 0, it follows that 7'M is orientable.

Problem 3.9 Prove that if a C°° manifold M admits an atlas formed by two charts
WU, ), (V,¥),and U NV is connected, then M is orientable. Apply this result to
the sphere S”, n > 1, with the atlas formed by the stereographic projections from
the poles (see Problem 1.28).

Solution Let ¢ = (xl, o, x™)y and ¥ = (yl, ..., y") be the coordinate maps. If
det(8xi/8yj) #0on UNV and U NV is connected, we have either (a) det(8xi/
dy/) > 0 for all U N V; or (b) det(dx?/dy’) < 0 for all U N V. In the case (a), it
follows that M is orientable with the given atlas. In the case (b), we should only
have to consider as coordinate maps ¢ = (x!, ..., x") and ¥ = (—y', y%, ..., y").

For §", n > 1, considering the stereographic projections, we have the coordinate
domains

Uy ={(x',....x" ) esm:x" T £1},
Us={(x",....x" ) esmix"™ £ -1}
As
Uy NUs={(x',...,x" ) e 8" x" £ £1} = o (R \ {0})

is connected, we conclude that S” is orientable.

Problem 3.10 Study the orientability of the following C°° manifolds:

(i) A cylindrical surface of R3, with the atlas given in Problem 1.30.
(i) The Mobius strip, with the atlas given in Problem 1.31.
(iii) The real projective space RP?, with the atlas given in Problem 1.81.

Solution

(i) The Jacobian matrix J of the change of the charts given in Problem 1.30 always
has positive determinant; in fact, equal to 1. Thus the manifold is orientable.
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(ii) For the given atlas, the open subset U N V decomposes into two connected
open subsets Wi and W;, such that on W (resp., W3) the Jacobian of the
change of coordinates has positive (resp., negative) determinant. Hence M is
not orientable.

(iii) With the notations in (ii) in Problem 1.81, we have in the case of RP? three
charts (U1, ¢1), (U2, ¢2) and (U3, ¢3), such that, for instance,

o1 (U NU) =1 ({[x" 2% 2] ix! #£0,x2 #£0}) = { (. 1?) e R* : ¢! £ 0}
=ViuW,,

where V) = {(t!',1?) e R?2: ¢! > 0} and V> = {(t', 1?) e R? : ¢! < 0} are con-
nected. The change of coordinates on ¢1 (U1 N Us) is given by

(ow Vo) =l 2) = (1. 57)

and the determinant of its Jacobian matrix is easily seen to be equal to
—1/(t")3, which is negative on V; and positive on V». Hence, RP? is not ori-
entable.

Problem 3.11 Consider the map

¢: R* > R?, (x,y) > (u,v) = (xe’ +y,xe’ +iy), AeR.

(i) Find the values of A for which ¢ is a diffeomorphism.
(ii) Find the values of A for which the diffeomorphism ¢ is orientation-preserving.

Solution

(i) Suppose that
xed +y=x"e +y, xe’ + iy =x'e’ + 1y (%)

Subtracting, we have (1 — L)y = (1 — A)y’. Hence, for A # 1, we have y = y'.
And from any of the two equations (x), we deduce that x = x’.
The map ¢ is clearly C* and its inverse map, given by

u-—v )\M—vu

— er—1

=, X
11— A—1

’

y
is a C*° map if and only if A # 1. Thus ¢ is a diffeomorphism if and only if
A#E L.

(ii) Consider the canonical orientation of R? given by dx A dy, or by du A dv. We

have
du du
ax Ay _ e’ xe’+1
det(av 3_U>_det<ey ev )

ax  dy
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Therefore,

_ 0(u,v)
T Ax,y)

That is, ¢ is orientation-preserving if A > 1.

du A dv

dx Ady=¢e”(A — 1)dx A dy.

3.3 Integration on Chains. Stokes’ Theorem I

For the theory relevant to the next problem and others in this chapter, see, among
others, Spivak [1] and Warner [2].

Problem 3.12 Compute the integral of the differential 1-form
— (2 L2 112
o= (x +7y)dx+ (—x+y51ny )dy eA'R

over the 1-cycle given by the oriented segments going from (0, 0) to (1, 0), then
from (1, 0) to (0, 2), and then from (0, 2) to (0, 0).

Solution Denoting by ¢ the 2-chain (with the usual counterclockwise orientation)
whose boundary is the triangle above, by Stokes’ Theorem I (Theorem 3.3), we have

1 2(1—x)
/a:/da=—8/dx/\dy=—8/ (/ dy)dx:—S.
ac c c 0 0

Problem 3.13 Deduce from Green’s Theorem 3.4:

(i) The formula for the area of the interior D of a simple, closed positively oriented
plane curve [a, b] — (x (), y(1)) € R

1P dy dx
A(D):/Ddxdy—i/; <x(t)a—y(t)a>dt.

(i1) The formula of change of variables for double integrals:

// F(x,y)dxdy:// F(x(u,v),y(u,v))a(x’y) dudv,
D 01D d(u,v)

corresponding to the coordinate transformation ¢ : R2 > R2 xo ¢ =x(u,v),
yop=y(u,v).

Solution

(1) It follows directly from Green’s Theorem 3.4 by letting g = x, f = —y in the
formula mentioned there.
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(ii) First, welet f =0, dg/dx = F in Green’s formula. Then, from the formula for
change of variables and again from Green’s Theorem 3.4, we obtain

// F(x,y)dxdy:/ gdy::I:/ @ (gdy)
D 8D 1 (@D)
/ go(p)(—u (t)+— /(t)> dt
»~1(@D)
S N (R (R b
T Jor0p) go¢ dt §o¢ dt
] d
O RO P
p v ou

(*)

where one takes + if ¢ preserves orientation and — if not. Moreover
9 ay\ _ ((9g dx g ay\ dy 9%y
ou <(g°¢)av> - <<8x ow) u " <8y °?)ou )aw T E ) qunn
B] ay\ _ ((9g dx g ay) dy 9%y
v <(g°‘p)au> - <<8x ocp) v <8y °?) o )au TP duou

Substituting this equality in (x), we have

// F(x,y)dxdy::i:// ‘8( ) du dv.
D ¢~ 'D

Problem 3.14 Let ¢, be a 2-chain in R? and f € C*R2. Prove that

[ (o o)
3y \OY 8x

if f satisfies the Laplace equation
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Solution From Stokes’ Theorem I, we have

af af _ af af B 2f 92 B
L Gra=gron)= [ oG o-hor)=- [ (G2 + 55 ) arnar=o

Problem 3.15 Consider the 1-chain
crnt [0, 11— R%\ {0}, rn(t) = (x(t) =rcos2mnt, y(t) = rsin2mnt),

forreRt, neZt.
Prove that ¢, , is not the boundary of any 2-chain in R2 \ {0}.

Solution Let 6 be the angle function on C = ¢, , ([0, 1]). Then, df is a globally
defined differential 1-form on C, and we have

/ dQ:/ darctan(z> =2nn.
Cr,n Cr,n X

Suppose ¢, , = dcp for a 2-chain ¢; € R2 \ {0}. Then, from Stokes’ Theorem I, it

follows that
f d9=/d(d9)=0,
Cr.n (&)

thus leading us to a contradiction.

3.4 Integration on Oriented Manifolds. Stokes’ Theorem II

Problem 3.16 Given on R3 the differential form

2—)cy)dx/\dy—dy/\dz—dz/\d)c,

w = (Z — X

compute f pi *w, where i denotes the inclusion map of
D:{(x,y,z)eR3:x2+y2< 1, z=0}
in R3.
Solution We have
/ i*w:—/ (x2+xy)dx A dy.
D D

Taking polar coordinates

X = pcosé, y=psing, pe(0,1), € (0,2m),
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one has

a(x,y) cos —psiné
=det| .
d(p,0) sinf  pcos6
Therefore, for Do = D \ {[0, 1) x {0}}, one has

/i*w:—/ (xz—i—xy)dx/\dy:—f p2(00529+sin90059)pdp/\d9
D Do Dy

2 1
=_ [ / 0 (0052 6 + sinf cos ) dp do
0 0

1 (27 /1+cos20 sin20
—- + do
4 J, 2 2

Problem 3.17 Let (u, v, w) denote the usual coordinates on R3. Consider the
parametrisation (see Remark 1.4)

1 1 1 1
u:isinecosga, vzisinesimp, w=§C050+5’ (*)

where 6 € (0, ), ¢ € (0, 27), of the sphere

2
SzZ{(u,v,w)eR3:u2+v2+(w_%) =%}

Let N = (0, 0, 1) be its north pole and let 7 : $2\ {N} — R be the stereographic
projection onto the plane R? = w = 0. Let vg2 = dx A dy be the canonical volume
form on R? and let v = % sinf dd A dg be the volume form on S? above. Write
7" U2 in terms of vgo.

Remark The 2-form
1
Vg2 = 1 sinf do A de
is called the canonical volume form on 52 because one has oX,Y)=1,X,Y e

X(S?), for {X, Y, n} an orthonormal basis of R, where n denotes the exterior (i.e.
pointing outwards) unit normal field on S?.

Solution The given stereographic projection is the restriction to %\ {N} of the
map

7RI\ {w=1}—>R?, (u,v, w) — . ) y ’
l—w 1—w
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1 _u
<l—w (1_w)2>
o L _—x
I—w  (I-w)?

whose Jacobian matrix is

(=)

Hence

Troge =7 (dx A dy)

=7*dx AT dy

Thus, substituting (%) into (xx), we obtain after an easy computation

sin 6@ 4

7T*U :ﬁ*v :_4d9/\d = ——7F=Vq2.
R’ B = T cos0)? = T U —cos0)2 'S

Problem 3.18 Compute the integral of @ = (x — y3) dx 4+ x> dy along S' applying
Stokes’ Theorem II.

Solution Let D (resp., f)) be the open (resp., closed) unit disk of R2, and let Dy =
D\ {[0, 1) x {0}}. Applying Stokes’ Theorem II, we have

/w:/ w:/dw:/ dw:/ 3(x2+y2)dx/\dy.
st aD D Do Dy

Taking polar coordinates, we have as in Problem 3.16 that

2 1 37

3 3
/w:/ 3p dp/\d@:S/ (/pd,o)d@:—.
sl Do 0 0 2

Problem 3.19 Let f be a C* function on R2, and D a compact and connected
subset of R? with regular boundary d D such that f|3p = 0.

(i) Prove the equality

32f  9if B af\*  (ar\?
/Df<w+w)d“dy“f0{(a> +<@) }d“dy'

(i1) Deduce from (i) that if ?)ZT; + ?’ZT; =0on D, then f|p =0.
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Solution

(i) By Stokes’ Theorem II, we have

32f S afF\*  (ar\ B
fD{f@*a—yz)*(a) *(@) }d““y— "

where ¢ is a differential 1-form so that dy is equal to the 2-form in the left-
hand side. One solution is given by

wz—f%d)wl—f%dy.
ay ax

Since f|yp =0, we have
¥ =0,
oD
from which the wanted equality follows.
92f

() fAf=-— Froih ?:TJ; =0, by the equality we have just proved, one has

L{(%)Z (%ﬂdx Ady =0,

that is, |d f'| being the modulus of d f, we have fD |df|>dx A dy = 0; thus f is
constant on D, but since f|yp = 0 we have f|p =0.

Problem 3.20 Leta = 5 4725 € AT (R?\ (0).

(i) Prove that « is closed.
(ii) Compute the integral of « on the unit circle S'.
(iii) How does this result show that « is not exact?
(iv) Let j: S I <5 R2 be the canonical embedding. How can we deduce from (iii)
that j*« is not exact?
Solution

(i) Immediate.
(ii) Parametrise S! (see Remark 1.4) as x = cos@, y =sin6, 6 € (0, 27r). Then

2
2 )
o=— cos“ 0 +sin“0)do =1.
[gl 27‘[ 0 ( )

(iii) Ifit were o = d f for a given function f, applying Stokes” Theorem II, it would

be
/a:/ df = f=0,
s! st as!

contradicting the result in (ii).
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(iv) Let us suppose that j*w is exact, i.e. j*o« =df. Then we would have

fj*a:/ a:fa:l.
s! j(Sl) s!

On the other hand, as j*d = dj*, and denoting by @ the empty set, we would

have
/j*a=f j*df=/ dj*f=/ j*f=/j*f=0,
sl sl sl aS! 7]

but this contradicts the previous calculation.

Problem 3.21 Consider

_xdyAdz—ydxAdz+zdx Ady

o (2412 + 22)3

e A*(R\ {0}).

(i) Prove that « is closed.
(ii) Compute [ a.
(iii)) How does this prove that « is not exact?

Solution

(i) Immediate.
(ii) Consider the parametrisation of S> given (see Remark 1.4) by

x =cosb cos g, y =cosfsing, z=sino,

0e(—m/2,7/2), ¢ € (0,2m), which covers the surface up to a set of measure
zero. We have a| g = —cos6 df A dg and

27 Z
/ a:/ (/ —cos@d@)dgo:—ém.
52 0 -z

(iii) If « =dg, by Stokes’ Theorem II, it would be

[oom [on=] 50
52 52 952

which contradicts the result in (ii).

3.5 De Rham Cohomology
Problem 3.22 Prove that the de Rham cohomology groups of the circle are

R, i=0,1,

HéR(Sl’R)Z{o i>1.

The relevant theory is developed, for instance, in Warner [2].
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Solution One has Ht?R(S I R) =R because S' is connected. Since dim S! = 1, one
has H' o (S', R) =0if i > 1.

As for HL}R (Sl, R) =R, every 1-form on St is closed. Now, let wp be the re-
striction to S! of the differential form (—ydx 4+ x dy)/(x> + y%) on R?\ {(0, 0)}.
We locally have wg = df, 0 being the angle function. Hence d@ is non-zero at every
point of S L (In spite of the notation, df is not exact, cf. Problem 3.20.) Hence, if
w is any 1-form on S 1 then we have w = f(0)do, where f is differentiable and
periodic with period 2. To prove this, we only have to see that there is a constant
¢ and a differentiable and periodic function g(8) such that

£(0)d0 = cdo +dg(6).

In fact, if this is so, integrating we have

2

1
=3 ], £(0)do.

We then define

0
g0) = /0 (f@t)—c)dt,

where c is the constant determined by the previous equality. One clearly has that g
is differentiable. Finally, we must see that it is periodic. Indeed,

0+42m
2g(9+27r)=g(9)+/ (f@)—c)dr
6

f-+2m 2
=g(0)+ / f®dr — f(@)dt (f is periodic)
0 0
=g(0).

Problem 3.23 Compute the de Rham cohomology groups of the annular region

M:{(x,y)e]RZ:l<,/x2+y2<2}.

Hint Apply the following general result: if two maps f, g: M — N between two
C®° manifolds are C* homotopic, that is, if there exists a C* map F: M X
[0, 1] — N such that F(p,0) = f(p), F(p,1) = g(p) for every p € M, then the
maps

¥ HE(N,R) — HEL (M, R), g% HA o (N, R) — HE (M, R),
are equal forevery k=0, 1,....

The relevant theory is developed, for instance, in Warner [2].
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Solution Let N = S'(3/2) be the circle with centre at the origin and radius
3/2 in R?. Let j: N — M be the inclusion map and let r be the retraction
r:M— N, pr> 3(p/Ipl). Then, r o j: N — N is the identity on S'(3/2). The

map jor: M — M, p+> 3(p/|pl), although not the identity of M, is homotopic
to the identity. In fact, we can define the homotopy by

3
H: M x[0,1]— M, (p,t)m,;+(1_t)§|£|.
p

Thus, for k =0, 1, 2, we have
J* HSp (M R) — HYR(S1(3/2), R), r*: HiR(S'(3/2),R) — HAp (M, R),
so, applying the general result quoted in the hint, we have
r*o j* = (j or)* =identity on Hé‘R(M, R),
Jj*or* =(ro j)* =identity on Hj.(S'(3/2), R).
Hence, j* and r* are mutually inverse and it follows that
H (M, R) = HY R (S1(3/2), R). (*)

Consequently, HL?R(M ,R) =R (as one can also deduce directly since M is con-
nected). In fact, there are no exact O-forms, and the closed O-forms (that is, the
differentiable functions f such that d f = 0) are the constant functions, since M is
connected.

As dim S'(3/2) = 1, from the isomorphism (x) we obtain HUIZ‘R(M,R) =0,
k>2.

Finally, H} (M, R) = H}.(S'(3/2), R) = R, hence
R, k=01
Hk M.R) = s , 1y

arM B =107 oy,

Problem 3.24

(i) Prove that every closed differential 1-form on the sphere S2 is exact.
(ii) Using de Rham cohomology, conclude that the torus 7' and the sphere are not
homeomorphic.

Hint Consider the parametrisation (see Remark 1.4)

x = (R +rcosf)cosg, y=(R+rcosf)sing, z=rsing,

R>r 0,p€(0,2m),

xdy—ydx
x24y?

of the torus T2, and take the restriction to T2 of the differential form o =
on R3\ {z-axis}.

The relevant theory is developed, for instance, in Warner [2].
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Solution Let w be a closed 1-form on the sphere. We shall prove that it is exact. Let
U; and U be the open subsets of S obtained by removing two antipodal points,
respectively. Then, writing w; = w|y;,, since U; is homeomorphic to R?, there exist
functions f;: U; — R, such that w; = d f;. As U N U is connected, one has f| =
f>+ A on Uy N Uy, for A € R. The function f: §> — R defined by f|y, = fi,
flu, = f2 + A is differentiable and d f = w.

To prove that T2 and S? are not homeomorphic, we only have to find a closed
1-form on the torus which is not exact. Let j: T2 < R3\ {0} be the canonical
injection map. The form

xdy —ydx
w=—" "
x2+y2

on R3\ {0} is closed. Since d o j* = j* o d, the form j*w on T2 is also closed. To
see that w is not exact, by Stokes’ Theorem, we only have to see that there exists
a closed curve y on the torus such that [ y j*w # 0. In fact, let y be the parallel
obtained taking & = 0 in the parametric equations above of the torus. Hence,

2
/j*w:/ dp =27 #£0.
y 0

Problem 3.25 Let z°, ..., 7" be homogeneous coordinates on the complex projec-
tive space CP", and let U, be the open subset defined by z* #0, « =0, ...,n. Let
us fix two indices 0 < o < B < n. Setu’/ =z7/z% on Uy, v/ =2/ /7P on Up.

We define two differential 2-forms w, on U, and wg on Ug, by setting

B l(Zjduj A dit/ ~ 3wl dk dut /\dﬁj>

@ ¢ ¢?
1/ dv/ Adv/ Y vl ok dof Advd
”ﬁ_T< v y? )

where ¢ =37 wid, = >0 v/ 5/ . Prove:

(1) wolu,nug = oplu,nug-
(ii) There exists a unique differential 2-form @ on CP” such that w|y, = wq, for
ala =0,...,n.
(iii) dw =0.
. () .
(iv) w A -+ Aw is a volume form.
(V) w is not exact.

Remark Let a = [w] be the (real) cohomology class of w. It can be proved that
a generates the real cohomology ring of CP"; specifically, that HJ,(CP",R) =
Rlal/(a"*").
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Solution

(i) On Uy N Upg one has v/ = u/ /uP, and hence ¢ = y uPit? . We have

uPduf —ukduf P da/ — i/ daf

kA dipd =
dv® Adv/ = ) A @
1 . ,
= W(uﬁaﬁ duf A dit? — uPid du* A did?

ubitP duf A dit + ubad duP A did®),
and substituting into the expression of wg, on U, N Uy we obtain
T

1 ) ) . )
S — BB a,,J) 7J BT dyy) B
iwg = ” Z(uﬁ)2(ﬁﬁ)2 (u u” du’ Adu uu’ du’ Adu

j
—ulit? duf A ditd +ul il duf A did®)
wh)2@hH? wl ik 1

B=B 3,k =
- - uu’ du® Adu
0 bl TARTR

—ubPi duk A diP — ukiaP duP A di? 4 ubad duf A dif).

Since the sum of the first and fifth summands above is iw,, and moreover, the
fourth and eighth summands are easily seen to cancel, we have

iwﬁziwa
1

> (@Pi dul A dit? +ulif duf A diid)
j

1

+ W ]Zkujﬁk(uﬂﬁj du® A di? + ukaf duf A dﬁj). (*)

Consider the last summand. Interchanging the indices j and k, since ) j ul it/
=>4 ukit* = @, this summand can be written as

1 : .
Wq)(; il uP dul A di? + Zk: ukiP duf A dﬁk>,

which is the opposite to the second summand in (). Hence wg = wy on Uy N
Ug.
(i1) Because of (i), we only need to prove that w, takes real values. In fact,
1 (Z/ did Adud Y2l uk dik A duf')
¢ o2 ’

Wy = —+
1

and permuting the indices j and k in the second summand, we obtain @, = @,
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(iii) On U, we easily get
idw =idw,y
1 . . . .
=—>  —(u*dul Aditd A dit* + i dul A ditd A du)
¥
j.k
1 . . . .
= = (@ dul A duf A dit? + ud did* A dut A dic!)
P4
J
2 ik 3k \ q-)
+—3d(p/\Zu/u du” Adu’. (3%)
2 .
J.k

The first two summands at the right-hand side of (xx) cancel. The third sum-
mand vanishes, as

dp = "(u"did" + " du")
h

yields

do A ulit duf Adi) = —dp A Y (! did) A (" du)
jik ik

=—dp A (Zu! dm) A (d(p > ul dﬁj).

J J

(iv) As in (iii), we have
Zujﬁkduk Adit/ = Zﬁkduk A Zuj dit/ .
ik k J
Set
e _. . 1 S
v:—Zufdu-/, u:—Zdu-//\du-/.
@ 7 @ 7

Then iw = u — v A . Thus

Now,

n! _1 _
,u":—ndu Adit A Adu” Adid”
%
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(we suppose that & = 0, so that only the coordinates wl al, ... u, i are

effective), and
n—1_ (I’l - 1)' T koA -k n —n
7 Zdu Adia' Ao Aduk AdE A Adu Adi.
Hence

" P AvAD =

n
n!
1 —1
ps Zdu Adu A
k=1

Aduk Adik Ao Adu™ Adi” A du® A u* di®

n
n! _ _ _
= E i@k dut Adit Ao A du” A di"

n+1
¢ k=1
nl(p —1) _ _
=(p—dul/\dul/\~--/\du"/\du",
¢n+1
for
n n n
Zukﬁk =ua’ + Zukﬁk =1+ Zukﬁk =
k=0 k=1 k=1
Thus
non n! n -n
i"o" = du' Ada' A+ Adu Adu”,
(pn-i-]

which does not vanish on Up, hence on CP", as the same argument holds for
any ¢ =0,...,n.
(v) Immediate from (iv) and Stokes’ Theorem.
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Chapter 4
Lie Groups

Abstract After giving some definitions and results on Lie groups, Lie algebras and
homogeneous spaces, this chapter discusses problems on these topics. First, some
specific examples of Lie groups and Lie algebras are introduced. Then, we consider
homomorphisms, Lie subgroups and Lie subalgebras, integration on Lie groups, the
exponential map exp and its differential map exp,,, the adjoint representation Ad and
its differential map ad, and Lie groups of transformations. We include several prob-
lems with the idea of introducing the reader to basic topics on Lie groups and Lie
algebras, such as the determination of all the 2-dimensional Lie algebras, and all (up
to isomorphism) 1-dimensional Lie groups. We also present some calculations that
justify the name ‘exponential,” the computation of the dimensions of some classical
groups, and some properties of the Heisenberg group are studied. Some miscella-
neous topics are considered as well. Special mention should also be paid of the fact
that, in the present edition, two new problems have been added in the section con-
cerning the exponential map, where the simply connected Lie group corresponding
to a given Lie algebra is obtained, and that the section devoted to the adjoint repre-
sentation, contains six new problems concerning somewhat more specialized topics
such as Weyl group, Cartan matrix, Dynkin diagrams, etc. Similarly, the section de-
voted to Lie groups of transformations, has been increased in ten new application
problems in Symplectic Geometry, Hamiltonian Mechanics, and other related top-
ics. We then switch to homogeneous spaces, bringing in various classical examples,
as the sphere, the real Stiefel manifold, and the real Grassmannian and other not so
usual examples.

(...) ‘Satz 2. Sind éx = X 1(x)8t,...,8x = X, (x)8t r unabhiingige in-
finitesimale Transformationen eine r-gliedrigen Gruppe, so befriedigen die X
paarwise Relationen der Form:

dXy dX;
Xig —Xka =ci1 X1+ + Cikr Xrs

wo die cixs Konstanten sind.’ Dieser Satz zusammen mit den Formeln (2)

geniigt zur Bestimmung aller Transformationgruppen einer einfach aus-
gedehnten Mannigfaltigkeit.

PM. Gadea et al., Analysis and Algebra on Differentiable Manifolds, 149
Problem Books in Mathematics, DOI 10.1007/978-94-007-5952-7_4,
© Springer-Verlag London 2013
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(...) Meine Untersuchungen iiber Transformationgruppen beabsichti-
gen zunchst die allegemeine des folgenden (...) Problem. Man soll alle
r-gliedrigen Transformationgruppen einer n-fach ausgedehnten Mannig-
faltigkeit bestimmen.

(...) Durch Verfolgung dieser Bemerkung kam ich zu dem iiberraschenden
Resultate, daf} alle Transformationgruppen einer einfach ausgedehnten Man-
nigfaltigkeit durch Einfiihrung von zweckmifingen Variablen auf die lineare
Form reduzierte werden konnen, wie auch, da3 die Bestimmung aller Grup-
pen einer n-fach ausgedehnten Mannigfaltigkeit durch die Integration von
gewohnlicehn Differentialgelichungen geleistet werder kann. Diese Entdeck-
und, deren esrte Spuren auf ABEL and HELMHOLTZ zuriickfiiheren sind, is
der Ausgangspunkt meiner vieljihringen Untersuchungen iiber Transforma-
tionsgruppen gewesen. '

SOPHUS LIE, “Theorie der Transformationgruppen,” Math. Ann. 16
(1880), 441-528. Gessammelte Abhandlungen, Sechster Band, ss. 1-94,
B.G. Teubner, Leipzig und H. Aschehoug & Co., Oslo, 1927. Translated
by Michael Ackerman, Comments by Robert Hermann in Sophus Lie 1880
Transformation Group Paper, Math Sci Press, Brookline, Massachusetts,
1975. (With kind permission from Springer.)

A Lie group is, roughly speaking, an analytic manifold with a group struc-
ture such that the group operations are analytic. Lie groups arise in a natural
way as transformations groups of geometric objects. For example, the group
of all affine transformations of a connected manifold with an affine connection
and the group of all isometries of a pseudo-Riemannian manifold are known
to be Lie groups in the compact open topology. However, the group of all dif-
feomorphisms of a manifold is too big to form a Lie group in any reasonable
topology (...). In the early days of Lie group theory, the late nineteenth cen-
tury, the notion of a Lie group had, in the hands of S. Lie, W. Killing, and
E. Cartan, a primarily local character (...) Global Lie groups were not em-
phasized until during the 1920’s through the work of H. Weyl, E. Cartan, and
O. Schreier. These two viewpoints, the infinitesimal method and the integral
method, were not completely coordinated until E. Cartan proved in 1930 that
every Lie algebra over R is the Lie algebra of a Lie group.

1«(...) “Theorem 3.2.1. If 6x = X1(x)dt,...,8x = X, (x)8t are r independent infinitesimal
transformations of an r-term transformation group, then the X’s satisfy relations of the form
XidXy/dx — XxdX;/dx = cix1 X1 + -+ + cikr X, Where the cjxs are constants.” This theorem,
together with formulas 3.2.1, suffices for the determination of all transformation groups of a one-
dimensional manifold. (...) My investigations of transformation groups are meant in the first place
to settle the following (...) Problem. To determine all r-term transformation groups of an n-
dimensional manifold. (...) I reached the astounding result that all transformation groups of a
one-dimensional manifold can be reduced to linear form by introducing suitable variables and also
that all groups of an n-dimensional manifold can be determined by integrating ordinary differen-
tial equations. This discovery, whose first traces back to ABEL and HELMHOLTZ, was the starting
point of many years of my investigations on transformation groups.”
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SIGURDUR HELGASON, Differential Geometry, Lie Groups, and Symmet-
ric Spaces, Graduate Studies in Mathematics, vol. 34, American Mathematical
Society, 2001, pp. 87, 128. (With kind permission from the author.)

4.1 Some Definitions and Theorems on Lie Groups

In this section we denote by F the field R of real numbers or the field C of complex
numbers.

Definitions 4.1 A Lie group G over R (resp. C) is a differentiable (resp. complex)
manifold endowed with a group structure such that the map G x G — G, (s,t) —
st~ is C* (resp. holomorphic).

Let G and H be Lie groups. A map @: G — H is a homomorphism of Lie
groups if it is a group homomorphism and a C* (resp. holomorphic) map of differ-
entiable (resp. complex) manifolds. @ is said to be an isomorphism if it is moreover
a diffeomorphism (resp. a biholomorphic map).

Let G and H be two Lie groups and consider a homomorphism of H into the
abstract group of automorphisms of G, ¥ : H — AutG. The semi-direct product
G xy H of G and H with respect to ¥ is the product manifold G x H, endowed
with the Lie group structure given (denoting ¥ (h) by ¥;,) by

(g m(g 1) =(g¥n(g). nt'), (g '=(Wi(g7"),n7"),

forg,g’ € G,h,h € H.
A Lie algebra over F is a vector space g over [F together with a bilinear operator
[, ]: g x g — g (called the bracket) such that forall X, Y, Z € g:

(i) [X,Y]=—[Y, X] (anti-commutativity).
Gi) [[X,Y], Z]1+ (1Y, Z], X1+ [[Z, X1, Y] = 0 (Jacobi identity).

Let g and f be Lie algebras. A map ¢ : g — b is a homomorphism of Lie algebras
if it is linear and preserves brackets. ¢ is said to be an isomorphism if it is moreover
one-to-one and surjective.

An endomorphism D: g — g of a Lie algebra g is called a derivation if

D([X,Y])=[DX,Y]+[X,DY] forall X,Y eg.

The set of derivations of g is denoted by Der g.

Definition 4.2 Let End(n, IF) be the vector space of all n x n matrices over . Let
GL(n, IF) be the set of all invertible elements of End(#n, F). The subset GL(n, IF) is
open in End(n, IF), and we regard it as an open submanifold of End(n, IF). It is clear
that under matrix multiplication GL(n, IF) becomes a (real or complex) Lie group.

An endomorphism ¢y of a vector space V over I is called semi-simple if every
invariant subspace of V admits a complementary invariant subspace of V or, equiv-
alently, if V is a direct sum of ¢y -irreducible subspaces. If F = C, such irreducible
subspaces are one-dimensional.
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The Lie algebra of the Lie group G is the Lie algebra g of left-invariant vector
fields on G. There exists an isomorphism of vector spaces

g— T.G, X X,.

In other words, a left-invariant vector field is completely determined by its value at
the identity. Using this isomorphism, we can identify the tangent space 7,G with
the Lie algebra g of G.

For any Lie subalgebra h C g of the Lie algebra of G, there exists a unique
connected (not necessarily closed) subgroup H of G with Lie algebra b, i.e. H isa
Lie group, and as a subset of G it is the image of some homomorphism (which is a
natural immersion) H <— G.

Let g and h be two Lie algebras, and let ¢ : h — End g be a homomorphism such
that every operator ¢(Y), Y € b, is a derivation of g. The semi-direct product g x4 b
of g and h with respect to ¢ is the direct sum vector space g @ h, endowed with the
Lie algebra structure given by the bracket

[(X. 1), (X Y)]=([X. X' ]+ oM X —o(Y)X,[Y.Y]) 4.1)

for X, X' €g,Y,Y eb.

Proposition 4.3 Let G, H be simply connected Lie groups, and let g, be their
respective Lie algebras. Then, given a homomorphism

Y: h—> Derg,
there exists a unique map
VU: H— AutG

such that:
(1) ¥(hihy) =¥ (h)Y (h).
(i) Denoting ¥ (h) by ¥y, the map
v,:GxH—G
(8, h) — ¥ (g)

is C*°, and, g Xy h being the semi-direct product of g and by with respect to , it is
the Lie algebra of the Lie group G Xy H.

Theorem 4.4 (Cartan’s Criterion for Closed Subgroups) Let G be a Lie group, and
let H be a closed abstract subgroup of G. Then H has a unique manifold structure
that makes H into a Lie subgroup of G.

Definitions 4.5 A Lie group G acts on itself on the left by inner automorphisms,
that is, automorphisms ¢ defined by

t: GxG— G, L(s,t):sts_l.
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Letting ¢;(t) = t(s, t), the map s > t4]|7,¢ is, under the identification of the vector
space T,G with the Lie algebra g of G, a homomorphism of G into the group of
automorphisms Autg of the vector space g, called the adjoint representation of G
and denoted by

Ad: G — Autg.

The differential map of Ad, denoted by ad, is a homomorphism of g into the Lie
algebra End g of endomorphisms of the vector space g, called the adjoint represen-
tation of the Lie algebra g. One has

adyY=[X,Y], X,Yeg

By the Jacobi identity each endomorphism ady, X € g, is a derivation of g.
A bilinear form B: g x g — F on a Lie algebra g is called invariant if

B(IX,Y1.Z)=—B(Y,[X,Z]), X.,Y,Zeg.

The connected subgroup Int g (not necessarily closed) of the Lie group Aut g with
Lie algebra ady is called the group of inner automorphisms of g. Each invariant form
B on g is invariant with respect to the group Intg.

The bilinear form

By(X,Y)=tr(ady cady), X,Y ey,

is called the Killing form of the Lie algebra g. The Killing form is invariant with
respect the group of automorphisms Autg of g, i.e.

Bg(a(X),a(Y))=By(X,Y), X.,Ye€g, acAutg.

Each derivation of the Lie algebra g, in particular each operator ady, is skew-
symmetric with respect to By: Bg([X, Y], Z) = —By(Y,[X, Z]), X,Y,Z € g. In
other words, the Killing form is an invariant bilinear form on g.

Since GL(n, F) is an open subset of End(n, [F), the tangent space to the Lie group
GL(n, ) at the identity element is identified naturally with the space End(n, ). It
is clear that for any g € GL(n, IF), the linear map

End(n,F) — End(n,F), X+ gXg~ !,

is the adjoint operator Ad, and determines the adjoint representation of GL(n, IF).
Therefore its differential map ad in this case has the following form:

adyY =XY —YX, X,Y eEndn,TF).

In other words, the Lie algebra of GL(n, ) is the set of n x n matrices over F with
bracket defined by

[X,Y]=XY — YX.
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Moreover, the Lie algebra of an arbitrary Lie subgroup of GL(n, [F) can be consid-
ered as a subalgebra of the Lie algebra End(n, F) with this bracket.

A real Lie algebra a is called a real form of a complex Lie algebra g if g is
(isomorphic to) the complexification aC of a. For instance, the Lie algebras sl(n, R)
and su(n) are real forms of the complex Lie algebra sl(n, C).

Definitions 4.6 Given a Lie algebra g, one defines its derived algebra by 2(g) =
[g, g], and one considers 2%+ (g) = 2(2*(g)) for k =1,2,.... Then g is called
solvable if there exists an integer k > 1 such that Z* (g) = 0.

A Lie group over F is said to be solvable if its Lie algebra so is.

A solvable Lie algebra over R is said to be completely solvable (or split solv-
able) if all the eigenvalues of the adjoint representation belong to R. A solvable Lie
group over R is said completely solvable (or split solvable) if its Lie algebra so is.
A completely solvable Lie algebra over R is also called real solvable.

A Lie algebra g over [ is said to be nilpotent if for each X € g, ady is a nilpotent
endomorphism of g.

Let h be a nilpotent subalgebra of a Lie algebra g over F, and let A € h* be any
linear function on h. The generalised weight space g* = g*(h) of g relative to adg b
is defined as

g" ={X eg:(ady —A(h)I)"(X) = 0 Vh € h and some positive integer n = n(h)}.
It is evident that the weight space g, C g, where

go.={Xeg:[h, X]=1(h)X, Vh €}
is a subspace of g*.

Proposition 4.7 If g is a finite-dimensional Lie algebra and Yy a nilpotent Lie sub-
algebra, then the generalised weight spaces of g relative to adg b satisfy:

(i) b g

(i) [g", g"] € g* ™" (with gt understood to be zero if . + 1 is not a generalised
weight) for any A, i € b*.

(iii) If B is an invariant form on g, then the spaces g* and g" such that 4+ p # 0
are orthogonal with respect to B.

(iv) If an invariant form B on g is non-degenerate, then its restriction to g* x g~*,
X € b*, is non-degenerate, and, in particular, the restriction of B to g° x g is
non-degenerate.

(V) If, in addition, F = C, then g = D ¢+ gt

In particular, the subspace g°(f)) C g is a Lie subalgebra of g over F.

Definition 4.8 A nilpotent Lie subalgebra ) of a finite-dimensional complex Lie
algebra g over F is called a Cartan subalgebra if b = g°(h).
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Proposition 4.9 A nilpotent Lie subalgebra Yy of a finite-dimensional Lie algebra g
over I is a Cartan subalgebra if and only if b coincides with its normaliser:

Ng(h) ={X €g:[X,h] Sb}.

Definitions 4.10 Let g be a Lie algebra over FF, and let p be a representation of g
on a vector space V. One can regard each X € g as generating a one-dimensional
Abelian subalgebra, and we can form the generalised eigenspace

V0¥ =1y eg: p(X)"(¥) =0 for some n = n(p, X)}
for the eigenvalue 0 under p(X). Let

Lg(V) = r)?indim yOX, Ry(V)={X eg:dimV** =¢5(V)}.
€g

These are related to the characteristic polynomial

n—1
det(t] — p(X)) =1" = " d;i(X)t".
i=0

In any basis of g, the d;(X) are polynomial functions in g, as one can see by ex-
panding det(t] — > j xjp(X;)). For a given X, if i is the smallest value for which
d; (X) #0, then i = dim VOX since the degree of the last term of the characteristic
polynomial is the multiplicity of O as a generalised eigenvalue of o (X). Thus, £4(V)
is the minimum value i such that d; # 0, and

Ry(V) = {X €g: d@g(v)(X) 750}

Let p be the adjoint representation of g on g. The elements of Rg4(g), relative to
the adjoint representation, are called the regular elements of g. By definition, X €
Ry (g) if and only if dim g** = ¢4(g).

We have the following:

Theorem 4.11 If X is a regular element of a finite-dimensional Lie algebra g
over T, then the Lie algebra g*X (of dimension L4(9)) is a Cartan subalgebra
of g (this implies in particular that the set of Cartan subalgebras is not empty).
Each Cartan subalgebra b of g of dimension £4(g) has the form b = gO'X for some
X € Ry(9). If b is a Cartan subalgebra of g, then dimb > £4(g).

Definition 4.12 A Lie algebra (over F) is said to be simple if it is of dimension
greater than one and has no proper ideals. A Lie algebra is semi-simple if it has no
non-zero Abelian ideals. A Lie group G is semi-simple if its Lie algebra is semi-
simple.
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A Lie algebra is semi-simple if and only if it is the direct sum of simple Lie
algebras.

Theorem 4.13 (Cartan’s Criterion for Semisimplicity) A Lie algebra is semisimple
if and only its Killing form is non-degenerate.

In the case of a complex semi-simple Lie algebra, we have the following:

Theorem 4.14 Let g be a complex semi-simple Lie algebra. Then all Cartan sub-
algebras of g are conjugate with respect to the group of inner automorphisms Int g
of 9. If b is a Cartan subalgebra of g, then Yy is an Abelian Lie algebra, and for each
A € b*, we have g)‘(b) = g (h), i.e. each endomorphism ady, X € b, is semi-simple.

In particular, each non-zero space g* consists of eigenvectors of the opera-
tors ady, h € b, with eigenvalues A(h), and in g there exists a common eigenvector
basis for all ady,, h € b.

Definitions 4.15 A rorus is a complex Lie group 7 isomorphic to C* x --- x C*
(n times). The integer n is called the rank of T. If G is a complex Lie group, then a
torus T C G is maximal if it is not contained in any larger torus of G. The rank of a
complex Lie group G is defined as the rank of any maximal torus.

In a semi-simple complex connected Lie group G, all maximal toruses are conju-
gate with respect to the group of inner automorphisms Ad(G) of G, and a connected
subgroup H C G is a maximal torus if and only if its Lie algebra b is a Cartan sub-
algebra of g. In particular, each Cartan subalgebra of g is the Lie algebra of some
maximal torus.

Definitions 4.16 Let G be a complex semi-simple Lie group, let H be a maximal
torus, and let g and h be the corresponding Lie algebras (f is a Cartan subalgebra
of g). Let h* be the space dual to h. If @ # 0 and gy # 0, then « is said to be a
root and g4 is said to be a root space (of g with respect to ). If « is a root, then a
non-zero element of g, is said to be a root vector for «. The set A of roots is said
to be the root system of g. It depends on a choice of Cartan subalgebra (maximal
torus), so one writes A(g, h) to make the choice explicit.

Since by Proposition 4.7 the Killing form By is non-degenerate on b x b, it
defines a bilinear form on h* that we denote by {(«, B). Leta € A and 8’ € (AU{0})).
The a-series containing B’ is by definition the set of all elements of the set A U {0}
of the form B’ + na, where n is an integer.

Then we have the following:

Theorem 4.17 The roots and root spaces of a complex semi-simple Lie algebra
satisfy the following properties:
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(1) A spans bh*.

(i) Ifa € A, then dim[gy, g—o] = 1, and there is a unique element hy, € [gq» §—a
such that a(h) = Bg(hg, h) for all h € Yy, the real subspace bhr of b generated
by the vectors hy, a € A, has real dimension dimc 0, and it is a real form
of b. Moreover, the Killing form By is positive definite on hr, and

[YaaY—a]:Bg(Ya’Y—a)haa Ya € Ja Y—aeg—a-

2(B,a)
lor|?

(iv) A spans the real subspace by of b*, in particular a(hg) € R forall a, p € A.
(v) The orthogonal transformations

(iii) The quotient

is an integer for all a, p € A.

2(B,
B, pea

Sa(B) =P —

carry A to itself.
(vi) For a € A and B’ € (A U {0}), the a-series containing B’ has the form
B’ + na with p < n < q (it is an uninterrupted string ' + pa o, ..., B’ +

O, ..., B + qa,pa) such that p + q = —2 (5”:)).

(vii) Ifa,B€ Aand o+ B € A, then [ga, 98] = Ju+t8-
(viil) If Yo € 9a» Yo € 9o and Yg € gg with o, p € A, then

qa,(1 — pap)
[Y_o [Ya, Y51] = %amawg(u, Ya)Ys,

where B +na, py.g <n < (o, IS the a-series in A containing f.
Note that by definition (a, ) = Bg(hq, hg) fora, B € A.

Definition 4.18 An abstract root system in a finite-dimensional real vector space
V with inner product (,) and squared norm |- |2 is a finite subset A of non-zero
elements such that:

(i) A spans V.
(i) The orthogonal transformations

2B, a)
sa(B) =P — o, PeA,
||
carry A to itself.
(iii) The quotient 2<\g l;‘ L is an integer Vo, 8 € A.

If @, B € A are proportional, 8 = ax (a € R), then a = :t%, +1, £2. A root
system A is said to be reduced if o, f € A, B = ax implies a = £1.

It is evident that a root system A(g, h) of a complex semi-simple Lie algebra g
is a reduced abstract root system.
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Proposition 4.19 Let A be a reduced root system in the inner product space V.
Then:

() Ifa € A, then —a € A.
(ii) If o € A, then the only members of A U {0} proportional to o are 0, £o.
(i) If e € A and B € AU {0}, then

2(B, a)
o |?

=0, +1, +£2, £3.

(iv) If e € A and B € A are such that |«| < |B|, then

W) If a,B € A with {o,B) >0, then « — B is a root or 0. If o, B € A with
(o, B) <O, then oo + B is a root or 0.
i) Ifa, B € A and neither o + B nor o — B belong to A U {0}, then («, ) = 0.

Definitions 4.20 A lexicographic ordering on a vector space V, induced by the
basis {vy, ..., v,} of V, is defined by putting v > u if there is a (unique) integer &,
with 1 < k < n, such that (v, vg) > (u, vg) and (v, v;) = (u, v;) for all i < k. We say
that an element v is positive if v > 0. The set of all positive roots of A (with respect
to the above ordering) is denoted by A™. It is clear that A = — A since 5, (a) = —a,
and therefore A = AT U —-AT and AT N —AT =0.

A root «, i.e. a vector « in A, is said to be simple if it is positive, but not a sum
of two positive roots. (Note that this definition and all the following developments
depend on the chosen ordering.) Let IT C A™ be the set of all simple roots in A; this
is called the simple root system of A. We have some elementary but basic properties
of IT:

1) I ={oy,...,a,} contains n = dim V linearly independent roots, i.e. IT is a
basis of V.
(ii) If B € AT, then B =may + - -- + m,a, where m; are nonnegative integers.

It is evident that any subset /7 C A satisfying conditions (i) and (ii) defines a lex-
icographic ordering on V. With respect to this ordering, I7 is a simple root system.

Definitions 4.21 Let A be a reduced root system in a vector space V of dimen-
sion n. Let IT = {aq, ..., a,} be the set of simple roots in A (determined by some
lexicographic ordering). The Cartan matrix of A and IT is the n x n-matrix C with
entries

Cij= 2(“:»‘;])

|oi |

The Dynkin diagram of a set IT of simple roots is the graph obtained associating to
each simple root «; the vertex o of a graph, attaching to that vertex a weight pro-
portional to |e; |> and connecting each two such vertices corresponding to different
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simple roots «; and a; by C;;C;; (no sum, and the possible values are 0, 1,2, 3)
edges. When there is one edge, the roots have the same length, but if there are two
or three edges, one often adds an arrow pointing from the longer to the shorter root.

Definition 4.22 Let G be a connected semi-simple complex Lie group, and let
H C G be a maximal torus. Let h and g be the corresponding Lie algebras. The
Weyl group W of G is the group of automorphisms of H (or, equivalently, of the
Cartan subalgebra ) that are restrictions of inner automorphisms of G preserving
H (of inner automorphisms of g preserving ).

Since all maximal toruses of G are conjugate with respect to Ad(G) and all
Cartan subalgebras of g are conjugate with respect to Int g, the Weyl group W does
not depend on the choice of a maximal torus H C G (or a Cartan subalgebra ) C g).
The real subspace hr C b is invariant with respect of W, i.e. s(h) € hg forany s €¢ W
and i € hr. The Weyl group W = W (g, h) as a group acting on hg is generated by
the reflections s, defined by the roots @ € A(g, b).

A real Lie algebra a is compact if there exists an invariant inner product on it,
i.e. a symmetric bilinear positive (negative) definite form 8 on a such that

B(IX,Y],Z)=-B(Y.[X.Z]), X,Y,Zeca.

Theorem 4.23 Let a be a real Lie algebra. The following conditions are equi-
valent:

(i) aisacompact Lie algebra.
(ii) The Lie group of inner automorphisms Inta of a is compact.
(iii) a is a direct sum of semi-simple and Abelian algebras, and for any X € a, the
endomorphism ady is semi-simple and has purely imaginary eigenvalues.
(iv) If a is semi-simple, then the Killing form By of a is negative definite.
(v) If a semi-simple, then a is the Lie algebra of some compact Lie group.

If a Lie algebra a is compact and semi-simple, then any nilpotent subalgebra t of
a is Abelian, and a®(t) = ag(t) because each endomorphism ady, X € a, is semi-
simple. Therefore each Cartan subalgebra of a is the centraliser of some regular
element of a, and it is a maximal Abelian subalgebra of a. All Cartan subalgebras
of ¢ are conjugate with respect to the group of inner automorphisms Int €.

Let K be a connected compact Lie group with Lie algebra £. Since a Cartan
subalgebra t of ¢ coincides with its normaliser in £, the connected Lie subgroup T
of K with Lie algebra t C € is closed, and it is isomorphic to the real n-dimensional
torus S' x --- x S!, where n = dim t. The group 7 is called a maximal torus of K.

Let G be a complex connected semi-simple Lie group with Lie algebra g. There
exists a compact real form € of g. The corresponding (real) connected subgroup
K C G is closed in G, and, moreover, it is a maximal compact subgroup of G.
All the compact real forms of g are conjugate with respect to the group of inner
automorphisms Intg. If t is a Cartan subalgebra of €, then its complexification h =
tC is a Cartan subalgebra of g. Therefore the root system A = A(g, h) = A, 5
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of g will also be called a root system for the compact Lie algebra £, and we will
denote it by A = A(E, t).

Let T be a maximal torus of K with Lie algebra t. The Weyl group W (¢, 1) of K is
the group of automorphisms of 7' (or, equivalently, of the Cartan subalgebra t) that
are restrictions of inner automorphisms of K preserving 7' (of inner automorphisms
of & preserving t). If hr is the space (real form of h) generated by the vectors hy € b,
a € A(g, b), then t = ihgr. Since the space hp is invariant with respect to the Weyl
group W = W (g, ) of g, so is t = ihr. Therefore the restriction map s > s|¢ of
the group W (g, b) is well defined. This map induces an isomorphism of the Weyl
group W = W(g, ) of g onto the Weyl group W (¢, t) of €. Using this map, we will
identify the Weyl groups W(g, ) and W (¢, t) and will denote them by the same
symbol W.

We also have the following (cf. [2, Chap. V, §3, Lemma 2, (iii), Theorem 1, (iv);
and Chap. VI, §1, Theorem 2, (vii)]):

Theorem 4.24 Let K be a connected semi-simple compact Lie group, and let T

be a maximal torus with Lie algebra t. The Weyl group W of K as a group of

transformations of t is generated by the transformations Sq,|¢, i =1, ..., n, where

{1, ..., an) is the set IT of simple roots of the root system A = AC C) = A, 1).
If s € W and s is a reflection in t, then s = sy |¢ for some root « € A.

We now give some more definitions.

Definitions 4.25 Suppose that n = 2r is even. Let s denote the r x » matrix

1

1

with 1 in the skew diagonal and O elsewhere. Set

. 0 s _ 0 S0
J+_<SO 0)’ J_<_SO 0)’
and define the bilinear forms

B(z,w) = (z, Jyw), Lz, w)=(z,J_w), z,weC".

The form B, with B(z, w) = w4 42wl s non-degenerate and symmetric.
The form 2, with

2r _

Rz w=—z'w v Zw T T e 2w

is non-degenerate and skew-symmetric.
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Proposition 4.26 Ler SO(C?, B) be the Lie group of complex matrices preserv-
ing the bilinear form B and having determinant 1. The Lie algebra s0(C*", B) of
SO(C?, B) consists of all matrices

a b
A= ( t ) ’
c  —solasy

where a € gl(r, C), and b, ¢ are r X r matrices such that
'h = —sobso, e = —spcso

(that is, b and c are skew-symmetric around the skew diagonal).
Let Sp(C?, 2) be the Lie group of complex matrices preserving the bilinear
form $2. The Lie algebra sp(C?", 2) of Sp(C?", 2) consists of all matrices

a b
A= , ,
¢ —solasg

where a € gl(r, C), and b, c are r x r matrices such that 'b = sobsy, 'c = socsg (that
is, b and ¢ are symmetric around the skew diagonal).

Suppose now that n = 2r + 1. One then embeds the group SO(C?", B) into the
group SO(C¥ !, B), for r >2, by

a b a O
d — |0 1
¢ c O

and one considers the symmetric bilinear form

4.2)

QULOo ™

Bizzw)= Y  zw; zweC".
i+j=n+1

One can write this form as B(x, y) = (x, Sy), where the n x n symmetric matrix S
has block form

S

(=)

0 0
0 1
0

o O

S0

Writing the elements of M (n, C) in the same block form, one has the following
description (see [6]) of the Lie algebra of the complex orthogonal group in this
case:
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Proposition 4.27 The Lie algebra so(C¥ ', B) of SO(C¥ !, B) consists of all
matrices

a w b
A=|u 0 —fwy |,
c —so'u —solasgy

where a € gl(r, C), b, ¢ are r X r matrices such that
'h = —sobso, e = —socso

(that is, b and c are skew-symmetric around the skew diagonal), w is an r x 1 matrix
(column vector), and u is a 1 x r matrix (row vector).

Definitions 4.28 Let G be one of the following classical Lie groups of rank n:
GL(n,C), SL(n+1,C), Sp(C*,2), SO(C*, B), SO(C*'! B),

and let g be its Lie algebra. The subgroup H of diagonal matrices in G is a maximal
torus of rank n, and we denote its Lie algebra by h. Fix a basis for the dual h* of
as follows:

(i) Let G = GL(n, C). Define the linear functional &; on h by
(i, A) =a;, A=diag(ay,...,ay).

Then {¢1, ..., &,} is a basis for h*.

(ii)) Let G =SL(n + 1, C). Then b consists of all diagonal traceless matrices. De-
fine &; as in (i) as a linear functional on the space of diagonal matrices for
i=1,...,n+ 1. The restriction of & to h is then an element of h*, again
denoted as ¢;. The elements of h* can be written uniquely as

n+1 n+1

Z)\.igi, A eC, Z)\-[ZO.
i=1 i=1

The functionals

& — (e1+---+eup1), i=1,...,n,

n+1

are a basis for bh*.
(iii) Let G be Sp(C?*, £2) or SO(C?", B). Define the linear functionals &; on b

by (&, A) = a; for A =diag(ay,...,a,,—a,,...,—aj)€ehandi=1,...,n.
Then {¢1, ..., &,} is a basis for h*.

(iv) Let G = SO(C*'*!, B). Define the linear functionals &; on b by (g;, A) =
a; for A = diag(ay,...,a,,0,—ay,...,—a;) € h and i = 1,...,n. Then

{e1,..., &y} is a basis for h*.
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We recall the following result (cf. e.g. [11, Lect. 14])).

Theorem 4.29 Let Gy C SO(7) be the 14-dimensional compact exceptional simple
Lie group. Its Lie subalgebra g; C s0(7) consists of the skew-symmetric real 7 x 7
matrices (a;j) such that

azy + ags +aze =0, a3 + ags4 + a5 =0, a1 + aes +ag7 =0,
a4 +aze +ay; =0, as1 +axe + a3 =0, a7 +as +as3 =0,

ae1 +asy +azs =0.

Definitions 4.30 Let (M, £2) be a symplectic manifold, and let G be a Lie group
acting symplectically on M, i.e. g*2 = £2 for all g € G. Let g be the Lie algebra
of G. For any X € g, denote by X the vector field on M generated by the one-
parameter subgroup exptX C G:

Xp= % tzo(exth)p, peM.

The symplectic action of G on M is called Hamiltonian if there exists a G-
equivariant linear map X +— fy from the Lie algebra g to the space C°*°M such
that X is the Hamiltonian vector field of fx for all X € g. In other words, for all
X,Yeg,g€G,a,beR,

Jax+by =afx +bfy. —dfx =iy %2, (87") fx = fad,x-
It can be proved that in this case

{fx, fr}=fixy, X, Yeg,

i.e. this G-equivariant linear map X + fx is a homomorphism from the Lie alge-
bra g to the Lie algebra C°°M with respect to the standard Poisson bracket on M
induced by 2. The map

w: M — g*, n(p)(X) = fx(p),

from M to the dual space g* of the Lie algebra g is called the momentum map.
The momentum map is G-equivariant with respect to the action of G on M and the
coadjoint action of G on g*, i.e.

n(gp)(X) = n(p)(Ady-1 X).

Definitions 4.31 The action of a Lie group G on a connected differentiable mani-
fold M is said to be effective if gp = p for all p € M implies that g = e, the identity
element of G.

The action of a Lie group G on a connected differentiable manifold M is said to
be free if gp = p for a point p € M implies that g =e.
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The action of a Lie group G on a connected differentiable manifold M is said to
be transitive if for each two points p, g € M, there exists g € G such that gp = g.

The action of a Lie group G on a connected differentiable manifold M is said to
be properly discontinuous if the two following conditions hold:

(i) Each point p € M has a neighbourhood U such that U N g(U) is empty for all
g€ G\ {e}.

(ii) Any two points p, p’ € M that are not equivalent modulo G (i.e. gp # p’ for
every g € G) have neighbourhoods U, U’, respectively, such that U N g(U’) is
empty for all g € G.

Conditions (i), (ii) together imply that M /G is a Hausdorff manifold of the same
dimension as M.

Definition 4.32 A Lie group G is said to act simply transitively on a manifold M
if the action is transitive and free.

Theorem 4.33 Let H be a closed subgroup of a Lie group G. Then the quotient
manifold G/ H admits a unique structure of smooth manifold in such a way that the
natural projection G — G/ H is a submersion and the natural action of G on G/ H
is smooth.

Theorem 4.34 Let G X M — M, (s, p) — sp, be a transitive action of the Lie
group G on the differentiable manifold M on the left. Let p € M, and let H be the
isotropy group at p. Define the map

®:G/H—- M, D (sH) =sp.
Then @ is a diffeomorphism.

Proposition 4.35 Let G/H be a homogeneous space, and let N be the maximal
normal subgroup of G contained in H. Notice that N is a closed subgroup. Then
G' = G/N acts on G/H with isotropy subgroup H' = H/N, and G’ acts effectively
onG/H=G'/H'.

Definition 4.36 A homogeneous space G/ H is said to be reductive if there exists
an Ad(H)-invariant direct sum complement vector space m to the Lie algebra h of
the isotropy group H.

4.2 Lie Groups and Lie Algebras

Problem 4.37 Prove that the following are Lie groups:

(1) Each finite-dimensional real vector space with its structure of additive group.
In particular R”.
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(ii) The set of non-zero complex numbers C* with the multiplication of complex
numbers.

(ili) G x H, where G, H are Lie groups, with the product (g, h)(g’,h’) =
(gg',hh'), g,¢' € G, h,h' € H.In general, if G;,i =1, ...,n, is a Lie group,
then G| x --- x Gy, is a Lie group.

(iv) T" for n > 1 (toral group).

(v) AutV, where V is a vector space of finite dimension over R or C, with the
composition product, and in particular GL(n, R) = Autg R” and GL(n, C) =
Autc C".

(vi) K =R" x GL(n, R), n > 1, with the group structure defined by

(x, A)(x", A") = (x + Ax', AA")
The relevant theory is developed, for instance, in Warner [13].

Solution

(i) Let V be a finite-dimensional real vector space. If dimV = n, then V has a
natural structure of C° manifold, defined by the global chart (V, ¢), ¢: V —
R", the coordinate functions being the dual basis to a given basis of V. The
structure does not depend on the given basis, as it is easily checked. On the
other hand, V has the structure of an additive group with the internal law, and
themapV xV =V, (v,w)—v—w,is C®.

(i) C* has a natural structure of a two-dimensional manifold as an open subset
of the two-dimensional real vector space C. C* has the structure of a multi-
plicative group, and the map C* x C* — C*, (z, w) — zw™!, is C*, since if
z=a + bi, w = ¢ + di, one has

_1 ac+bd bc—ad, ac+bd bc—ad 5
= + 1= e R~
c2+d*  r+d? c2+d* 24d?

Iw

(i) G x H is a Lie group with the structure of product manifold and the given
product, since

1

((g,h), (g/,h/)) — (g’ h)(g/,h/)_ — (gg/_l,hh/_l)

is C°.

(v) T" = S§' x o x S'. Hence T" is a Lie group as it is a finite product of Lie
groups.

(v) AutV is an open subset of End V because

AutV ={A €EndV :detA £ 0}

and det is a continuous function. Therefore Aut V has a structure of C* mani-
fold (as an open submanifold of ]R”z, n = dim V). The multiplication in AutV
is the composition. Taking as its chart the map which associates to an auto-
morphism its matrix in a basis, the product is calculated by multiplication
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of matrices. The map AutV x AutV — AutV, (A, B) — AB~! is C®, as
the components of AB and B~! are rational functions in the components of
A and B. Hence AutV is a Lie group. We have as particular cases the sets
GL(n, R) = Autg R" and GL(n, C) = Autc C".

(vi) K =R" x GL(n, R) (n > 1) has the structure of a product manifold, and with
the law (x, A) - (x’, A’) = (x + Ax’, AA’), it has the structure of a group. Let us
show that K is a Lie group. In fact, the above product is C*°, and the inverse of
(x, A)is (y, B) such that (y, B) - (x, A) = (0, I). Hence the inverse of (x, A) is
(—A71x, A71), so the map (x, A) = (x, A)~!is C*°. This is the Lie group of
dffine transformations of R" (identify the element (v, A) of K with the affine
transformations x — v+ Ax of R"). The multiplication in K corresponds with
the composition of affine transformations of R”.

Problem 4.38 Consider the product 7' x RT of the one-dimensional torus by the
multiplicative group of strictly positive numbers (that group is called the group of
similarities of the plane). Let (0, x) denote local coordinates. Show that the vector
field

is left-invariant.

Solution (i) Let L;: G — G denote the left translation Lgs; = ss; on a Lie
group G. A vector field Y on a Lie group is left-invariant if L;.Y, = Y, for all
s € G, where e stands for the identity element of G.

In the present case, let («, a), (8, x) be in the coordinate domain with («, a)
arbitrarily fixed and any (6, x). The left translation is given by Ly 4)(0,x) =
(@ 4+ 0, ax). Therefore one has

d(a+0)  d(ath)

L o ax \_(1 O

@a* =\ 5ax) @ ]~ \0 a)°
30 ax

A vector field Z on T! x R™ is left-invariant if

Loy« Z0,1) = Z(a,a)- (*)
For the vector field
X 0 n 0
= — X—
@0 =56 " ox

(see Fig. 4.1), we have

(1 0 1\ 0 0
L(oz,a)*X(O,l)Z 0 a 1 =£+aa=X(aﬂ).

Since (o, a) is arbitrary, we have that condition (%) is satisfied at any point, and
X is in fact left-invariant on the given coordinate domain. The prolongation to all of
G is immediate.
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Fig. 4.1 The vector field
9/960 + xd/dx on the group

of similarities of the plane W

oI

///
g 1
/5%\/

Problem 4.39 Using the coordinate vector fields 9/ 3x§, 1<i,j<n,onGL(n,R),
prove that the vector field Y on GL(#, R) whose matrix of components at the identity
iSA= (a;) and whose matrix of components is equal to B A at the element B = (bj.)
of GL(n, R) is a left-invariant vector field.

Solution We have Y; = Z, j=1 ](3 / axt ) 1, where I denotes the identity element
of GL(n, R). Since (LB*YI)xj = Yl(xj o LB) and

(x' o Lp)(C) =x%(BC) = Zbkcj,
one has xj. oLp=7Y, b};xl?. Hence,

YxoLB Za

n
_ hpi
= E ajbh,
h=1

Bk, =1 l 1
that is,
LY = Z bh ]3_‘ Z(BA)I—‘ =7Yp.
i,j,h=1 i,j=1

Problem 4.40 Show that the following are Lie algebras:

1. The vector space X(M) of C*° vector fields X on a manifold M, with the bracket
of vector fields, satisfying Ly 7 = 0, where .7 denotes a tensor field on M such
that either

(i) .7 is the identity endomorphism (the corresponding vector fields are all
X € X(M)), or

(il) 7 is a volume element (the corresponding X are called divergence-free vec-
tor fields).

2. The vector space R? with the vector product operation x of vectors.

3. The space End V of endomorphisms of a vector space V of dimension n, with
the operation [A, B] = AB — BA.
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The relevant theory is developed, for instance, in Warner [13].

Solution

1. G)

(i)

Leta,beRand X,Y € X(M). Since
[aX1 +bX2,Y]f =alX1,Y]f +b[X2, Y],

[X, Y] is linear in the first variable. As [X, Y] = —[Y, X], linearity on the
first variable implies linearity on the second one. So [X, Y] is R-bilinear and
anticommutative. The Jacobi identity

[[(X.Y1,Z]+[[Y. 2], X] +[[Z, X1, Y] =0
is satisfied, as it follows by adding
[[X. Y], Z] f =X, YIZf) — Z([X, Y1f)
=X(Y(Zf)) =Y (X(Zf)) — Z(X(Y ) + Z(Y (X)),
and the two similar identities obtained by cyclic permutation of X, ¥ and Z.

If v is an n-form on an n-dimensional manifold M, then the conditions
Lxv=Lyv=0,X,Y € X(M), imply

Lyxyuyv=0, X, uekR,
by virtue of the linear properties of the Lie derivative. Hence the set
L) ={X eX(M): Lxv=0}
is a vector space. Moreover, by using the formula Lix y} = [Lx, Ly], we

have Lix yjv=Lx(Lyv) — Ly(Lxv) =0, thus proving that £ (v) is a Lie
algebra as well.

2. One defines

vXw=(bf —ce,—af +cd,ae—bd), v=(a,b,c), w=(d,e, f).

Then we have:

(a)
(b)
(©

we

(bilinearity) (Av 4+ pw) X u =Av X u + pw X u, A, p € R, and u x (Av +
nw) =Au X v+ uu X w, as it is easily seen.
(skew-symmetry) u x w + w x u = 0. Immediate from the definition of the
vector product.
(Jacobi identity) (u x v) Xx w4+ (v X w) X u + (w X u) x v =0.
In fact, by using the formula relating the vector product and the scalar product,
obtain:

(u xv) x w=(wu)v — (wv)u, (vxw) xu=wv)w— (uw)v,

(wxu) xv=_(w)v— (vu)w.
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Adding these equalities and taking into account the skew-symmetry of the vector

product, we obtain the Jacobi identity.
3. The map

EndV x EndV — End V, (A,B)— [A,B]=AB — BA,
is bilinear, skew-symmetric and satisfies the Jacobi identity, as it is easily seen.

Problem 4.41 Consider the set G of matrices of the form

0 vy
x z|, x,v,zeR, x>0,
0 1

S O =

with a structure of C*° manifold defined by the chart mapping each element of G
as above to (x, y,z) € RT x R2.

(1) Is G a Lie subgroup of GL(3,R)?

(i) Prove that
] 0 ad
X=x—,Y=x—, Z=x—
dx ay 0z

is a basis of left-invariant vector fields.
(iii) Find the structure constants of G with respect to the basis in (ii).
Solution

(i) The product of elements of G

x 0 vy u 0 v xu 0 xv+y
0 x z 0 u w|=10 xu xw+z|eG
0 0 1 0 0 1 0 0 1

and the inverse of an element

-1

x 0 vy I/x 0 —y/x
0 x z =1 0 1/x —-z/x]|eG
0 0 1 0 0 1

yield C*° maps G x G — G and G — G, respectively. Hence G is a Lie
group, which is in addition an abstract subgroup of GL(3, R). The inclusion
G — GL(3,R) is an immersion, as its rank (that of the map (x, y,z) € RT x
R2 > (x,0,y,0,x,2,0,0,1) € Rg) is 3, so that G is a submanifold, hence a
Lie subgroup, of GL(3, R).

(i) Let (a, b, ¢) € G be arbitrarily fixed and any (x, y, z) in G. As the left transla-
tion by (a, b, ¢) is

Lp,e)(x,y,2) =(ax,ay +b,az +¢),
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we have
Lab.c)x =diag(a, a, a).
Let e = (1, 0, 0) denote the identity element of G. We have

9
T ox

0
=%

d

e s e—
e 0z

e

)
e

e

We deduce L4 p,c)«Xe = X(a,b,c) and similar expressions for Y and Z. Since
X,Y,Z are C* left-invariant vector fields that are linearly independent at e,
they are a basis of left-invariant vector fields.

(i) Let X1 =X, X, =Y, X3=Z. Then

[X1, X2] =X, [X1, X3]= X3, [X2, X3]=0,

so, with respect to that basis, the non-zero structure constants are

2 2 3 3
Ch=—c =c3=—c3 =1
Problem 4.42 Let
I x vy
H = 0 1 z]):x,y,zeR
0 0 1

(i) Show that H admits a structure of C° manifold with which it is diffeomorphic
to R3.

(i) Show that H with matrix multiplication is a Lie group (H is called the Heisen-
berg group).

(iii) Show that B = {;Z, % x% + £} is a basis of the Lie algebra b of H.

Solution

(i) The map

£ RS

O»—*Xm

1 y
0 Z —~  (x,y,2)
0 1

is obviously bijective. Thus {(H, ¢)} is an atlas for H, which defines a C*°
structure on H such that ¢ is a diffeomorphism with R3.
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(i)

(iii)

H is a group with the product of matrices, because if A, B € H,then AB € H,
and if
1 x vy 1 —x xz—y
A=|0 1 z|eH, then A7'=[0 1 -z |eH
0 0 1 0 O 1

Moreover, the maps

HxHS3 H 4 HY H
(A,B) — AB A A7l

are C*®. Indeed, p o @ o (¢ x ¢)~': R? x R? — R3, given by
(po@olpx )™ )((x,y,2), (@ b,0))=(@+x,b+xc+y,c+2),
is obviously C*°. Similarly,

poWoge L R > R3
(x,y,2) = (=x,x2—y,—2)
is also C*°. Thus H is a Lie group.

One can also prove it considering H as the closed subgroup of the general
linear group GL(3, R), defined by the equations

1 2 3 1

— _ _ 2_.3_.3__
X] =Xy =x3= Xy =x]{=x3=0,

where x’} denote the usual coordinates of GL(3, R) ¢ M (3, R) = R°. Hence by
Cartan’s Criterion on Closed Subgroups 4.4, G is a Lie subgroup of GL(3, R).

We have that dim H = 3. Thus dim h = 3, and so we only have to prove that

0 0 0 n 0

PN PNE) X— ~

ox ay ay 0z
are linearly independent, which is immediate, and that they are left-invariant,
for which we shall write

a ad a a

X, =, .
' ax 3y 3y 9z

We have to prove that for every A € H, one has

(La)«B(Xilp) = Xilap, BeH,i=12,3. (*)

Let (a, b, c) be arbitrarily fixed and any (x, y, z) in H. As the left translation
by (a,b,c¢)is Lgp,e)(x,y,2) =(x +a,y+az+b,z+c), we have

1 0 0
L(a,b,c)* ={0 1 a
0 0 1
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Hence,
1 0 0 1 5
(La)«eX1lp)=10 1 a]|O =301
0 0 1/\o * laB
and similarly we obtain
0 0 0
(La)«g(X2lB)=—| , (LA)«p(X3lp)=(x4+a)—| +—| ,
9y [ap 9y lap  9Zlap

so condition (x) is satisfied.

Problem 4.43 Let g be the Lie algebra of left-invariant vector fields on a Lie
group G. For every X € g, let X* be the infinitesimal generator of the one-parameter

group
P:RxG— G, D(t,x)=exp(tX)x, teR, xeG.
Prove:
(i) The vector field X* is right-invariant.
(i) Ly»o=0 Vweg*.
Solution

(i) The vector field X™* is said to be right-invariant if R, - X* = X* for all elements
g € G, which is equivalent to saying that every @, commutes with every R,
(see, e.g. [9, Vol. I, Chap. I, Corollary 1.8]). In fact, one has

(ProRg)(x)=(Rgo®y)(x) =exp(tX)xg, g, xeG,teR.
(i1) Moreover (see formula (2.1)),

wy — P* (w
(Ly-w)y = lim 22— 2= @),
t—0 1t

but
D (0, (x) = O, (x) © (Lexp(—1 X)) = Wy,
as w is left-invariant.
Hence Lx+w =0.
Problem 4.44 Find the left- and right-invariant measures on:
(i) The Euclidean group E(2) of matrices of the form
1 0 0

x cosf sinf
y —sinf cosé
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X Z

(i) The group of matrices of the form (0 y), x,y>0.
(iii)) The Heisenberg group (see Problem 4.42).
(iv) The real general linear group GL(2, R).

Remark Given a matrix of functions, A = (a;), we shall denote by dA the matrix
(da;'.).

The relevant theory is developed, for instance, in Sattinger and Weaver [12].

Solution Let A be a generic element of any of the groups above. We have [12,
pp- 90-91] that one basis of left- (resp. right-) invariant 1-forms on G is given by a
set of different elements of the matrix A~1dA (resp. (dA)A™D). Then a left- (resp.
right-) invariant measure is given by the wedge product of the given basis of left-
(resp. right-) invariant 1-forms. In the present cases we obtain:

®
0 0 O

A7'dA = [cos@dx —sinfdy 0 dd |,
sinfdx +cosfdy —df O

0 0 0
A ' =|dx—yde 0 do],
dy+xd6 —do O

and hence the left- and right-invariant measures w; and wg are, up to a constant
factor,

wr =dx Ady AdO = wg.
(i)
dx 1 dy dx 1 dx
d 1, ;Y & lgy — &
A]dA=<6 X(Zd_yzy)>, (dA)A‘=<8 y dy ")>,
y y

hence,

1 1
wp = ——dx Ady Adz, wp = ——dx Ady Adz.
X<y Xy

(iii) We have

dz , (dA)A™ =
0

dz ,

0 dx dy-—xdz
A~ lda=10 o
0 0 0

S O O

dx dy—zdx
0
0

hence,

wp =dx Ady Adz = wg.
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(iv) Given A = (a;;) € GL(2,R), i, j = 1,2, let A~! = (&) be its inverse. Then
a basis of left-invariant 1-forms is given by the components of A~'dA. The
left-invariant measure wy on GL(2, R) is given by the wedge product of such
components:

wp, = (oc11 day +a'? dagl) A (oc11 dapp +a'? dazz)
A (()[21 da; + o?? dazl) A (()[21 dapp + o?? da22)

2
= (05110622 — a12a21) daii Adaip A dapxr Adax

= Wdan Adajy Adax; Adaps.

One has w;, = wg, as the computation of the components of (dA)A_l shows.

Problem 4.45 Let A be a finite-dimensional R-algebra (not necessarily commu-
tative). Set n = dimp A. Let Autr A = GL(n, R) be the group of all R-linear auto-
morphisms of A, and let G(A) be the group of R-algebra automorphisms of A. Let
Der A be the set of all R-linear maps X : A — A such that

X(a-b)=X@)-b+a-Xb), abeA.

Prove:

(i) Der A is a Lie algebra with the bracket
[X.Y](a)=X(Y (@) —Y(X(a)).

(i) G(A) is a closed subgroup of GL(n, R) and hence is a Lie group.
(iii) dimG(A) < (n — 1)2.
(iv) The Lie algebra of G(A) is isomorphic to (Der A, [, ]).

Solution

(1) Certainly, Der A is an R-vector space. Further, the bracket of two derivations
is another derivation, as

[X,Y]a-b)=X(Y(a-b)—Y(X(a-b))
=X{Y(@)-b+a-Y(b)} -Y{X(a)-b+a-X(b)}
={X(Y@)-b+Y(@ - X(b)+X(@) - Yb)+a-X(Y))]
—{Y(X(@) b+ X@ - Yb)+Y(@) -X(b)+a-Y(X©b)}
={X(Y@)-Y(X@)} -b+a-{X(Y®)-Y(XD)}
=[X,Yla)-b+a-[X,Y]D).
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Accordingly, Der A is endowed with a skew-symmetric bilinear map
[,]: DerA x DerA — Der A,
and the Jacobi identity follows from the following calculation:

([(x. Y], Z] + (1. Z1. X] + [[Z. X]. Y] (@))
=(X.Y(Z(@) — Z([X. Y1(@)) + ([Y. Z1(X (@) — X([Y, Z](a)))
+ (2. X](Y (@) — Y (1Z. X](a)))
=X(Y(Z@)) -Y(X(Z@)) - Z(X(Y@)) + Z(Y (X (@)))
+Y(Z(X(@)) = Z(Y (X (@)) = X(Y(Z(@))) + X (Z(Y (@))
+Z(X(Y(@)) - X(Z(Y(@)) = Y(Z(X(@)) + Y(X(Z(a))) =0.

(i1) Forevery paira,b e A,let @, 5: Autg A — A be the map given by @, ,(f) =
f(a-b)— f(a)- f(b). Then we have

G(A) = (] ®,,0).

a,beA

As each @, ;, is a continuous map, we conclude that G(A) is a closed subset in
Autr A. Furthermore, G (A) is an abstract subgroup as if f, g € G(A), then

(fog)a-b)=f(g(a b)) = f(ga) - -gb) = f(g@)- f(g®))

=(fog)a) (fog)b).

Hence f o g € G(A). Similarly, f~! € G(A) since

@ @) = (@) F (T @) =a-b=f(f @ b)),
and since f is injective, we conclude that f~(a)- f~1(b) = f~!(a - b) forall
(iii) ?f fc ee Ad(A), then f(1) = 1. Hence each f € G(A) induces an automorphism

f € Autg(A/R) by setting f(¢ mod R) = f(a) mod R, and the map
h: G(A) — Aur(A/R), [ f,

is clearly a group homomorphism. We claim that & is injective. In fact, f €

ker/ if and only if f(a) mod R=a mod R for all @ € A, and this condition
means that f(a) —a € R for all a € A. Hence we can write f(a) =a + w(a),
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(iv)
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where w: A — R is a linear form such that w (1) = 0. By imposing f(a - b) =
f(a) - f(b) we obtain

w(a-b)=wb)a+ w(a)b+ w(a)w®).
Hence,
wba+w@beR, a,beA. (%)

If w # 0, then there exists a € A such that w(a) = 1, and from (%) it follows
that b € R 4+ Ra for every b € A. Hence dim A = 2, and then either A = R[¢]
or A = R[i] or A = R[j], with 2 =0, i*> = —1, j> = 1, thus leading us to a
contradiction, as in these cases ker/ is the identity. Accordingly, G(A) is a
subgroup of Autgr(A/R), so that dim G(A) < dimAutgr(A/R) = (n — 1)2.
Let g(A) be the Lie algebra of G(A), which is a Lie subalgebra of EndrA =
Lie(Autg A). We know that an element X € Endr A belongs to g(A) if and only
if for every ¢t € R, we have exp(tX) € G(A), or equivalently,

exp(tX)(a-b) =exp(tX)(a) -exp(X) (D).

Differentiating this equation at # = 0, we conclude that X is a derivation of A.
Conversely, if X is a derivation, then by recurrence on k it is readily checked
that
k

XK@ - b) = Z <Z> X" X5 b).

h=0

Hence,

(tX)(a-b)= 3 t"Xk(a'b) —iitk;}(h( )X ()
exprX)(a- _g B =T =R T

= exp(tX)(a) - exp(tX) (b),

thus proving that the Lie algebra of G(A) is isomorphic to (Der A, [, ]).

Problem 4.46 Prove that the Lie algebra so(3) does not admit any two-dimensional
Lie subalgebra.

Solution Let {e], 2, e3} be the standard basis; that is,

[erez] =e3, [er, e3] =ey, [e3,e1] =en.

Assume that g is a two-dimensional Lie subalgebra. Let {v = A'¢;, w = ue;} be a
basis of g. As the rank of the 3 x 2-matrix

A !



4.3 Homomorphisms of Lie Groups and Lie Algebras 177

is 2, we can assume that

)\1 Ml )
det 0.
(}\2 M2 7é

By making a change of basis in g we can thus suppose that
Aoy (1o
22 owp?)\o 1)

v=er+1%e;, w=er+ples. (*)

Hence,

As g is a Lie subalgebra, we have [v, w] = av + Bw. By using (x) we obtain
A3 =—a, u? =—pB, ar? + Bu’ = 1, and substituting the first two relations into the
third one, we obtain a2 + /32 + 1 =0, thus leading us to a contradiction.

4.3 Homomorphisms of Lie Groups and Lie Algebras

Problem 4.47 Consider the Heisenberg group (see Problem 4.42) and the map
fiH->R A= f(A)=x+y+z.

(i) Is f differentiable?

(ii) Is it a homomorphism of Lie groups?

Solution Let

1
Vi H— R, 0 > (x,y,2),
0

O = =
—_ N <

be the usual global chart of H. The map
foy RIS R, (x.y, 0> x+y+z,

is C*, and thus f is a C* map. The additive group of real numbers (R, +) is a Lie
group. Given

b
c| €H,
1

=
Il
S O =
O = =
S O =
S =

y
z 1, B =
1

it is easy to see that f(AB) # f(A) + f(B), so that f is not a homomorphism of
Lie groups.
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Problem 4.48 Prove that one has:

(i) An isomorphism of Lie groups SO(2) = U(1) = S!.
(i) A homeomorphism O(n) = SO(n) x {—1, +1}.

Hint (to (i)) Consider the real representation of the general linear group GL(1, C):
p: GL(1,C) - GL(2,R)
a+ bir> (Z _ab) :
Solution
@
SO2)={A€GLQ2,R):'AA=1, detA=1}

d

cosa —sina
{( . ) Lo GR}
sine  cosa

{<Ccl b) ca* + P =b+d*=1, ab+cd =0, ad—bc:l}

12

and

U(l)={A€GL(1,0):'AA =1} ={z€C\ {0} :Zz =1}
={z€eC:z=cosa +isina}= {(cosa, sina):ae]R}:Sl.

Let p be the real representation of GL(1, C). If ({ _ab) = ((1)(1)), we have
a=1,b=0;s0 p is injective. We have

p(UD) = p(fcosa + isina}) = { <CS:’;Z ;zlsna“) } ~S0(2).

Since p is injective, one obtains U(1) = SO(2).
(i)
On) = {A eGLn,R):'AA = I}.
Hence, if A € O(n), then det’”AA = 1. Consider the exact sequence

1 S0Mm) <5 0m) & (~1,+1) > 1,
where j denotes the inclusion map of SO(n) = {A € O(n) :detA = 1} in O(n).
The map
o:{—1,41} = O(n)
11
—1+ diag{—1,1,...,1}
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is a section of det, and hence we have a homeomorphism
O(n) =S0(n) x {—1, +1}, A (a(detA)A,detA).

Problem 4.49 Let /: G — G be the diffeomorphism of the Lie group G defined
by ¥(a) =a~!, a € G. Prove that w is a left-invariant form if and only if ¥ *w is
right-invariant.

Solution We have
Y (Rpx) = (xb) = (xb) ' = b~ 1x7!

and
Ly-1¥(x) =Ly (x_l) =p~1x7 1
Thus ¥ o Ry = L,-1 o, and hence (¥ o Rp)* = (Lj,-1 0 ¥)*, thatis, R} o * =
Yv*o LZ—I . If w is left-invariant, we have

(Ryoy™) (@) =(y*o L)) (0) =y o,

and thus Y *w is right-invariant. Conversely, if ¥*w is right-invariant, ¥ *w =
Ry o= w*Lz_] w, and thus o = Lz_la), because ¥* is an isomorphism, and w is
left-invariant.

Problem 4.50 Let G be a compact, connected Lie group oriented by a left-invariant
volume form v. Prove that for every continuous function f on G and every s € G,

we have
/fUZ/(fORS)U9
G G

where R;: G — G denotes the right translation by s; that is, the left-invariant inte-
gral f > [, ¢ Jv is also right-invariant.

Solution For every s € G, there exists a unique scalar ¢(s) € R* such that Rjv =
@(s)v. The map ¢: G — R* is clearly differentiable, and since ¢(e) = 1 (where e
denotes the identity element of G) and G is connected, we have ¢(G) € R™; hence
R; is orientation-preserving. By applying the formula of change of variables to the
diffeomorphism R;: G — G we obtain

/fv=f R;“(fv)=/(foRs)R;“v=/(foRs)<p(S)v.
G G G G

Hence,

/fv=§0(S)/(f0Rs)v-
G G
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Letting f = 1 and taking into account that fG v # 0, we conclude that ¢(s) =1 for

all s € G, and consequently,
/ va/(fORs)U-
G G

We also remark that ¢(s) = 1 for all s € G implies that v is right-invariant.

Problem 4.51 Let G be a compact, connected Lie group oriented by a left-invariant
volume form v and consider the map

v:G— G, V@ =a" aeG.

Prove that for every continuous function f on G, we have

/va=/G(fo¢f)v.

Solution For every s € G, we have from Problem 4.49:
Ry (¥*v) = (¥ o R)*v=(Ly-1 oY) v =y* (L', v) =y ™.

Hence v *v is right-invariant, and since v is also right-invariant (see Problem 4.50),
there exists ¢ € R* such that ¥ *v = gv. Moreover, e2=1as Y is an involution. By
applying the formula of change of variables to the diffeomorphism v (which may
be orientation-reversing) we obtain

fGfv=8/Gw*(fv)=8/G(f01#)w*v=8/G(fow)8v=/G(fow)v-

Problem 4.52 Let A be an irrational real number, and let ¢ be the map

Q! R — T2 — Sl x Sl, (p(t) — (62nit’62nikt)'

(i) Prove that it is an injective homomorphism of Lie groups.
(i) Prove that the image of ¢ is dense in the torus (see Fig. 4.2).

Solution

(i) That ¢ is a homomorphism of Lie groups is immediate. We have ¢(t1) = ¢(t2)
if and only if (e¥1"1, e27irM1) = (e27i2 271M2) or equivalently if 1; — 1, and
A(t] — 1) are integers, which happens only if #; = 7. Hence ¢ is injective.

(ii) It suffices to show that the subgroup Z + AZ is dense in R, since if this happens,
given the real numbers 1, #,, there exists a sequence m ; + An; such that

t — Aty = lim (m; + Anj),
j—>00
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Fig. 4.2 A geodesic of
irrational slope is dense in the

2-torus
that is,
f =j1111;0(mj +Mnj+1)).
Hence,
o +11) = (CZnitl’eZni)\(nj+t1)) _ (CZnitl ’ ezni(mj'f')\(nj"rl])))’
and thus,

llm (p(n] + tl) — (627rit1 , eZT[ilZ)'
J—> 00

Now, to prove that the subgroup A = 7Z + AZ is dense in R, it suffices to see
that the origin is an accumulation point in A, since in this case, given x > 0 and
0 < & < x, there exists a € A such that 0 < a < ¢, and if N denotes the greatest
integer less than or equal to (x — ¢)/a, then Na < x — & < (N + 1)a, which
implies (N + 1)a < x + ¢, as in the contrary case we would have

x+e<(N+1Da<x—¢e+a,
that is, 2e < a < &, so getting a contradiction. Thus we have
x—e<(N+Da<x+e,

thatis, |(N + 1)a — x| < e.

If the origin is not an accumulation point in A, it is an isolated point, and then
every pointin A is isolated as A is a subgroup. Hence A is a closed discrete sub-
set of R. In fact, if limg_, oo Xy = X, X € A, then for k large enough, xx — xg41
belongs to an arbitrarily small neighbourhood of the origin. As x; — x;4+1 € A
and the origin is isolated, we conclude x; = xx+1. Hence x € A. Accordingly,
w=inf{x € A : x > 0} is a positive element in A. We will prove that A is gen-
erated by u, that is, that Z + AZ = pZ. This will lead us to a contradiction, as
A is irrational.

Let x € A be a positive element. Let n denote the greatest integer less than or
equaltox/u,sothatn <x/u<n+1.Hence0<x —nu <. Asx —nu € A,
from the very definition of i we conclude that x —np =0.
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Problem 4.53 Let C* be the multiplicative group of non-zero complex numbers.
(i) Prove that the map

j: C* > GLQ2,R), x+iy— (;‘ _xy>

is a faithful representation of the Lie group C* (faithful means that j is injec-
tive).
(i) Find the Lie subalgebra Lie(j (C*)) of gl(2, R).

Solution
(1) Since C* = GL(1, C), this was proved in Problem 4.48.
(ii)
Lie(j(C)) = w(mc) = (* TH). s uer
* M )\‘ ’ ’ .

Problem 4.54 Let g be the Lie algebra of a Lie group G, and h C g a Lie subalge-
bra. Consider the distribution Z(s) = {X;: X € b}, s € G.

(i) Show that & is a C*° distribution of the same dimension as §. Is it involutive?
(ii) Consider the two-dimensional C*® distributions

a 0 d 0 0 a ad a
-@ =\ ) @ =\ P P @ =\ P e
<8x 8y> <8x x8y+8z> : <8y x8y+az>
on the Heisenberg group (see Problem 4.42). Are they involutive?

(iii) Let Z(Z;) be the differential ideal corresponding to Z;, i =1,2,3. If « =
dx Adz, B=dx +dz. Dowe have a0, 8 € .Z(%1)? And o, B € I (D3)?

Solution

(1) The space b is a vector subspace of g. Let {X1, ..., Xx} be left-invariant vector
fields which are a basis of h. Then,

2(s) =(Xils..... Xrls), s€G,

is a vector subspace of T;G of dimension k. Hence & is a C* k-dimensional
distribution on G, because it is globally spanned by X1, ..., Xk, which are
left-invariant vector fields and hence C°°. Moreover, Z is involutive. In fact,
X1,..., Xy span 2, and b is a subalgebra, so [X;, X ;] € b.

(i) The Lie algebra h of H is spanned (see Problem 4.42) by

0 a 0 0

ax’ ay’ x8y+8Z'
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Since

|: 0o 9 :| |: 0 0 ad ] 0 [ 0 0 0 i|

—,— | =0, —x—+—|=—, —,x—+—|=0,

dox dy dx Jdy 0z dy dy dy 0z
it follows that &; and %5 are involutive but % is not.

(iii) {9/0x,0/dy,d/0z} is a basis of the (C*° H)-module X(H), with dual basis
{dx, dy, dz}, and thus #(Z2) = (dz). Hence @ € .Z(%)), but 8 ¢ I (Z).
Also, {d/0x,0/0y,x0/dy + 0/dz} is a basis of X(H), with dual basis
{6',602,03%), and we have .#(23) = (#') = (dx). Hence « € .#(23), and
B & I (Z3).

Problem 4.55 Consider the set G of matrices of the form

—(* 7
g_<0 1)’ X,yGR,X;ﬁO.

(1) Show that G is a Lie subgroup of GL(2, R).
(ii) Show that the elements of w = g~ 'dg are left-invariant 1-forms.

(iii) Sinceg=T7,G = R2, we have dim g = 2, and we can choose {w; =dx/x, wy =
dy/x} as a basis of the space of left-invariant 1-forms. Compute the structure
constants of G with respect to this basis.

(iv) Prove that w satisfies the relation dw + o A w =0.

Remark Here dw denotes the matrix (da));. = (dco;), and w A w denotes the wedge

k

product of matrices, that is, with entries (w A a))}'c => k a)}c N @'

Solution

(i) Since
x oy (x' Y\ _ [(xx' xy+y
<o 1)(0 1)‘(0 1 )G
-1
x oy _(Vx —y/x
<o 1) _<o I >€G’

G is an abstract subgroup of GL(2, R), and as both the product and the inverse
are C* maps, G is a Lie group.

Moreover, G is a closed subgroup of GL(2, R), defined by the equations
x% = xg —1=0, xj. being the usual coordinates of GL(2,R) C M(2,R) =
R*. Hence G is closed in GL(2, R), and accordingly G is a Lie subgroup of
GL(2,R).

(i) If g=(}7), onehasw =g 'dg = L(& ¥

00

s=(§ }f) be arbitrarily fixed. Proceeding similarly to Problem 4.38, we obtain

). We must prove L}w, = w,. Let



184 4 Lie Groups

L, = (‘6 2) Thus,

tor={( ) ((16")’(’)8 DG =16)-O))

for e = ((1) (1))
(iii) As

d d dx d
X x X x
from the Maurer—Cartan equations dw; =—3_; cj. 4@/ A o we deduce

2 _ 2 _
cj, =—c5 =1

(iv)
I /0 dxAady
dw_—x—2<0 0 >_—a)/\a).

Problem 4.56 Let S be the set of matrices of the form

cosw sinw 0 wu
M(u, v, w) = _s(l)nw Cogw (1) ::} , u,v,weR.
0 0 0 1

(i) Prove that S is a Lie subgroup of GL(4, R).

(i) Let j: R3 - GL®4, R), (u, v, w) — M(u, v, w). Compute
.0 .0 .0
o PN T w

and show that j is an immersion.
(iii) Prove that the tangent space to S at the identity element e € S admits the basis

e )

1
X4

d
e 8x12

X ad ad
) 3 DY
e 8x2

X a
) 2 = 7
¢ 8x21

=52
e 0x}

Solution

(i) For all M(u, v, w) € S, one has det M (u, v, w) =1, so § C GL(4, R). More-
over, the product of two elements of S and also the inverse of any element
belong to S, as it follows by direct computation, so that S is a subgroup of
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GL (4, R). Further, S can be considered as the closed subgroup of GL(4, R)
determined by the equations

3

1 . 3 4
X| = X5 =C08x}, X, = —Xx{ =sinxy, x3=x,=1,

X

W N

X

G s —_—

3_ .3 _
X] =X =X

x§. being the usual coordinates of GL(4,R) C M(4,R) = R!®. Hence by Car-
tan’s Criterion on Closed Subgroups, S is a Lie subgroup of GL(4, R).
(i1)) We have

.0 ad .0 d

J*a_uza» ]*3_1):@7

. . . a a
J*% =—SlnlU@ —i—Coswa—le —COSUJ@ —SIHIU@ + a__xi’

Therefore j is an immersion.
(iii)) The identity element of S, e = I, corresponds to u = v = w = 2kmw. By (ii),
T,S admits the basis in the statement.

Problem 4.57 Let G ={(“Y):a.beR,a > 0}.

(i) Prove that G admits a Lie group structure.
(i) Is G a Lie subgroup of GL(2, R)?
(iii) Let u be the map defined by

G — GL(2,R), (Z ?)H(g i’)

Is it differentiable? Is it a homomorphism of Lie groups? Is it an immersion? (cf.
Problem 4.55).

Solution

(i) The map
G SU=|{@b)eR*:a>0}
(Z (1)) — (a, b)

is obviously bijective. Since U is open in R?, it is a two-dimensional C*
manifold, and thus there exists a unique differentiable structure on G such that
dim G =2 and ¢ is a diffeomorphism.

G is a group with the product of matrices, since given

a 0 a 0
A=) =00
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as=( " NYeo. a'=("* %eo
\bd' +b 1 ’ - \~b/a 1 ’
Therefore G is a subgroup of GL(2, R).
The operations

we have

6x6%2 6 L4 G5 G
(A,B) — AB A A1

are C. In fact,
((p od o (¢ x cp)_l)((a, b), (a’, b’)) = (aa’, ba’ —l—b’), a,a >0,
(poWop ')a,b)=(1/a,~bja), a>0,

are C*°.

(i1) G is the closed submanifold of the open subset x 11 > 0 in GL(2, R) given by
the equations le =0, x% —1=0, x; being the usual coordinates of GL(2, R) C
M(2,R) = R*. Thus G is a Lie subgroup of GL(2, R).

Another way to prove that G is a Lie subgroup of GL(2, R) is to observe
that G is closed in GL(2, R), as if the sequence

a, 0
b, 1

<““ ‘“2> € GL(2,R)
anq ann

goes to

as n — oo, then it implies that aj; > 0, a;2 =0, ax; = 1; hence a1 > 0, and
we can apply Cartan’s Criterion on Closed Subgroups.
(iii) p can be written in local coordinates as

(Vojonoe )a.b)=(a.b.0.1), (a.b)eU,
where 1 stands for the coordinate map of a local coordinate system on

GL(2,R), and j denotes the inclusion map j: u(G) — GL(2,R). As Yo jo
o lisa C® map, uis C*°. On the other hand,

a 0\ (da 0Y) _ aa’ 0\ (ad" ba +b
F\\o 1)\ 1))™"\ba’+ 1)\ 0 1

a 0 a 0\ _ (a b\(da b\ _(ad ab' +b
F\o 1)*\» 1)7\o 1J\o 1)7\ o0 1)

and
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and hence u is not even a homomorphism of groups.
Finally, we have

rankp.(a 0) = rank (¥ o p ogo_l)(a’b) =2.
b1

Hence p is an immersion.

Problem 4.58

(i) Determine all the two-dimensional Lie algebras. In fact, prove that there is a
unique non-Abelian two-dimensional Lie algebra.

(i1) Prove that the map p of the non-Abelian two-dimensional Lie Algebra g to
End g given by e — [e, -] (that is, the adjoint representation) is a faithful rep-
resentation of g.

(iii) Give a basis of left-invariant vector fields on the image of p and their bracket.

(iv) Let Z be the distribution on Aut g spanned by the left-invariant vector fields on
the image of p. Find a coordinate system (u, v, w, z) on Autg such that 9/9z,
d/du span Z locally.

(v) Prove that the subgroup Go C GL(2, R) determined by the subalgebra g is the
identity component (8 > 0) of the group

oo|(c §oee)

(vi) Prove that G can be viewed as the group Aff(R) of affine transformations of
the real line R. That is, the group of transformations

V' =Bt+a, B#0,
where t = y/x, ' = y’/x’ are the affine coordinates.

Solution

(i) Let g be a two-dimensional Lie algebra with basis {e;, e»}. The Lie algebra
structure is completely determined, up to isomorphism, knowing the constants
a and b in the only bracket

le1, e2]l = aey + bey.
If a = b = 0, the Lie algebra is Abelian, that is, [e, ¢'] =0 for all e, ¢’ € g.

Otherwise, permuting e; and e; if necessary, we can suppose that b # 0,
and so {e] = (1/b)ey, €, = (a/b)e; + e2} is a basis of g, and one has

[e1 2] = 5.

Hence there exist, up to isomorphism, only two two-dimensional Lie algebras.
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(i1) Letg= (e’l, e’z) be the two-dimensional non-Abelian Lie algebra. That the map

p is a representation follows from the Jacobi identity. The representation is
faithful (that is, the homomorphism is injective) as we have

0 O
olaci +ve)= (2, 1)

in the basis {e], }}.

(ii1) Fixing that basis, End g can be identified to the space of 2 x 2 square matrices,

which is Fhe Lie algebra of GL(2, R).
Let E ; be the n x n-matrix with zero entries except the (7, j)th one, which

is 1. The left-invariant vector field X ; associated to E; generates the one-
parameter group ((pj.), given by

(gpj-)lX =X exp(tE;'»), X = (xlk)

Now,

Hence,

I +1E} ifi # j,
1+(ef—1)Ej. ifi =j,

exp(tEj.) = {

where I denotes the identity matrix.
As a computation shows,

k J
So, in the present case we have
0 0 0 0
X?=xl— 4 x3—, 2_ ! +x2
1 2 1 2 2 2 2 1 2 2
0x 0x X 0x
1 1 2 2
and
2 21 _ 2
[X7. X3]=—X7.
(iv) Let us reduce X 12 to canonical form. The functions
2 1,2
X _ .1 %N 1 2
u=-—, V=X 7 X5, Xy
X Q%)
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)

are coordinate functions on the neighbourhood defined by x% # 0 of the iden-
tity element /. In fact,

B(u,v,le,x%) . 1
8(x11,x21,x12,x§) x%.
In the new system we have
0 0 0 0
X2=—, X2=—u—+x]—+x2—.
LY 2 ou zaxé 28x§

Now, taking w = le /x%, the functions (u, v, w, x%) are coordinate functions
on the neighbourhood given by x% # 0, since

o(u,v, w,x%) 1
o(u, v,x%,x%) N xg'
In this system we have

ad ad
2 2 2
X|=—, X2=—u—8u+x2—2.

Finally, defining z = log x% in the neighbourhood x22 > 0 of the identity ele-
ment, we obtain coordinate functions (u, v, w, z) in which
0 2 0 d

Xi=—u—+—.
2 u8u+az

X}=—,
' du

Thus, the involutive distribution & corresponding to the subalgebra g is
spanned by 9/du, d/9z, that is,

_ix2xy_[d 8
7= =(5 52}

By the above results, the integral submanifolds of 2 are defined by
1.2 1
X)X X
v:xll— 221—A, w:—%:B,
X X2

where A, B denote arbitrary constants. In particular, the integral submanifold
passing through the identity element / is obtained for A =1, B = 0, that is, it
is defined by

1 _ 1 __
x; =1, x, =0.

Consequently, the subgroup G of Autg defined by the subalgebra g is the
(identity component of the) one in the statement.
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(vi) The group G represents the transformations

/!

X =x, y =ax + By.

The subgroup G admits a simple geometrical interpretation as the group of
affine transformations of the real line R (see Problem 4.37). In fact, dividing
we obtain

t =Bt +a,

where t = y/x,t' = y'/x’ are the affine coordinates.

The group G has two components, defined by 8 > 0 and 8 < 0. The com-
ponent of the identity element, which is the subgroup defined from g, is the
first one.

4.5 The Exponential Map

Problem 4.59 Prove that, up to isomorphisms, the only one-dimensional connected
Lie groups are S' and R.

Solution The Lie algebra g of such a Lie group G is a real vector space of dimen-
sion 1, hence isomorphic to R. The exponential map is a homomorphism of Lie
groups if the Lie algebra is Abelian, as in the present case. Consequently, here we
have that exp is surjective since G is connected:

exp: R— G, X —exp X =expy(l).

As ker(exp) is a closed subgroup of R, then either ker(exp) = 0 or ker(exp) = aZ,
a € R. Hence, either

G =R/ker(exp) =R or G=R/aZ=S"

Problem 4.60 Prove that (62 _01 ) is not of the form e” for any A € gl(2, R).

Solution Suppose that (_02 _01) = e?. Then, since e = eA/2T4/2 = ¢A4/2¢A/2 it

would be (_02 _Ol) = (e4/?)%. That is, the matrix would have square root, say (Z 2)

. 2 . . .
with (¢ Z) =( 02 _01 ); but a calculation shows that there is no real solution.

-1 0
0 —1
= —I. On the other hand, the square roots of —/ in GL(2,R) are

Remark Interestingly enough, —1 = (
0
exp( > 7)

(o)

) does lie in the image of exp, as
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Problem 4.61 Let X be an element of the Lie algebra s[(2, R) of the real special
linear group SL(2, R). Calculate exp X.
The relevant theory is developed, for instance, in Helgason [7].

Solution Since
sIQ,R)={XeMQ2,R):r X =0}

if X €5l(2,R), itis of the form X = (“ © ), and

c —a
1 (a b\"
eXpXZZa<C _a> .
n=0
It is immediate that X? = (a® + bc)I = —(det X)1, and hence,

_ (—det X)" (—detX)™)
owx=(L 50 )”(,;) i )

n=>0

2! 4! 6!
detX (detX)? (detX)3
+(1- + - +.- )X,

detX (detX)? (detX)?3
:<1_ etX | (detX)” (de )+-~->1

3! 5! 7!
‘We have to consider three cases:

(i) detX < 0. Then

|detX| |detX|> |detX|?
expX=|1+ + + 4+ )1

2! 41 6!
| |detX| |detX|®> |detX]? ¥
B R TR TR
sinh /—det X
= (cosh+/—det X I+<7)X
( ) v —detX

(i) detX =0.HenceexpX =1 + X.

_ sin v/det X
(iii) detX > 0.Then exp X = (cos vdet X)I + (*==5) X.

Problem 4.62 With the same definitions as in Problem 4.53:

(i) Prove that exp is a local diffeomorphism from Lie(j (C*)) into j(C*).
(i) Which are the one-parameter subgroups of j(C*)?
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Solution
(1)
0 —t 0 —t 1 /-2 0 1/0 £
exP(t 0>_I+<t 0)+§<0 —t2>+§<—t3 o)t
_2 gL -
_(l sta— (t 3!+-")>_(cost —smt)
- 3 2 “\sint cost J’
_f3_!_|_... 1_12_!4_2_!_...
and since (2\)2) commutes with ((t)_()’),we have

exp: Lie(j(C*)) — j(C¥)
A —t s expAex 0 —t _ e cost —sint
P PAEXP\; 0 )7 sint  cosr )
Hence exp: Lie(j(C*)) — j(C*) is a local diffeomorphism.
(ii) A one-parameter subgroup of j(C*) is a homomorphism p from the additive
group R, considered as a Lie group, into j(C*). As there exists a bijective cor-
respondence between one-parameter subgroups and left-invariant vector fields,

that is, elements of the Lie algebra, the one-parameter subgroups of j(C*) are
the maps

p:R— j(C)

a —b\ . (cosbt —sinbt
t|—>expt(b a>_e <sinbt coshbt |’ a,beR.

In fact, it is immediate that p(t)p(t") = p(t + ).

Problem 4.63 Let x = (%! ~ Sin’) € SO(2). Verify the formula

sint cost
X n
X = E t_xﬂ
n!
n=0

with X = ((1) _Ol) € s50(2), which justifies (as many other cases) the notation x =
exptX.

Solution One has detzX = 1> > 0, so the results of Problem 4.61 apply. On the
other hand, it is immediate that the powers of X with integer exponents from 1 on
are cyclically equal to X, —I, —X, /. Hence,
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X =ostyl + 0y (1_L 4 1 P PO o
X = (COS _— = —_— —_—— —
P ‘ 2 A ET

2 3 X n
—I+tX+—( 1)+—( X)+—1+5’X+ — X",
n=0

As x = (cost)] + “mtX we are done.

Problem 4.64 Let H be the Heisenberg group (see Problem 4.42).

(i) Determine its Lie algebra b.

(i) Prove that the exponential map is a diffeomorphism from h onto H.
Solution

() The Lie algebra h of H can be identified to the tangent space at the identity
element e € H, that is,

Ny
1

0 b
0 cleMmn,R) ¢,
0 0

S O Q

considered as a Lie subalgebra of EndR3.

(ii) We have expM =" o 2. Since
0 a b\ (0 0 0
0 0 ¢] =10 0 0],
0 0 O 0 0 0
one has
0 a b 1 0 0 a b 1oab2
expOOc:OlO—i—OOc—l——'OOc
00 0 00 0 0 0 20 0 o
lab—l—%ac
=10 1 c
0 0 1

Clearly exp is a diffeomorphism of ) onto H.

Problem 4.65 Find the matrices X € gl(n, R) = M(n, R) such that expt X = e'X
is a one-parameter subgroup of

SL(n,R) ={A € GL(n,R) : detA = 1}.
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Solution Applying the formula deteX = e"X, we have that if dete’* = I, then
tr(X) =0, that is, tr X = 0, and conversely.

Problem 4.66 Consider the next subgroups of the general linear group GL(n, C):

(a) Un) ={A € M(n,C) :'AA = I}, unitary group (the t means “transpose”, and
the bar indicates complex conjugation).

(b) SL(n,C) ={A € M(n,C) : det A = 1}, special linear group.

() SU(n) ={A € U(n) :det A = 1}, special unitary group.

(d) O(n,C)={A e M@mn,C):"AA = I}, complex orthogonal group.

(e) SO(n,C)={A € O(n, C) : det A = 1}, complex special orthogonal group.

®

Om)=Un)NGL®,R)=0@,C)NGL{x,R) = {A eGLn,R):'AA = I},

orthogonal group.
(g) SO(n) ={A € O(n) : det A = 1}, special orthogonal group.
(h)
SL(n,R) =SL(n, C) NGL(n,R) = {A € GL(n,R) : det A = 1},
real special linear group.

Then:

1. Prove that we have a diffeomorphism U(n) = SU(n) x S!.
2. Compute the dimensions of each of the groups described above.

The relevant theory is developed, for instance, in Chevalley [4].

Solution

1. Consider the exact sequence

1 - SUm) — Um) ¥ st 1,

and let o: S' — U(n) be the section of det given by o (1) = (g 1,,0_1 ) The map

f:SU@®) x S — U(n) given by f(A,u) = Ao (u) is clearly differentiable.

We will show that f is one-to-one by calculating its inverse. If B = Ao (u),

then det B = deto (1) = u, and thus A = B(o(detB))~!. Hence f~!(B) =

(B(o(det B))~!, det B).

2. Let V and W be neighbourhoods of 0 and I in M (n, C) and GL(n, C), respec-
tively, such that the exponential map establishes a diffeomorphism between them.
Moreover, we can suppose (taking smaller neighbourhoods if necessary) that
A€V implies A, —A,’Ae V or |trA| < 2r.

(a) Suppose that A € V is such that B = edewn U(n). Then we have Bl =
'B, thatis,e 4 =e”. Hence A +'A =0, or equivalently ‘A + A = 0. There-
fore, A is a skew-hermitian matrix. Conversely, if A is a skew-hermitian
matrix belonging to V, then e4 € WNU(n). Since the space of n x n skew-
hermitian matrices has dimension n2, it follows that dimg U(n) = n?.
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(b) If A € V is such that e* € W N SL(n, C), then dete? = 1 = 4. Hence
trA = 2mik, but |trA| < 2w, therefore k = 0, that is, trA = 0, so
dimg SL(n, C) =2(n% — 1).

(c) For the unitary special group, we can proceed as in (a) or (b). Alterna-
tively, considering the diffeomorphism above U(n) = SU(n) x S!, we obtain
dimg SU(n) =n? — 1.

(d) Given A € V, reasoning as in (a) above, except that one must drop the bars
denoting complex conjugation in the corresponding matrices, we obtain that
ed € WNO(n,C) if and only if A is skew-symmetric; that is, A + ‘A = 0.
Hence, dimgr O(n, C) =n(n — 1).

(e) dimg SO(n, C) =n(n — 1) because SO(n, C) is open in O(n, C), since one
has SO(n, C) = kerdet, where det: O(n, C) — {41, —1}, and the last space
is discrete.

(f) and (g): Proceeding as in (d) but with open subsets V C M (n, R) and W C
GL(n, R), we have dimg O(n) = n(n —1)/2. Proceeding as in (e), we deduce
dimg SO(n) =n(n — 1)/2.

(h) Obviously dimSL(n, R) = n?—1.

Problem 4.67 Let G be an Abelian Lie group. Prove that [X, Y] = 0 for any left-
invariant vector fields X and Y.

Solution The local flow generated by a left-invariant vector field X is given by
¢ (x) = xexptX. Moreover we know that [X, Y] is the Lie derivative of Y with
respect to X; hence,

o1
[X,Y], = th_t)r(l) ? (Yx - @t*(Y(p_,(x)))~

Accordingly, [X, Y] =0if ¢+ (Y,_, (x)) = Yx, thatis, if Y is invariant by ¢, ; and this
is equivalent to saying that ¢, and vy commute, where ¥;(x) = x expsY denotes
the local flow of Y. As G is Abelian, we have
(pros)(x) =xexpsYexptX =xexptXexpsY = (Vs 0 ¢r)(X).
Problem 4.68 Consider, for each A € R\ {0}, the Lie algebra
g=(e1, e, €3)
with the only non-zero bracket
le1, e2] = Aes.
Find the corresponding simply connected Lie group G.

Solution The simply connected Lie group corresponding to

g={ey, ez, e3)
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is G = R3. To determine the operation in G, we consider that
exp: g—> G = R3

is a diffeomorphism, and we take the global coordinates on G defined by that dif-
feomorphism,

(x1, x2, x3) = exp(x1e; + x2e2 + x3e3), [e1, e2] = Aes.

Then, since G is nilpotent, we have that the Campbell-Baker—Hausdorff formula
(see Zachos [14] or (7.5) for the first five summands) reduces to

exp(X) - exp(Y) =exp<X +Y+ %[X, Y]),

and we accordingly define the group operation on G with respect to these coordi-
nates,

1
(x1,x2,x3) - (y1, ¥2, y3) = exp(X) - exp(Y) = eXp<X +Y+ E[X’ Y])
= eXp<(x1 + yper + (x2 + y2)ez + (x3 + y3)es
1
+ 5[)6161 + x2e2 + x3e3, y1e1 + y2e2 + y3e3]
= eXP((xl + yper + (x2 + y2)ex + (x3 + y3)es
A
+ E(xlﬂ —x2y1)e3

A
= (X1 +y,x2+y2,x3+y3+ E(XIYZ —xzy1)>-

That is, the product in G = R? is given by
R} x R? — R?
A
(11,12, 13), (51,52, 83)) —> | 11 + 51, 2+ 52, 13+ 53+ §(t1S2 —ns1) ).

Problem 4.69 Consider the Lie algebra
g=(P,X.,Y, Q)
having the non-zero brackets

[XvY]ZPa [Q,X]ZY, [Q,Y]Z—X
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Then:

(i) Prove that its centre is (P).
(ii) Find the corresponding simply connected Lie group.

Hint Given the semi-direct product Lie algebra

gxtph

of the two Lie algebras g, h with respect to a given map ¢: h — Der g, in order to
find the corresponding simply connected semi-direct product Lie group

G xy H
(see Proposition 4.3 above):
(1) One first considers the map
¢:h—DergCEndg
to determine @ : H — Autg, where ¢ = @, such that the diagram
H —?9 Autg

exp 1 1 exp (*)
h =% Derg C Endg

is commutative, i.e. one should have
D(expA) = exp(tp(A)), Aeb.
(i1) In turn, this permits one to obtain the map

v H — AutG
expA — W(expA): G -G
exp X — exp{(@(expA))(X)}
= exp{(exp(¢(4))) (X)}
forall Aebh, X €g.

(ii1) Finally, denoting (only for the sake of simplicity) ¥ (h) by ¥},, the operation in
the semi-direct product of Lie groups is given by

(Gxy H)yx (G xy H) — G xy H

(5. (5" W) — (- Wi(s'). b,

Hint (to (ii)) The simply connected Lie group with Lie algebra g = (P, X, Y) hav-
ing the only non-zero bracket

[X,Y]=P
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is the usual (i.e. three-dimensional) Heisenberg group H. This can be viewed as
either H = R3 with the operation

R® x R® — R?
1
((p,x, ), (P X Y)) — (p +p' + E(xy’ —yx), x+x"y+ y’)
or H =R x C with the operation

RxCOxRxC)— RxC

1
((p.2). (P 7)) — <p +p'+ 5 Im(%). 2 + z/).

Furthermore, with this operation, the exponential map is the identity map on R3,
that is,

exp: h=R3 — H=R3
pP+xX+yY+— (p,x,y).

Remark With the operation above, R? is isomorphic to the matrix group H in Prob-
lem 4.42. In fact, the map

f: H=R3> — H c GL(3,R)

(p’x’.Y) — f(P’xv}’)=

S O =
O = =
<

is a group isomorphism.

Solution

(1) It follows from

[pP+xX+yY+4qQ, P]=0,
[pP+xX+yY +qQ,X]=—-yP +qY,
[pP+xX+yY +g0,Y]=xP —¢qgX,
[pP+xX+yY +q0,0]l=—xY +yX.
(i) Consider the two Lie algebras g = (P, X, Y), with the only non-zero bracket

[X,Y]= P, and h = (Q); and the semi-direct product g X, b of g and h with
respect to the map

¢:h—> Derg
0r—9(Q)
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such that

(9(@)(P)=adg P =0,  (p(Q))(X)=adpX =7,
(p(@)(¥)=adp Y =—X.

00 0
We have ¢(Q) = (00—1) and
01 0

00 O
p(tQ)=(0 0 —r
0 ¢ O

The simply connected Lie group H with Lie algebra ) is H = R. Moreover, the
commutative diagram in the hint above is given in the present case by

H=R -2 Autg=Aut((P.X.7))
exp T T exp
b=R =2 End((P, X, Y))

with exp? Q =t¢. Denoting @ (expt Q) simply by @;, one should have

00 0 (883,) 10 0
@, =exp(p(tQ))=exp|0 0 —t]|=e\0r 0/ =|0 cost —sint
0 ¢+ O 0 sint cost

Hence we have
v H=R — AutG
exptQ=t+— V¥,
as follows. Let (p, x, y) € H be given by
(p,x,y)=exp(pP +xX + yY).
Then
W (p, x,y) =exp{(®(expt Q) (pP +xX + yY)}

1 0 0
=exp{ [0 cost —sint]|-(pP+xX+yY)
0 sint cost

=exp(pP + (xcost — ysint)X + (x sint + ycos)Y)
= (p,xcost — ysint, xsint + ycost) € R,

or well

Y (p,x,y) = (p,e’iz) eR x C.
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Hence the operation in the semi-direct product group
Gxy H=R*=RxCxR
is given by
(p.x.y.q)-(p'.x".¥.q)

((p’x’y) 'lllq(p’x,’y/)’q+q/)

=((p,x,y)- (p'.x"cosq — y'sing, x"sing + y' cosq),q + ¢)

(p +p + %(x(x’sinq +y'cosq) — (x'cosq — y'sing)y),

x +x'cosq — y'sing, y +x'sing + y' cosq, g —i—q’)
1 . .
= (p +p + 5((x sing — ycosg)x’ + (xcosg + ysing)y'),

x +x'cosq — y'sing, y+x'sing + y cosq, g —l—q’),

or well, taking

U:RxC—RxC

(p,2) — D4(p,2) = ((1) e?i) (5) = <efi7z>’

(pv <, C]) . (p/’ Z/’ C[/)
=((p.2)- (P 7). 9+ 4)

=((p.2)-(p.e?7),q +4q') (- =operationin H=R x C)

1 .
= (p +p/+ 5 Im(ze?) 2+ e g + q/>.

4.6 The Adjoint Representation
Problem 4.70 Let G be the group defined by

G={AeGLQ2,R): AA=r?1, r >0, detA > 0}.

(1) Find the explicit expression of the elements of G.
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(i1) Find its Lie algebra.

(iii) Calculate the adjoint representation of G.

Solution

(1) Let

A= <““ ‘”2) € GL(2,R).
azy a2

By imposing A/A = 121 we obtain:

2 2 _ 2 2 _ 2
ayy +ay =ay tayp=r,
ayaiz +azraxpn =0.

From (x) we deduce

ajl =rcosa, app =rcosp, ay] =rsina,

and then equation (%) tells us that

0 =cosacos B +sinasin B = cos(x — B).

Hence = + %’T, k € Z. Accordingly,

Ao (rcosa (—D¥rsina )

rsine (=1 1rcosa

201

(*)
(%)

ayy =rsinf,

from which det A = (—1)~172. Hence A € G if and only if k is odd, and we

can write

A=<a _b), a2+b2=r2,
b a

where @ = r cosa, b = rsinw. The elements of G are usually called the simi-
larities of the plane, as they are the product of a rotation by a homothety, both

around the origin (see Problem 4.38), i.e.

a —b\ (r 0\ cosa -—sina
b a ) \0 r)\sina cosa

Hence we have

G= {<a“ Z;i) € GL(2,R) : a1 —axn =aiz +an =0}-

azi

(i1) By (i), the tangent space at the identity element e is

T.G={XeMQ2,R): Xf=0, f=aj —apor f=ap+ay}
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- =6 1)-G )

hence the Lie algebra of G is g = {(5!' ') e M(2,R)}.

ap| a
(iii) For an arbitrary Lie group G with Lile ai:gebra g, the adjoint representation

Ad: G — Autg is given by

0

2
e 0x3

0

a
' e 8x12

a1
e 0X,

Ady X =L R'X, se€G, Xeg.
For a matrix group, we have
Ady X =sXs !

As the group G of similarities of the plane is Abelian, the adjoint representation
is trivial, i.e.

Ad; =idg, s€G.

Problem 4.71 The algebra H of quaternions is an algebra of dimension 4 over
the field R of real numbers. H has a basis formed by four elements ey, e, €2, €3
satisfying

2 2
ey = eo, ej = —eq, epe; =ejeq =e;, ejej=—eje;=¢;, (%)
where (i, j, k) is an even permutation of (1,2, 3). If g = Z?:o aije; € H, the conju-

gate quaternion of g is defined by
g =ageg — (are1 + azer + azes),

and the real number |g| =,/ Z?:o ai2 is called the norm of q. Let H* denote the
multiplicative group of non-zero quaternions.

(i) Prove that H* is a Lie group.
(ii) Consider the map p that defines a correspondence from each p € H* into the
R-linear automorphism of H defined by

p(p): g+ p(p)g=pq, q€el

Which is the representative matrix of p(p) with respect to the given basis of H?
Compute its determinant.

(iii) Prove that p is a representation of H* on H = R*.

(iv) Find the group of inner automorphisms Int g of the Lie algebra of H*.

Solution

(i) To prove that H* is an abstract group is left to the reader. Given g = ageg +
aje] + azes 4+ azesz € H*, applying the multiplication rules (x), we obtain

1
—1
qg = (apep — are; — aze; — azes) =

- 9
lq1?

g1’
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and then, for p € H*, we have

1
gp~' = W{(aobo +a1by +axby + azbz)eg

+ (—aopb1 + a1by — axb3 + azby)e;
+ (—agby + a1bz + axbg — azby)es
+ (—apbs — ai1by + azb; + azbp)es}.

Thus the map H* x H* — H*, (¢, p) — gp~', is C*, and hence H* is a Lie

group.
(ii) Let g € H, p € H*, written as in (i). Then it is easy to obtain

apy —a; —ay —as\ (bo

a a —az a by
p(@)p= ,

a a3 ay —ap by

ay —ax a1 A b3

so the above matrix is the matrix of p(q) with respect to the basis {eg, e, €2, €3}.
We have det p(q) = |g|*.

(iii) A representation of H* on H = R* is a homomorphism from H* to the group of
automorphisms GL(4, R) of R*. Since det p(q) = |¢|> # 0, p(q) is invertible.
Thus p sends H* to GL(4, R), and since p(¢ D p(q)p =g 'qgp = p, we have
(@)~ = p(g~"). Furthermore, we have

p(aq")p=44'p = p(@)r(q)p,
thatis, p(qq") = p(@)p(q").
(iv) The group of inner automorphisms Int g of the Lie algebra of H* is (see Defi-
nition on p. 153) the image of

H* — AutLie(H*), g~ Adg,

where Lie(H*) stands for the Lie algebra of H*. We identify Lie(H*) = T, H*
to H, and we consider the basis {eg, e1, €2, e3} of H above. Hence, the adjoint
representation gives rise to a homomorphism H* — GL(4, R), g — Ad,.

We claim that Int g is the subgroup SO(3) embedded in GL(4, R) as

~ (10
A= (o A) , A eS0Q).
Since
AdyYe =R, -1, LguYe = (Ry~1 0 Ly)sYe, Y €Lie(H"),

Intg is isomorphic to the group of matrices (R,-1 o Ly)«, g € H. Moreover, as
R4 and L are linear maps on H, we can identify (R,-1 0 Lg)« to R-10Lg,
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that is, Ad, = qul o L,. With the same notations as above, we note that

L, =p(g). Hence det L, = lq1%. Similarly, it can be proved that det R, = lq%.
Hence,

detAd, = (detR, 1)(detLy) = (detR,) ' detL, = 1.

Therefore, Int g is contained in the special linear group SL(4, R). Let (, ) de-
note the scalar product of vectors in R*. By using the formula for gp~! in (i)
we obtain (g, p) = |p|*Re(gp~'), where Req = %(q + g@). Then, we have

(Ady p1, Ady p2) = |Ad p2|* Re(Ad, pi(Ady p2) ")

=|gp2a~' " Re(gpipy 'q7")
=|p2lRe(pips ') = (p1, pa).

It follows that Ad, is an isometry, and, consequently, it belongs to O(4). Fur-
thermore, Adgep = eo. Hence Ad, leaves invariant the orthogonal subspace
(e0)T = (e1, €2, e3). Accordingly, every Ad, is a matrix of the form A above.
Therefore, Ad, € SO(3).

Moreover, the kernel of Ad is R*, the centre of H*. We have H* /Rt = §3 =
{g e H:|q|=1}. Hence,

H*/R* = §3/{+1, —1} = RP?,

which is compact and connected. Accordingly, Intg is a compact, connected
subgroup in SO(3). Hence it necessarily coincides with SO(3).

Problem 4.72 Prove that SU(2) = Sp(1) and apply it to prove that SU(2) is a two-
fold covering of SO(3).

Hint Apply that Sp(1) has centre Z, = {41} and acts by conjugation on ImH = R3.
One can find the relevant theory, for instance, in Ziller [15].

Solution It is easy to verify that any matrix of SU(2) has the form

M(a,b)=(_"5 2) a,beC, lal’ + b =1.

Then the map SU(2) — Sp(1), M(a, b) — q = a + bj, is an isomorphism.
We will now prove that one can see the adjoint representation of

sp(={geH:lgl=1}={geH:g=4""}
as the two-fold covering
o: Sp(l) — SO(3)
g — {v— gvgq} € SOImH) = SO(3).
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In fact, since |qvg| = |v|, the map v + gvg is an isometry of H. Now,
(p(g))(1) =1, and hence ¢(g) preserves the orthogonal complement (R - Dt =
ImH. Moreover, ¢(g) lies in SO(3) as Sp(1) is connected. But if g € ker ¢, then
for the anticommuting imaginary units i, j, k of H, we have gi = ig, ¢j = jq and
gk =Kgq, and, consequently, g € R, i.e. ¢ = 1. So that ker ¢ = Z, and the centre
of Sp(1) is Z, = {£1}. Since both groups have dimension three, ¢ is a two-fold
covering map. Hence SO(3) = SU(2)/Z,.

Problem 4.73 Let G be a Lie group, and g its Lie algebra. If ad stands for the
adjoint representation of g, that is, the differential of the adjoint representation G —
Autg, s — Ady, prove:

)
l‘2
(expadtX)(Y) =Y +t[X, Y]+ 5[x, (X. Y]]+, X, Yegq.
(ii)
t2
Adexpix(Y) =Y +1[X, Y]+ E[X, (X. Y]]+, X.Yegq
Solution
)

(expadtX)(Y) = (1 +adtX + %(ath)z + - ~)(Y)

1
=Y+[tX, Y]+ Z[zX, X, Y]]+

t2
=Y+t[X,Y]+5[X,[X,Y]]+---.

(i) The expansion follows from the formula
Adoexp=-expoad
and (i) above.

Problem 4.74 Consider the Lie algebra g with a basis {ej, e2, e3} having non-
vanishing brackets

[e1, e3] =aeq + bey, [e2, e3] =ceq +dey,

ad —bc #0, a®> +d* +2bc #0.

(i) Compute the ideal [g, g]. Is g Abelian? Is g solvable?
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(ii) Compute ady forany X = X'ej + X2ey + X3e3.
(iii)) Compute tr(adx)2. When is tr(adx)2 =0?
Solution
(1) [g, 9] = (e1,e2) and [[g, g, [g, g]] =0, and thus g is solvable but not Abelian.
(i1)
—aX? —cX? aX'+cX?
ady = | =bX3 —dx® bX'+dXx?
0 0 0

(iii) tr(ady)? = (@ 4+ d* + 2bc)(X?)?, and tr(adx)? = 0 only if X € [g, g].

Problem 4.75 Prove that the Lie algebra

0 —x vy
g= x 0 z],x,9,zeR
0O 0 O

is solvable but not completely solvable.

Remark Completely solvable Lie algebras (or groups) over R are also called split
solvable or real solvable Lie algebras (or groups), see Definition 4.6.

The relevant theory is developed, for instance, in Knapp [8].

Solution It is immediate that g admits a basis

0 -1 0 0 0 1 0 0 0
egr=11 0 0],ex=|0 0 0],e3={0 0 1
0 0 O 0 0 0 0 0 0

with non-zero brackets

[e1, e2] = e3, [e1, e3] = —en.

[le1. e2], [e1, €3]] =0,

the Lie algebra is solvable.
Now, the eigenvalues of

0 0 O
ad,, =10 0 -—-11,

01 O
that is, the solutions of det(A/ — ad,,) =0, are A =0, £i. Since ad has some non-
real eigenvalues, g is not completely solvable.
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Problem 4.76 Let g be a two-dimensional complex Lie algebra with basis {X, Y}
such that [X, Y] =Y.

(i) Identify the regular elements.
(ii) Prove that CX is a Cartan subalgebra but that CY is not.

(ii1) Find the weight-space decomposition of g relative to the Cartan subalgebra
CX.

Hint (to ()) Apply Definition 4.10.
Hint (to (ii)) Apply Proposition 4.7.

Remark Root-space decompositions of Lie algebras are usually described for either
complex semi-simple Lie algebras or compact connected Lie groups. However, they
also exist for the general case of complex Lie groups (see Knapp [8]). Notice that
the example g in this problem is not semi-simple; actually, it is solvable.

The relevant theory is developed, for instance, in Knapp [8].

Solution

(i) We have

0 0 0 0
adX:<0 1), adY:<_1 O),

so a generic element zX + wY, z, w € C, has the characteristic polynomial
A2 —zZA.

This has the lowest possible degree whenever z # 0. Hence, according to Def-
inition 4.10, the regular elements are those in g \ (¥).

(i1)) Both CX and CY are Abelian and hence nilpotent. We are in the conditions of
Proposition 4.9 below, so a given nilpotent subalgebra b is a Cartan subalgebra
of g if and only § coincides with its own normaliser,

Ng(h) ={A€g:[A, bl Sh}.

Since [X, Y] =Y, the conclusion is immediate.
(iii) From (ii) one has that the decomposition is g = CX @ CY with CY the (gen-
eralised) weight space for the linear functional « such that ¢ (X) = 1.

Problem 4.77 Let
g=hd @ (o1
aeA

be a root-space decomposition for a complex semi-simple Lie algebra, and let A’
be a subset of A that forms a root system in the R-linear span of all @ € A’ (see
Theorem 4.17 and Definition 4.18).
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Fig. 4.3 The root system of
SO(5, C). Dashed, the
subsystem A’

(i) Show by example that g’ = @& @, 1 g« need not be a subalgebra of g.
(ii) Suppose that A’ C A is a root subsystem with the following property. Whenever
aand Barein A’ and o + B isin A, then a + B is in A’. Prove that

g=0® P ga whereh'=) [ga,9-1CH

aeA’ aed

is a subalgebra of g and that it is semi-simple.

Hint (to (i)) Take g = s0(5, C) and the subset A" = {%¢1, %5} of the root system
of s0(5, C) (see Table on p. 562 and Fig. 4.3).

Hint (to (i1)) Apply the properties of a Cartan decomposition of a complex semi-
simple Lie algebra in Theorem 4.17 and Cartan’s Criterion for Semisimplicity 4.13.

The relevant theory is developed, for instance, in Helgason [7].

Solution

(i) We take, as in the hint, the given subset A’ of the root system of so(5, C). Let
us first check that A’ is an abstract root system (see Definition 4.18). Let V be
the vector space spanned by the roots in A, then it is clear that A’ also spans V.

Moreover, given the symmetry of A’, it suffices to choose an element, say
€1 € A’, and prove that the orthogonal transformation

2(B.e1)

/
1, cA s
leq|? P

Se; (B) =P —

carry A’ to itself. Now, this transformation is the reflection of A’ on the axis
orthogonal to &.

Furthermore, all the quotients AUb.y)

ly1?

, B,y € 4’, equal either 0 or &2, any-
way an integer.

So A’ is in fact a root system.

On the other hand, in the Lie algebra g = so(5, C) we have, for instance, that

[gsl ) 982] = g€1+82
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because €1 + &2 € A (see Theorem 4.17). But g¢, 4, ¢ ¢ because &1 + &3 ¢ A’,
i.e. g’ is not a subalgebra of g.
That

g=bve @ Ja
aed

is a subalgebra of g is immediate on account of the additional property in the
statement and Proposition 4.7.

To see that g’ is semi-simple, if suffices to prove that the Killing form of the
Lie algebra g’ is non-degenerate. For this, let By and By denote the Killing
forms of g and g’, respectively.

For each pair o, —a € A, select vectors X, € gy and X_y € g, such that
Bg(Xy, X o) =1 (by Proposition 4.7 and by Theorem 4.14 the form By is
non-degenerate on g, X g—q). Consider two elements in ¢/,

Xi=hi+ Y a,Xe wherehiech'Ch, i=12.

aeA’

Since by Proposition 4.7 we have [g*, [g", g"1] C g* T+ for any A, u, v € h*
(g° = b) and by Theorem 4.14 one has g* = g;, we obtain that

By (Xo, Xpg) =try(ady, cady,) =0 ifa,Be A a4+ B#£0,

and By (b, go) = 0 if o 7 0. Hence,
By (X1, X2) =By (hi,ho) + Y _ (aya®, +a' 4al) By (Xa. X o). (%)
acA

Now, on account of Theorem 4.17, one has

Ga,p(1 = pa.p)
2

ady _ady, (h) =a(h)[Xy, X—o]l=a(h)h, foranyh €b.

adx_, adx, (Xp) = a(hg)(apgXp),

Since by definition g4 > 0 and pgpg < 0, and moreover a(hy) =
Bg(hg, hy) > 0, we obtain that

da.p(1 = pa.p)

By(X o, Xo) =a(ha) + ) >

Bed’

a(hy) > 0.

Since each endomorphism ady, : ¢’ — ¢’ is semi-simple with eigenvalues B (h;),
B € A’ and 0, we have

By (hi,ha) =) B(h1)B(h2).

e’
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Suppose that By (X1, X2) =0 for all X; € g’. Then By (X1, h2) =0, s0

By(hi,h) =0 Vhyel' = Z Rhg,.

aed

Hence a(h1) = 0 for each o € A', that is, Bg(h1, hy) =0 for all « € A’, thus
hi1 =0, and formula (x) reduces to

0=0+ Z (a;a%a +a£aa§)Bg/(Xas X—a)

aeA’

with By (Xy, X—4) > 0, which can be further reduced taking the sum on the
positive roots in A’ to

0=2 Y (aya’,+a!,a2)By(Xa. X _4).
ae(A)T

As this happens for any a2 ,, a2, with « € (A")*, it follows thata! , =al =0

—a?

for all « € (A’)T, and we conclude that X1 = 0.
Problem 4.78 With the terminology and notations in Definitions 4.28:

(i) Prove that the roots of the general linear group GL(4, C) are

*(e1 —€2), =*(e1—e3), =*(e1—8&4), =L(e2—¢3),
*(e2 —€4), E(e3 —&4),

each with multiplicity one.
(ii) Prove that the roots of the symplectic group Sp(C*, £2) are

:I:(gl _82)7 :i:(gl +82)7 izelv :|:2829

each with multiplicity one.
(iii) Prove that the roots of the special orthogonal group SO(C>, B) are

+(e1 —&2), =£(e1+8&), =&, =eo,

each with multiplicity one.
(iv) Why 2¢;, i =1, 2, are roots of Sp(C*, £2) but not of SO(C*, B)?

Remark We follow in this problem (see below from Definitions 4.25 to Defini-
tions 4.28) the terminology and notations of [6], which have the advantage that

each of the corresponding diagonal subgroups is a maximal torus.

The relevant theory is developed in Goodman and Wallach [6].
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Solution

(i) Let E; be the matrix with (i, j)th entry equal to 1 and zero elsewhere. For
A =diag(ay,...,aq) € h, we have

[A, E;] = [diag(al, ar,as,as), E;] = (a; — aj)Ej- = (g — £, A)E;

Since the set {E;}, i,je{l,..., 4}, is abasis of g = gl(4,R) = M4, C), the
roots are in fact the ones in the statement, each with multiplicity 1.

(ii) Label the basis for C* as {e1,e2,e_7,e_1}. Consider E; for i, j € {1, £2}.
Set

Xeyoey=E} —EZ}.  Xepey=E{—EZ),  Xete,=E',+E%,
_ 2 —1 _rl _ -1

X—s]—ez—El +E;, X2£1—E_1» X—2£1—E1 ’

Xoey = E%,  X_gp, = Ej°
Then, for A =diag(a;,az,a_»,a_1) € b, one has
[Av XS,'—EJ'] = (8i - Sjs A)XSi—Eja [Av X:l:(S,‘-‘rSj)] = :l:<€i + Ej, A>X8i+8j'
Hence the elements in h* in the statement are roots of sp (C*, £2). Now,

{X4(e1—62)s Xt(e)462)s X426, X426}

is a basis for sp(C*, £2) mod . So the given roots are all of the roots, each with
multiplicity one.

(ili) We embed SO(C*, B) into SO(C>, B) by using the map (4.2) for r = 2. Since
H C SO(C*, B) C SO(C?, B) via this embedding, the roots £&1 = &, of ad
on s0(C*, B) also occur for the adjoint action of h on g = s0(C>, B). Label the
basis of C? as {e_n,e_1,e0,e1,e2}. Consider E; for i, j € {0, £1, £2}. Then

one can prove that the root vectors from SO((C4, B) are
Xej—ey=Ey —EZ},  Xeyey = E} —E,,
Xever=E'5—E%,  X_op=E;*—E;".
Define
Xe =E)—E°,, X,=E}—E%,  X_,=E)-E;',
X_e,=E— E;”.
Then we have X4, €g,i=1,2, and
[A, Xip, 1 =%(ei, A)X,,, Ach.

As (X4}, i =1,2,is abasis for g mod 50((C4, B), one concludes that the roots
of 50(@5, B) are the ones in the statement, each with multiplicity one.
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(iv) Both sp(C*, £2) and s0(C*, B) have the same subalgebra of diagonal matrices
diag(r, s, —s, —r), which give rise in both cases to the roots —2¢;,i =1, 2. For

instance,
r 0 0 0 0 0 0 O 0O 0 0 O
0 s O 0 0 0 0 O _ 0O 0 0 O
00 —s O0]°10 O O O o 0O 0 0 O
00 0 -—r 1 0 0 O -2r 0 0 O

However, the non-zero skew diagonal matrices

0 0 0 r
00 s O
0+ 0 O
u 0 0 O

exist in 5p((C4, £2) and originate the roots 2¢;, i = 1, 2; but those matrices do
not exist in s0(C?*, B).

Problem 4.79 Show that the group of diagonal matrices

XM 0 ... 0
0k M= EL A=,
P (|
0 ... 0 Ay

is a maximal Abelian subgroup of SO(n) but is not a torus.
The relevant theory is developed, for instance, in Adams [1] or Brocker and tom
Dieck [3].

Solution Since for any such matrix A, one has A’A = 1 and det A = 1, that set of
matrices is in fact a subgroup of SO(n). As the matrices are diagonal, the subgroup
is Abelian. It is obviously maximal but not a torus, due to the definition of a torus
(see Definitions 4.28).

Problem 4.80 Classify all the reduced root systems on R?.

Hint Apply Definition 4.18 and Proposition 4.19, and multiply each side of (iii) and
(iv) in that proposition.

The relevant theory is developed, for instance, in Brocker and tom Dieck [3].
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Fig. 4.4 The root system €
apday

Solution Let (g1, &2) be the usual orthonormal basis of RZ2. Since any set of roots
spans R? = (g1, &2) and, by Proposition 4.19(i), the opposite of a root is a root,
any root system should have at least a set of roots «, —«, 8, —f, with «, g linearly
independent.

By Proposition 4.19(iii), the possible values for the cosine of the angle between
a € Aand B € AU{0} are

lo] 1 3
cosf@ = —10,£—, 1, +=;. (*)
2 2

Suppose that || < |8]. Then from Proposition 4.19(iv) we have moreover that
1
cos@:ﬂ{o,i—}. (%)

Multiplying each side of (x) and (x*), one gets, as possible values of cos9,

1 2
cosf =10, £, ﬂ:i, ﬂ:£ )
2 2 2

that is, for 6 € [0, 2], the possible values of 8 are

P 7w w w 2w 3w Sm

It is customary and useful, and supposes no restriction, to take («, 8) < 0. Notice
that it suffices to change o by —« if necessary. This reduces the possibilities to

7 27 37 Sm
273747 6°
Consider first the case 6 = % Then (o, B) =0, and we can take

A = {xe1, £e2},

which is (see Fig. 4.4) the root system a; @ a; corresponding to SL(2,C) x
SL(2,C).
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Fig. 4.5 The root system A 3
of sp(2, C). Dashed, the A
positive roots. Labeled, the I
simple roots :
I
|

Fig. 4.6 The root system of 0(2
SL(3, C). Dashed, the A
positive roots. Labeled, the l:‘
simple roots I
I
|

Suppose now that 6 = 27” and take || = 1. Then from (xx) we have || =1, so
on account of Proposition 4.19(v), the corresponding root system is

1 V3
{Zl:g], :*:(ESI + 782>}7

which is (see Fig. 4.6) the root system a; corresponding to SL(3, C).
Letnow || =1and 6 = 37”. Then from (»x) it follows that

i.e. |8l =+/2, so the corresponding root system is
{£e1, Lea, L1 £ e},

which corresponds to either (see Fig. 4.3) the root system by of the simple group
SO(5,C) or (see Fig. 4.5) to its isomorphic root system ¢, of the simple group
Sp2, C).

Consider finally || =1 and 6 = %’T; then from (%x) it follows that

V3 1
TZIﬁIE,

that is, |B| = +/3. Due to the fact that a root system contains, for any root, its op-
posite and their symmetric roots under reflections, we have that the corresponding
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root system is

1 3 3
{:I:S], i(ESI + %82), :i:(«/gsl + %82), :|:\/§€2}7

which is (see Fig. 4.7) the root system g, corresponding to the simple group Gg.

Problem 4.81 Consider the next simple compact connected Lie groups:

1. SU@®).
2. SO(5).
3. Sp(2).
4. Gy.

Find in each case, by using the tables on p. 562:

(a) The semisum p of positive roots.

(b) The order |W| of the Weyl group W for the corresponding root system and the
inner automorphisms of the Lie algebra generating W.

(c) The Cartan matrix.

(d) The Dynkin diagram.

Hint (to 1(a)-4(a)) See Definition in 4.20.

Hint (to 1(b)—-4(b)) Apply Theorem 4.24 on the properties of the Weyl group and
Theorem 4.29 on the properties satisfied by the entries of the matrices of the ele-
ments of the Lie subalgebra g, C s0(7) of G;.

Hint (to 1(c,d)—4(c,d)) See Definitions 4.21.
The relevant theory is developed, for instance, in Adams [1].

Solution

1. Since SU(3) is a (compact) real form of SL(3, C) (see p. 559), the root system
A of SUQ3) is (see p. 160) of type a, in the table in p. 562, for n = 2. That is,
that given in Fig. 4.6, i.e.

A={E(e —e)); i, j=1,2,3, i #j}.

(Notice that the vertices of the corresponding hexagon lye on a plane in the three-
dimensional vector space V = (g1, €3, €3) with orthonormal basis {1, &2, €3}.)
The subset of positive roots is

AT ={e1 — e, &2 — €3, &1 — &3},
and hence

p=E&] —&3.
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On the other hand, according to the table in p. 562, the set of simple roots is
given by

T ={ay, a2} ={e1 — &2, 62 — €3}.

To compute |W|, recall that the Weyl group W is generated by the reflections
with respect to the hyperplanes p; and p; (the lines if n = 2) orthogonal to the
vectors o1 and g in the two-dimensional space V> = («y, o) C V. Since an
orientation of V; is not preserved by a reflection (because any reflection has de-
terminant —1), the Weyl group W contains a subgroup W’ of index two (i.e.
|W/W’| = 2). But each orthogonal transformation of V, = R? preserving an ori-
entation is a rotation. Taking into account that the angle between the planes p;
and p equals % (see Problem 4.80), we obtain that the group W' is generated by
the rotation of angle 2?” Therefore |W'| =3 and |W| = 6.

To describe the inner automorphisms of the Lie algebra su(3) generating the
Weyl group W, recall that the Lie algebra su(3) consists (see the table on p. 560)
of the traceless skew-Hermitian 3 x 3 matrices and define the inner product (, )
on su(3) by

(X,Y)=

- 1
mtr(l‘XY) = —mtrXY,

which is clearly SU(3)-invariant. Moreover, restricted to the Lie algebra

2mixg 0 0
t= 0 2mwixy 0 x5, x5, x3€R, x1+x04+x=0
0 0 2mix3

of a maximal torus T (see, for instance, [1, p. 83], [3, p. 170]), this inner product
has the form
xlz + x% + x% .

Since this is the usual inner product, reflection is the usual reflection.

It is easy to verify that the matrix Ef €sl(3,C), 1 <k, j <3,k +# j, contain-
ing a unique non-zero element (which is equal to 1) in the kth row and the jth
column is a root vector with respect the Cartan subalgebra t€ c s((3, C):

[E}, diag(@mix;, 2mixy, 27ix3)| = (2ixg — 2ix;) ES.

Note also that this root vector is not an element of the compact Lie algebra
su(3) C sl(3, C). The corresponding root equals &; — &, where by definition

&1 =diag(2ri,0,0), &y = diag(0, 27i, 0), &3 = diag(0, 0, 2r1)

(here the restriction to t of each root belonging to the dual space of the complex
Cartan subalgebra € ¢ 5[(3, C) is identified with the element of the real Cartan
subalgebra t C g using the inner product on t).
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The hyperplane of V = {(x1, x2, x3)} = (&1, &2, &3) orthogonal to the root £] —
&7 is the plane x| = x;. The reflection with respect to this plane is given by

/ / /
x| =Xx2, Xy = X1, X3 =X3.

This is induced by an inner automorphism, namely by conjugation with an ele-
ment of SU(3). In fact, we can write, omitting the factors 27,

ixp 0 O 0 1 O\ /ixy; 0 O 0 -1 0
0 ix; O0]=[-1 0 O 0 ixx O 1 0 O
0 0 ix3 0 0 1 0 0 ix3 0 0 1

As this happens similarly for the other roots, the Weyl group contains the sym-
metric group &3 on &1, &2, £3. But since |W| = 6 = 3!, W is this symmetric
group.

On account of the set of simple roots IT of so(3), the Cartan matrix is given
by

2ay,a1)  2{a1,00) 2(e1—&r.e1—&2)  2(e1—€2,61—¢3)

C= oy |2 oy |2 _ ler—e2]? ler—e2]?
2op.a1)  2{ap,o) 2(e1—¢e3,61—63)  2(e1—€3,61—€3)

laa | oz [? ler—e3? ler—e3?

_ 2 2C052Tﬂ _(2 _1)
2(:05277r 2 -1 2 )

and the Dynkin diagram by

1 1
oO—0

£1—¢&2 €2—¢&3

2. Since SO(5) is a (compact) real form of SO(5, C) (see p. 559), the root system
A of SO(5) is (see p. 160) of type b, in the table on p. 562, for n = 2. That is,
that given in Fig. 4.3, i.e.

A={xe xej;i,j=1,2, i #jIU{xe; i=1,2},
and the set of positive roots is
AT ={e1 £ a1, 82},
)
1(3 +¢2)
= —3e; + &7).
P ) 1 2
According to the table on p. 562, the set of simple roots is given by

T ={ay, a2} ={e1 — &2, &2}.
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To compute |W| as above, it is sufficient to compute |W’|, where W' is the sub-
group of index two in W generated by the rotations. Taking into account that the
angle between the planes p; and py (defined by «; and « in (o1, «p)) in this
case equals % (see Problem 4.80), we obtain that the group W’ is generated by
the rotation of angle 7. Therefore |[W'| =4 and |W|=8.

To describe the inner automorphisms of the Lie algebra so(5) generating the
Weyl group W, recall that the Lie algebra so(5) consists (see table on p. 560)
of the skew-symmetric real 5 x 5 matrices and define the inner product (, ) on
50(5) by

(X,Y)= ('XY) = —Sn%trXY,

—1r
872

which is clearly SO(5)-invariant. Moreover, restricted to the Lie algebra

0 —2mxq 0 0 0

2w x] 0 0 0 0
t=1Ax,x)= 0 0 0 —2mxp 0], x1,x€eR

0 0 2T x) 0 0

0 0 0 0 0

of a maximal torus T (see, for instance, [1, p. 89], [3, p. 171]), it has the form
x% + x22.

Since this is the usual inner product, reflection is the usual reflection.

We can find as above the root vectors of the complex Lie algebra so(5, C)
with respect to the Cartan subalgebra t© of 50(5, C) (corresponding to the roots
from A) to prove that ¢ = A(1,0) and e = A(0, 1). But since in this case the
expressions for the root vectors are more complicated, here we only present di-
rectly the inner automorphisms of so(5) that induce the reflections corresponding
to the simple roots 1 and «p (see Theorem 4.24).

Put ¢} = A(1,0) and &} = A(0, 1). In fact, we can write, omitting the fac-
tors 27,

0 —x, 0 0 0 001 0 O0N/0 —x; 0 0 0
x2 0 0 0 0 0001 0]fxy, 0 o o0 o0
0 0 0 —-x ofl=|1 00 0 o0]l]fO0 0 0 -x 0
0 0 x 0 0 0100 0]lo o x o o
0 0 0 0 0 o000 1/\o o o o0 o0

001 00

0001 0

x|1 0 0 0 0

0100 0

00 0 0 1

We see that this inner automorphism of so(5), namely the conjugation by the
given element of the Lie group SO(5), acts in the space V = {(x1, x2)} = (8/1, 8/2)
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as the map given by
x| = x2, Xy =x1,

i.e. as the reflection with respect to the line (hyperplane) x; = x; orthogonal in
V to the vector £} — g5 € V.
Next we can write, again omitting the factors 27,

0 -x; 0 0 0 1 00 0 O0\/0 —x; 0 0 0
xx 0 0 0 0 010 0 O|llxy 0 0 0 o0
0 0 0 x o|l=]oo0o o0 -1 offo o 0 -x 0
0 0 -x 0 0 o001 0o offo o x o o
0 0 0 0 0 000 0o 1J\o o 0 0 0
1 00 0 0
010 0 0
xlo 0o 0o -1 0
001 0 0
000 0 1

This is an inner automorphism of so(5) that induces in V a reflection given by

/ /
xllev x2=_x27

i.e. the reflection with respect to the hyperplane of V orthogonal to the vector &5.
As this happens similarly for the other analogous roots in each case, the Weyl
group consists of the transformations

g1 — *eq, &>t and &) ey, &y > *ey.

Note also that by Theorem 4.24 the simple roots o1, oy are proportional to the
vectors &) — &5 and &} because Z(¢] — &5, ¢)) = 37” (see Problem 4.80). Taking
into account that the bases 8’1, 8/2 and €1, &7 are orthonormal and |« | = «/§|oc2|,
Loy, o) = 3%, we conclude that &1 = £¢| and &, = %¢,.

It is easy to verify that the Cartan matrix is given by

(%)

and the Dynkin diagram by

2 1
o—=—0
&1—¢&2 €2

3. Since Sp(2) is a (compact) real form of Sp(2, C) (see p. 559), the root system A
of Sp(2) is (see p. 160) of type ¢, in the table on p. 562, for n = 2. That is, that
given in Fig. 4.5, i.e.

A={teite;;i,j=12,i7#jiU{£2e;i=12},
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Fig. 4.7 The root system /\
of Gy. Dashed, the positive I

roots. Labeled as ay, ay, the o =-2¢ +¢ +¢ S |
2 2R

simple roots

and the set of positive roots is
AT ={e] L &2, 2¢1, 262):
hence,
p =2 +&.
According to the table on p. 560, the set of simple roots is
IT={a1, a0} ={e1 — &2, 2e2}.

As for the order of the Weyl group and its action on the Cartan subalgebra,
note that the root systems of Sp(2) and SO(5) are isomorphic (compare Figs. 4.5
and 4.3) and note also that actually, the Lie group Sp(2) is isomorphic to the
universal covering group Spin(5) of SO(5) (see, for instance, Adams [1, Propo-
sition 5.1] and Postnikov [11, Lect. 13]). Thus, from (ii) above we have that

|W|=28.
It is easy to verify that the Cartan matrix is given by
2 =2
-1 2

and the Dynkin diagram by

1 2
oO—=—0
&1—¢&2 2y

4. Since G, is a (compact) real form of Gg (see p. 559), the root system A of G, is
(see p. 160) of type g in the table on p. 562. That is, that given in Fig. 4.7, i.e.

A={£(e1 — 1), k(62 — £3), £(e1 — £3)}
U{£Qe; —er — £3), £(Q2e2 — &1 — £3), £(2e3 — &1 —&2) }.
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(Notice that the corresponding twelve points lye on a plane in the three-
dimensional vector space V = (g1, €2, £3) generated by the orthonormal basis
€1, €2, €3.) The set of positive roots is

At ={e] — 62,82 — €3, 61 — €3}

U{2e1 — & — 3,260 — 61 — €3,263 — &1 — &2},
and so

1
p= 5(81 —€3).

According to the table in p. 560, the set of simple roots is given by
IT = {1, 0} ={e1 — &2, —2¢1 + &2 + €3}

To compute |W|, it is sufficient to compute |W’|, where W’ is the subgroup
of index two in W generated by the rotations. Taking into account that the angle
between the planes p; and p» (defined by «; and « in (o1, a2)) in this case
equals T (see Problem 4.80), we obtain that the group W' is generated by the
rotation of angle 7. Therefore |W'| =6 and |W| = 12.

To describe the inner automorphisms of the Lie algebra g, generating the
Weyl group W, recall that the Lie algebra go C so(7) consists of the skew-
symmetric real 7 x 7 matrices (a;;) satisfying the conditions recalled in the hint
above.

The Lie algebra t' of a maximal torus 7’ of SO(7) is usually written as

0 —27x; O 0 0 0 0
27X 0 0 0 0 0 0
0 0 0 —27xy O 0 0

= 0 0 27 X9 0 0 0 0| :x1,x,x3eR}.
0 0 0 0 0 —27x3 O
0 0 0 0 277 X3 0 0
0 0 0 0 0 0 0

Now, we can make a change of coordinates in such a way that t' is expressed by

0 —27x; O 0 0 0 0
27 x| 0 0 0 0 0 0
0 0 0 0 0 0 0

{ = 0 0 0 0 0 0 2mxa | ix1,x2, x3 €RY.
0 0 0 0 0 —27x3 O
0 0 0 0 27 X3 0 0
0 0 0 —27x, O 0 0

Then, according to the equations in the hint above, the elements in t' N g, are
those with matrix as the previous one but with the additional condition x; + x; +
x3 =0, and they constitute the Lie algebra t of a maximal torus T of G».
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Define the inner product (, ) on g C s0(7) by
(X,Y) ! tr('XY) ! tr XY
LYY= —1tr =———1trXY.
8m2 8m2

This is clearly Gp-invariant (as it is SO(7)-invariant) and, restricted to the Lie
algebra

t={x16) +x28) +x385 :x1,x2,x3€R, x] +x2+x3=0
1 2 3

0 —2mx; O 0 0 0 0
2w x| 0 0 0 0 0 0
0 0 0 0 0 0 0
= 0 0 0 0 0 0 27 x)
0 0 0 0 0 —2mx3 0
0 0 0 0 21 x3 0 0
0 0 0 —2mxp 0 0 0

x1,x2,x3€R, x1+x24+x3=0

of a maximal torus 7', it is the restriction of
X+ x5

to x1 + x2 + x3 = 0. Since this is the usual inner product with the standard or-
thonormal base ¢/, &), €}, reflection is the usual reflection.

The hyperplane in V = {(x1, x2, x3)} = (&], &}, &) orthogonal to the vector
€| — € is the plane x| = x2, and the reflection with respect to this plane is given
by

/ / /
xlzxz, x2=X1, .X3 = X3.

We will show that this reflection is induced by some inner automorphism of Gy.
In fact, we can write, omitting the factors 27,

)

cocococod o

cocoocoococo

cococoocococo
cocoococoo
S coocococo

ooioooo

(98]
cooX oo o

|
=
=)
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00 O 00 0 1
00 0 1 0 O O
00 -1 00 0 O
=101 0 0 0 0 O
00 O 01 0 O
00 O 00 —-10
1 0 0 00 O O
O —x 0 0 O 0 O0y/0 O O OO O 1
x 0 0 o0 o0 o0 0]J]100 O 1 0 0 O
o o o o o o Oo0fJjo0 0 -1 00 O0 O
xJ]0 0 O O O 0O x||0O1 0 O0O0 0 O
0O 0 0 0 0 —x3 O 00 0 01 0 O
0O 0 0 0 x3s 0 O0jJfjo0 0 O OO0 -1 0
0O 0 0 —x 0 0O O0/\1I O O OO O O

It is clear that the first matrix M on the right-hand side belongs to SO(7). (No-
tice that other possibilities for a matrix in SO(7) to satisfy the previous equation
are possible, for instance, the matrix M’ given as M but with M3, = Mg, =1,
but one can check that M’ ¢ Gj.)

To see that M actually belongs to the Lie subgroup G, C SO(7), it suffices to
see that it is an element of the group AutO of automorphisms of the octonions.

To this end, recall that each element of the algebra O admits a unique expres-
sion as g1 + ¢oe with g1, g2 € H, where H is the quaternion algebra. Then the
multiplication in O is defined by the standard multiplication relations in H and
by the relations

q1(q2€) = (q2q1)e, (q18)q2 = (q192)e, (q18)(g2€) = —q2q1. (%)

On the other hand, each element of the quaternion algebra H admits a unique
expression as 71 + z2j with zq, zp € C, where C is the field of complex num-
bers. Then the multiplication and conjugation in H are defined uniquely by the
relations

d=jz, P=-1, zu+tzni=71-2j zz2,2€C. ()

In particular, denoting by i the imaginary unit of C, we have

P==-1, dj=-ji, i=-i, j=-j

The algebra @ can be also considered as the real space R® with the following
basis:

eg=1, e1 =1, er=J], e3 =ij, es =e, es =ie,

e6 = je, e7 = (ij)e.
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Moreover, the algebra O is a normed algebra with respect to the inner product in
R8 with orthonormal basis {ep}, p=0,...,7,ie. luv| = |ul|v| for any u, v € O.
Remark also that

ezz—l, p=1,....,7, and epe;=—ee,, p,l=1,...,7, p#I,

i.e. ey, ..., e7 are (anticommuting) imaginary units of Q.
Now the matrix M can be viewed as the matrix diag(1, M) € SO(8) acting,
under this identification O = R8, by

7
roeg + Z riej —> roeg +ryje1 +raey —riesz +ryeq +rses —rgee +riey,
p=l1
ri € R,
i.e.
ey — eo, ey —e7, ey — ée4, e3 — —es,
eq = e, es = es, €q = —ég, e7—eq.

To prove that M € AutO, we find a new canonical basis {e},}, p=0,...,7,
in O constructing some additional automorphism of Q. Recall only that for any
elements &, 1, ¢ € O such that

El=Mml=l¢l=1, nl§ ¢L& Cln, CL&n,

there exists a unique automorphism @ : @ — O such that (cf. [11, Lect. 15,
Lemma 1])

Qi) =6, Q@) =n, P(e)=¢.
It is evident that the spaces
(e0. €3, 5, e6) = (1, i), i€, je),  (e1,e2, es,e7) =i}, €, (ij)e)

are invariant with respect of the mapping M. So to construct our automorphism,
we choose &, 1 in the first space and ¢ in the second. Indeed, putting & = je = eg,
n =1ie =es5 and { = —e = —ey4 and taking into account that eges = (je)(ie) =
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ij = e3, we obtain the automorphism @ of O for which @ (ep) = e and
P (e1) = P(i) = je = e,
P(e2) = P(j) =ie=es,
P (e3) = P (ij) = (je) (ie) = ij = e3,
P(es) =P(e) =—e=—ey4,
P(e5) = P(ie) = —(je)e =j=e2,
D(eg) = D(je) = —(ie)e=i=e,
@ (e7) = ((ij)e) = —((Ge) (ie))e = —(ij)e = —e7.

Now, in the new canonical basis e;) =®(ep), p=0,...,7, we obtain that the
map M is defined by the following relations:

ey €, ey~ —e, e > e, ey > —eh,
ey > —es, e5 > —ej, eg > —e7, e > —eg.

Identifying the space @ with C* by putting (z1,22,23,24) = (21 + 22§) +
(z3 + z4j)e, we obtain the map

(21,22, 23, 24) = (21,22, a23,az4) witha = —I. (xx%)

Using relations (x) and (), we obtain that the product in C* = O is defined by
the relation

z-u=(21,22,23, 24) (U1, u2, u3, u4)
= (ziu1 — zoUp — Z3U3 — Z4U4, 21U + 22U1 + Z3U4 — Z4U3,
Z1U3 — ZoU4 + 2311 + 242, Z1u4 + 22U3 — 23U2 + 24U 7).
Using this relation, we can find the four coordinates of the product M (z) M (u)
(on the left) and of the element M (zu) (on the right):
Ziu1 — Zoup — (az3)(—auz) — (—aza)(aiy), Z1i] — ZoUz — Z3U3 — 2414,
Ziup + z2ouy + (—azz)(aits) — (az4)(—auz), Ziuz + 22U + 234 — Z4U3,

z1(auz) — za(aua) + (azz)ui + (aza)uz, a(z1uz — zou4 + z3uU1 + 24u2),
z1(aug) + z2(ausz) — (az3)uz + (az4)uy, a(ziug + 22U3 — 23U + Z4i1).
()

Now it is evident that M (z) M (u) = M (zu) for z,u € O, i.e. M belongs in fact
to Go.

In turn, the hyperplane orthogonal in V' to the vector —2¢ + &} + &} is the
plane p of the equation

—2x1 +x2 +x3=0.
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Given a point P = (X1, X2, X3), its symmetric point with respect to p is given
by P’ =2Q — P, where Q stands for the foot of the perpendicular traced to
p from P, whose equations are (x; — 2t,Xp + ¢, X3 + t), t being a real num-
ber parametrising the points of the straight line, since the normal vector to
p is (—=2,1,1). Imposing now that the point (X; — 2¢,X, + ¢, X3 + ) satis-
fies the equation of p, we obtain ¢ = %(2}?1 — X» — Xx3), from which we get
Q = L(2(&1 + X2 + £3), 2% + 5%, — X3, 2% — %2 + 5i3) and finally

P <—)E1 42Xy +2x3 2X1 + 2%, — X3 2X1 — X2 +2)€3)
3 ’ 3 ’ 3 '
Since the reflection with respect to the plane p preserves the subspace {x; 4+ x> +
x3 =0} C V, we obtain (dropping the tilde ™) that for each point P = (xy, x2, x3)
with x| + xo + x3 = 0, its image is the point P’ = (—x|, —x3, —x2). In other
words, the reflection in the space {x| 4+ x2 +x3 =0} C V is given by

/ / /
X; = —x1, Xy = —X3, X3 = —X2.

This is induced by an inner automorphism of G». In fact, we can write, omitting
the factors 27,

0 x 0 0 0 0 0
—x; 00 0 0 0 O
O 0 0 0 0 0 0
0 0 0 0 0 0 -x3
0 0 0 0 0 x O
0 0 0 0 —x, 0 0
0 0 0 x3 0 0 0
-10 0 000 O
0 1 0 00 0 0
0 0 -1 0 0 0 0
=lo 0o 0o 0o 1 00
0 0 0 1000
0 0 0 00 0 1
0 0 0 00 1 0
0 -xy 0 0 0 O O0\/-10 0 0O0 0 O
xx 0 0 0 o o0 offo 1 o 0 o0 0 0
o o0 o o o o of|lo o -1t 0 o0 0 0
x[o o o o o 0o x|lo o o o100
0 0 0 0 0 -x3 0fJ|lo o o 1 0 0 0
0 0 0 0 x3 0 oJlo o o o o0 o0 1
0 0 0 -x, 0 0 0/\o 0 0 00 1 0

It is obvious that the first matrix M on the right-hand side belongs to SO(7).
(Notice that, as before, other possibilities for a matrix in SO(7) to satisfy the
previous equation are possible, for instance, the matrix M’ given as M but with

M{, = M}, =1, but one can check that M’ & G,.)
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The matrix M can be viewed as the matrix diag(1, M) € SO(8) acting, under
the identification O = RS, by

7
o+ Y _riej —> roeo —rie1+rex —r3es+rses+raes+ries+reer. i €R.

i=l
Hence the map M is defined by the following relations:

ep — eq, e| — —eyq, ey = en, e3 = —es,

eq > es, es— ey, eq — e7, e7 > eg6.

Identifying the space @ with C* by putting (z1,22,23,24) = (21 + 22§) +
(z3 + z4j)e, we obtain that

(21, 22,23, 24) = (21, 22,123, iz4),

i.e. this map coincides with the map (*x*) with a = i. Now from relations (¥) it
follows that M (uv) = M (u) M (v), so actually M € G,.

Now by Theorem 4.24 the simple roots «, oy are proportional to the vec-
tors ) = &} — &} and o) = —2¢| + &}, + & because Z(a}, o) = 5?” (see Prob-
lem 4.80). Taking into account that the bases 5/1, 8/2 and &1, & are orthonormal
and |aq| = %|052|, Loy, ap) = %’T, we conclude that &1 = £¢| and &, = %¢,.

The Cartan matrix is given by

2(111»(;1) 2(01,052)
o o
C = loey | loe |
2ap,a1)  2ap,0)
loa |2 loa 2
2(e1—¢&2,81—¢€2) 2(e1—¢&p,—2e1+&p+€3)
_ ler—ea? ler—ea?
2(=2e1+er+€3,61—2) 2(—2¢e1+er+€3,—2¢e1+e3+€3)
|—2e1+er+e3]2 |—2¢1+e2+e3]2
2 2\/§cos%” 2 3
|2l cosi 2 _(_1 2)’
NG 6

and the Dynkin diagram by

1 3
(EO
&1—¢&2 —2e1+e3+¢3
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4.7 Lie Groups of Transformations

Problem 4.82 Consider:

(@) M = (0,4m) C R, with the differentiable structure induced by the usual one
on R.

(b) S' with the usual differentiable structure as a closed submanifold of R2.

(c) Themap f: M — S', s f(s) = (coss, sins).

Prove:

(i) The equivalence relation ~ in M given by s ~ ¢ if and only if f(s) = f(¢)
induces on the set M /~ a structure of quotient manifold diffeomorphic to S'.

(ii) The manifold M/~ cannot be obtained by the action of a group of transforma-
tions acting on M.

Solution

(i) The differentiable map f : M — R? given by f (s) = (coss, sins) is differen-
tiable and defines the map f: M — S'. Since S! is an embedded submanifold
of R2, f is differentiable.

Furthermore f is a submersion as the rank of f at any s is equal to the rank
of the matrix (—sins, coss), which is equal to 1. Moreover, the associated
quotient manifold is diffeomorphic to S'. In fact, as the equivalence relation is
defined by s ~ ¢ if and only if f(s) = f(¢), we have to prove that on M /~ there
is a differentiable structure such that the map = : M — M/~ is a submersion.
In fact, denote by [s] the equivalence class of s under ~. Then the map

h: M/~— Sl, [s]+> (coss, sins),

is clearly bijective, and thus M /~ admits only one differentiable structure with
which h: M/~— S! is a diffeomorphism. The following diagram

M Los
T\ S h
M/~

is obviously commutative, and since f is a submersion and # is a diffeomor-
phism, we deduce that 7 is a submersion. Consequently M/~ is a quotient
manifold of M.

(i1) Let us suppose that there exists a group of transformations G acting on M by

0:GxM— M, (g,8)—~>0(g,s)=gs,
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such that from this action we would have the previous quotient manifold. Then,
given g € G, as gs ~ s, it would be

gs=sors—+2mx, se(0,2m),
gQ2m) =2m, (*)
gs=sors—2m, se€nr,4mr).

Consider the continuous map 7: M — R, s — h(s) = gs — 5. By (x) above,
h(M) C {—2n,0, 27 }. Moreover, we know that 0 € h(M) because h(27) = 0.
But since M is connected and /& continuous, #(M) is connected. We conclude
that k(M) = 0, that is, gs = s for all s € M. As this holds for every g € G, the
associated quotient manifold would be M, which cannot be homeomorphic to
M /~, because M/~ is compact and M is not.

Problem 4.83 Given R? with its usual differentiable structure, show:

1. The additive group Z of the integers acts on R? as a transformation group by the

action
0: ZxR>—>R?
(n, (x, ) = 0(n, (x, ) = (x +n,y).

2. The quotient space R?/Z of R? by that action admits a structure of quotient
manifold.

3. S! x R admits a structure of quotient manifold of R?, diffeomorphic to R?/Z as
above.

Solution

1.

Z acts on R? as a transformation group by the given action. In fact, for each n,
the map

0: RZ >R, (x, ) > 0(x,y) = (x +n,y),

is C®°. Moreover,
0(n1,6(n2, (x,))) =6(n1, x+n2,y)) = (x+n1+n2,y) =0(n1+n2, (x,)).

Z acts freely on RZ, because if O(n, (x, y)) = (x, y), i.e. (x +n,y) = (x, y), we
have n = 0, which is the identity element of Z.

Furthermore, the action of Z is properly discontinuous. In fact, we have to
verify the two conditions in Definition 4.31:

(i) Given (xg, yo) € R2, let us consider U = (xg—e&, xo+e)xRwith0 <¢e <
Then, if (x1, y1) € U N 6,(U), we have

1
5

X0—&E<x1<xo+e, Xo+n—e<xi<xpo+n-+e,

from which |n| < 2¢, thatis, n = 0.
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(i) Let (xg, yo), (x1,y1) € R?, such that (x0, yo) #* (x1, ¥1), that is, such that:
(a) yo # y1, or (b) yo = y1, x1 Zx0 +n, forall n € Z.
In the case (a), we have two different cases: xo = x; and x¢ # x1, but the
solution is the same; we only have to consider

U=Rx(y—¢&,y0+¢), V=Rx(—¢&y1+¢), 0<e<]|yr—yol/2.

Since 6,(V) =V,wehave U NG, (V)=UNV =4.
In the case (b), we have o = |x| — xg| & Z. We can suppose that x; > xg. Thus
o =x1 — xg. Let m € Z be such that m < o < m + 1, and consider the value

O<e< min{(a —m)/2,(m+1 —a)/2}.
So, it suffices to consider
U=(xp—¢e,x0+¢) xR, V= —¢ex+¢e) xR.

Let us see that U N 6, (V) =@ for all n € Z. It is clear that the only values of n
that could give a non-empty intersection are n = —m and n = —(m + 1).
If n = —m, then if

(x2, y2) ceUNo_,(V),

we have that
X0—€<xp<xo0+é&, X1—m—&e<xy<xi—m-++eg,

so that x; —m — & < xg + ¢, hence x; — xg — m < 2¢, thus « — m < 2¢, thus
getting a contradiction.
Ifn=—(m+1)and (x2, y2) € U NO_u+1)(V), we have that

Xg— €& <Xxp2<Xx0+6, xi—(m+1)—e<xy<x;—(m+1)+e.

Thus xo —e <x;—(m+1)+e,s0xg—x1 +(m+1) <2¢,hence (m +1) —
o < 2¢, thus getting a contradiction.
We conclude that R?/Z admits a structure of quotient manifold of dimen-
sion 2.
3. We shall denote by [(x, y)] the class of (x, y) under the previous action. It is
immediate that the map

f:R— S!
s+ f(s)=(sin2ms, cos2ms)

is a local diffeomorphism and thus is a submersion. Since the product of submer-

sions is a submersion, it follows that f x idg: R2 — S! x R is a submersion.

Consider the diagram

- SR G TS

T\ J'h
R?/Z



4.7 Lie Groups of Transformations 231

(x,y) — (fC),y)
N Jh

w(x,y) =[(x,y)]

where & is defined by h([(x, y)]) = (f(x), y). Note that the definition makes

sense as if (xg, yo) ~ (x1,y1), we have yop = y;, x; = xo + n, and thus

f(x0,y0) = f(x1,y1), consequently & does not depend on the representative
of a given equivalence class. Furthermore # is one-to-one. In fact:

(a) hisinjective, because if (f(x0), yo) = (f(x1), y1) then sin2wxg = sin 2w x1,
cos2mxg = cos2mxy, and yp = y1, hence xo = x1 + n, yo = y1, SO
[(x0, yo)I = [(x1, yD].

(b) h is surjective since h o 17 is.

Problem 4.84 Consider M = R? with its usual differentiable structure and let Z be
the additive group of integer numbers. Prove:

1. Z acts on R? as a transformation group by the C* action
0:7 x R? > R?, (n, (x,y))|—> (x+n,(—1)”y).
2. R?/Z is a quotient manifold.
Remark R?/Z is diffeomorphic to the infinite Mobius strip (see Problem 1.31).

Solution

1. @ is an action of Z on R?, because 00, (x,y)) = (x,y) and
0(n1,0(n2, (x,y)) = (x +n1 +na, (=" 2y) =0(n1 +na, (x, y)).

Furthermore, the action is C°°. In fact, since Z is a discrete group, we only have
to prove that for each n € Z, the action 6, : R? = R?, (x, y) = (x +n, (=1)"y),
is a diffeomorphism, but this is clear.

2. Since Z is discrete, we only have to prove that the action 6 is free and properly
discontinuous.
(i) The action 6 is free, because if (n, (x, y)) = (x, ¥), thenn = 0.
(i) The action of Z is properly discontinuous. In fact:

(a) Given (xg, yo) € RZ, let U = (x9 — &, X +e)x RwithO<e < % Then,
given (x1, y1) € U N6, (U), one has that

Xp—€<Xx1 <x0+E&, Xo+n—e<xy<xp+n-+e,

from which n = 0.
(b) Now, let (xo, y0), (x1,y1) € R2 such that (xo, o) # (x1,y1), where ~
denotes the equivalence relation given by the present action.
For the sake of simplicity, we can assume that (xg, yo) and (x1, y1)
are in the same quadrant of R2. We have two possibilities:
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(@) y1 #Yo.
(B) y1 =y0,and x| # xo + 2n for all n € Z.

For («), it suffices to consider U =R x (yg — &, y0 + ¢) and V =R x
(y1 —¢&,y1+¢) with0 < e < |y; — yol/2. Let

V* = {(x0,y0) € R*: (x0, —y0) € V }.

Then U NG, (V) CUN(VUV* =0.
In case (B), we can assume that x; > xo, and we have two possibili-
ties:

(B1) x1 — xo #n, for all n.
(B2) x1 — xo =np = an odd integer.

Case (81) admits a solution similar to that given for (b) in Prob-
lem 4.83 for the case S! x R.

In case (8), it suffices to consider the open balls U = B((xq, y0), €)
and

V =B((x1,y).€), 0<e<min(1/2, (x; —x0)/2,0/2).

In fact, it is easily checked that if either n = —nq or n # —ng, the wanted
intersection is empty.
Consequently R?/Z is a quotient manifold.

Problem 4.85 Find the one-parameter subgroups of GL(2, R) corresponding to

0 1 0 1
A_<_1 O) and B_<O 0).
Compute the corresponding actions on R? and their infinitesimal generators from
the natural action of GL(2, R) on RZ.

Solution The one-parameter subgroup of GL(n, R) corresponding to the element
X egl(n,R) = M(n,R) is R - GL(n, R), t — ¢'X. Thus,

‘A cost  sint ‘B 1 ¢
e = . , e’ = .
—sint cost 0 1

The group {e’4} acts on R?, and the orbit of the point (xo, yo) is the circle with
centre (0,0) and radius r = , /xg + yé.

The group {e’?} acts on R? giving as orbit of each point (xg, yo) the straight line
(x0 + tyo0, Y0), which reduces to (xg, 0) if yp = 0.

The infinitesimal generator of (x, y) — (x cost + ysint, —x sint + y cost) is the
vector field

( int + 1) 9 9 9
—x sin cost)— =y— —x—
0 Y ady yax dy

)

d ( t + ysint) i + d
—| (X Cos smft)— -
dr |, Y ox dr
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and the infinitesimal generator of (x, y) — (x + ty, y) is the vector field

d (x+1ty) 0 + d 9 0

—| (x —t+ — | y—=y—.

dr | Y dx dt Oyay yax
Problem 4.86 Find, in terms of the vector b, the matrix A and its eigenvalues when
the Euclidean motion

fix—Ax+b, AeO0@), b= (b',b% 1),
of R has a fixed point.

Solution The equation f(x) = x for some x € R3 is the same as b = (I — A)(x),
where [ stands for the identity. Thus f has a fixed point if and only if b € im(/ — A).
Then:

1. If 41 is not an eigenvalue of A, then ker(/ — A) = {0}, and so I — A is an
automorphism of RR3. In this case, b € im(I — A).

2. Suppose that Au = u for some non-zero u € R®. We can assume that u is a
unit vector. Then R3 = (u) @ (u)*, where (u) = {Au: A € R}; and A acts on
the plane (1) as an isometry (in fact, from Au = u it follows that g(u, v) =
g(u, Av), where g stands for the Euclidean metric of R3; thus, as g(Au, Av) =
g(u,v), g(u,v) =0 implies g(u, Av) = 0). We have b = Au + b', b’ € (u)*,
and x = au + x’ for all x € R3. Thus b = (I — A)(x) if and only if A =0 and
b = (I — A)(x"). Denote by A’ the restriction of A to (u). If +1 is not an
eigenvalue of A’, we are done. In the other case, making an orthonormal change
of basis, we will have A’ = ((1) (1)) or A’ = ((1) _01 ) That is, if 41 is an eigenvalue
of A, then we have:

(a) If A= 1, then f has no fixed points except for b = 0.

(b) If A is a mirror symmetry, f has no fixed points except when b is orthogonal
to the plane of symmetry.

(c) If A is neither the identity nor a mirror symmetry, f has no fixed points
except when g(b, u) = 0, that is, when b is orthogonal to the rotation axis
of A (in this case).

Note that the multiplicity of the eigenvalue +1 is 3, 2 or 1, in the cases (a), (b)

and (c), respectively.

Problem 4.87 Let H> = {(x, y) € R : y > 0} be the upper half-plane and consider
(x,y) € H? as z = x +iy € C under the identification R? = C. Prove that the group
of fractional linear transformations

az+b
H

, a,b,c,deZ, ad —bc=1,
cz+d

does not act freely on H?.

Hint Compute, for instance, the isotropy group of i.
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Solution The isotropy group is given by the condition ZZZIS =z, thatis,az +b =

¢z? +dz. For example, for z =1i,one hasai+b =di—c,sowehavea =d, b = —c,

hence the isotropy group of i is the group of matrices of the form (_“b Z ) with a, b

integers such that a® + b* = 1. Hence, the solutions are (a,b) = (1,0), (—1,0),
(0, 1) or (0, —1), and the subgroup is not the identity.

Problem 4.88
(i) Prove that the map
9: Rt xR —> R, (a,x) — ax,

is a C* action of R™ on R. Is it free?

(ii) The action 6 induces the equivalence relation ~ in R defined by x ~ y if there
exists a € R™ such that 6(a, x) = y or, equivalently, if there exists a € Rt such
that ax = y. Prove that R/R™ is not a quotient manifold of R.

Solution
(i) We have
o(1,x)=x, Q(a,H(a’,x)) =aa’x:0(aa’,x).
Moreover, 0 is C*, as
(idg o8 o (idg+ x idr) ') (a, 1) = at
is C°.
The action 6 is not free: For x =0 and any a € R™, we have ax = 0.

(ii) If R/R* were a quotient manifold of R, then the natural map 7 : R — R/R™T,

x > [x] would be a submersion. But R/R™ has only three points: [—1], [0]

and [1]. If it were a manifold, it would be discrete, so disconnected. Thus w
cannot be even continuous.

Problem 4.89 Show that
(x, y) > O, (x, y) = (xe*, ye ™)
defines a C* action of R on R? and find its infinitesimal generator.
Solution We have 6y(x, y) = (x, y) and
00 (x,y) = (er(H—t’)’ ye_3(t+t,)) =640 (x, y),

and hence 6 is a C* action of R on R?. The infinitesimal generator X is

d(xe? d  d(ye ¥ B 3 B]
= (xe”) ——}—M —=2x——3y—.
dt  |,_p0x de |9y ox ay

X
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Problem 4.90 Let
S3={q=x—|—yi+zj+tkeH: |q|=l}

act on itself by right translations.
Prove that the fundamental vector fields i*, j*, k* associated to the elements
i, j, k € H are, respectively,

X=—yi+xi+ti—z3, Y=—zi—ti+xi+yi,
ox ay 0z ot ax ay 9z ot
Z=—1‘—+Zi—yi xi.
dax dy ad at

Solution Identify the vector space of purely imaginary quaternions to the tangent
space T S3. The flow generated by i* is Rexp(i)(¢), g € $3. Hence,

d
(x 0 Rexp(ri)) (q) = a x (g exp(rD)) = x (g1)
=0 !

iy (x) = 4
1 - dr t=0

t

=x{(x(@) + y@i+z(@)j+ 1 (@K)i} = —y(q).

Similarly we obtain

L =x(@, [@=t@, O=-zq,
o)
i=X.
The other cases are obtained analogously.
Remark The vector fields given in Problem 1.94 are *i, *j, *k, which are the fun-

damental vector fields with respect to left translations of S* on itself, instead of the
right action above.

Problem 4.91 Let G x M — M, (g, p) — g - p, be a differentiable action of a Lie
group G on a differentiable manifold M. Let ~ be the equivalence relation induced
by this action, i.e.

p~q << 3dgeG suchthat g=g-p.

Let N={(p,qg) e M x M : p~ q}. Assume that N is a closed embedded subman-
ifold of M x M. Prove that the map w: N — M, 7 (p, q) = p, is a submersion.

Remark According to the Theorem of the Closed Graph 1.16, this problem proves
that the quotient manifold M /G = M /~ of a group action exists if and only if the
graph of ~ is a closed embedded submanifold of M x M.
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Solution Let (pg, go) € N be an arbitrary point. Hence there exists g € G such
that go = g - po. Let s: M — M x M be the differentiable map o (p) = (p, g - p).
This map takes values in N, and hence it induces, by virtue of the assumption,
a differentiable map o: M — N, which is a section of 7, i.e. m 0 0 =idy. As
o (po) = (po, q0), we conclude that 7 is a submersion at (po, o).

Problem 4.92 LetW¥: G x M — M, (g, p) — gp, be a (left) action of a Lie group
G on a manifold M. For an arbitrary element X of the Lie algebra g of the Lie
group G, denote by X the vector field on M generated by the one-parameter sub-
group exptX C G, i.e.

. d
X,=— tX)p.
=g tzo(eXP )p

Prove:

() The map g — X(M), X — X, is linear, and for each vector X € g, the vec-
tor field X is a smooth vector field with associated one-parameter group of
diffeomorphisms

or=exptX: M — M.
(ii) Forany g € G and X € g, we have

g-X=Ad, X.
(iii) For arbitrary X, Y € g, we have
[X,Y]1=—[X, 7]

(the map X — X is an anti-homomorphism).
(iv) The linear subspace {X € g: X, =0} C g is the Lie algebra g, of the isotropy
group G, = {g € G : gp = p}. Moreover, Ggp = gG g~ " and g, = Adg(g)).

Hint (to (iii)) Apply the geometric interpretation of the Lie bracket of two vector
fields in Proposition 1.18.

Solution

(i) Consider the tangent map ¥,: TG x TM — T M and its restriction to 7,G x
TM — T M, where e is the identity element of the Lie group G. In particular,
for arbitrary X € g = T.G, we obtain that W p)(X,0) = X p because X is
the tangent vector to the curve exptX C G at the identity e (at = 0). The map
X + X is linear as the maps Wy, p) are linear for all p € M. The vector field X
is smooth as so is the map ¥ (it is easy to prove this fact using local coordinates
on G and M). The group exptX is the one-parameter group associated with X
because

d d
m (exp(to + t)X)p =— (exth)((exp toX)p).
t t=0 dr =0
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(i) By geﬁnition, (g - )A()p = g*()A(gqp), where g.: Ty-1,M — T)p M. In other
words,

.d
(g X)p=1 0g((eXptX)(g‘lp))-
t=

Taking into account that
glexprX)g™' =expt(Adg X)

and that g1(g2p) = (g182) p, we obtain the following equation:

A d
(g'X)pZE OGXPZ(Ang)P,
1=

i.e.
g X =Adg X.

(iii) It suffices to prove that ﬁp = —[)2, f]p for any point p € M. As we
proved above, the map v: g - T,M, X — X p» is linear (for any fixed
point p), and, consequently, for its tangent map at any point ¥ € g, we have

Yy« = Y. Here we have used the natural identification of the tangent space Tyg
with g. Therefore (see Definitions 4.5),

d
V(X Y]) = ¥y« ([X. Y]) = Yy« (adx ¥) = 3| V(Adepix V)
=0

d —
= 5 t:O(Adexth Y)p
d 5 ..
=g | _ (P F), oy i)

_d
d

; t=0((exth)*Y)p

=—[X,¥], (by Proposition 1.18).

A~

(iv) Itis clear thatif X € g, then exp(rX)p = p, and, consequently, X, = 0. Sup-
pose now that Xp =0 for some X € g. Since

exp(t +1))X =exptXexptoX =exptoX exprX,

we have

d d
— tX)p = (exptoX)s| —
5 t:to(eXp )p = (expto )*( m

(exth)p) = (exptoX)*)A(p =0
t=0
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for all #p € IR, that is, (exptX)p = p. Thus exptX C G, and, consequently,
X e€gp.

It is clear that G4, C gGpg~
gGp ¢~ ! and, consequently,

! and g_ngpg C Gp. Therefore Ggp =
9gp = Adg(g))

(an infinitesimal version of the first identity).

Problem 4.93 Let G be a Lie group with Lie algebra g acting on a symplectic
manifold (M, £2). Suppose that the form £2 is exact, i.e. 2 = df, where 6 is a one-
form on M. Suppose also that each diffeomorphism g € G preserves the form 6, i.e.
g*0 = 0. For each X € g, put

fx =0(X),

where X is the vector field on M associated with the one-parameter group exptX.
Prove that this action of G on M is Hamiltonian with momentum map

1(p)(X) =0(X ),
ie.forall X e gand g € G:

@) X is the Hamiltonian vector field of the function fx.
(i) (&7)*fx = fad, x-

Solution

(i) Using the well-known identity Ly =ix od+ doix and the G-invariance of the
form 6 (L ;6 = 0), we obtain that

(g2 =i3d0=L30—dig0=—dig0=—dfx.
(i) Taking into account that g - X = Hg\X (see Problem 4.92), we obtain that
—1\* —1\* . . —1\* . .
(&) fx=(7) (g =i, 5((e7)0) =i,30 =izgx0 = fad, x-

Problem 4.94 Let £2 be a skew-symmetric non-degenerate bilinear form on a real
linear space V of dimension 2n. Consider the Lie group

G= {g € Aut(V): 2(gv, gw) =2, w),v,we V}
with Lie algebra
g={X€End(V): 2(Xv,w) =—-2(v, Xw),v,we V}

(isomorphjc to Sp(n, R) and sp(n, R), respectively). Let G be some closed Lie sub-
group of G with Lie algebra g C g. Consider §2 as a symplectic differential form on
the manifold V, independent of v € V.
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Prove that the natural linear action of the Lie group G on V is Hamiltonian with
momentum map

1
n)(X) = 5.{2(1), Xv), veV, Xeg.
Solution Since the action of G on V is linear, we obtain that

d
=— exptX)v = Xv.
Chip t=0( prX)v
Here we identify naturally the tangent space T,V with the linear space V. For any
X € g, put

1
fx@) =582, Xv).

Such a map X +— fy is linear. Since each operator X € g is skew-symmetric with
respect to the form 2, we have

d fx(+tw) d 152( + 1w, X (v + tw))
—_ v w)=—— — v w, v w
dr|,_y"* dr|,_2

= —%(.Q(w, Xv) + 2, Xw)) = 2(Xv, w) = (i 3 2)(w)

for all w € T,V =V, i.e. X is the Hamiltonian vector field of fx. Similarly, tak-
ing into account that Ady X = gX g~ !, we obtain the G-equivariance of the map
X fx:

* 1 _ _ 1 _
((¢7")"fx = faq, X)) = 52(¢ 70, Xg™'v) = - 2(v, gXg™'v) =0,

Problem 4.95 Let ¢o: M — M be a diffeomorphism of a manifold M. Denote by
w: T*M — M the natural projection of the cotangent bundle 7*M onto M. The
map ¢ on M induces the diffeomorphism of 7*M onto T*M as follows: A point
wy of T*M is determined by the point x = 7 (w,) € M and is a linear function on the
tangent space Ty M to M at the point x. The tangent map ¢, of ¢ at x maps T, M
into Ty(y) M. Its dual, ¢}, maps a linear function on Ty(y)M into a linear function
on Ty M. Thus ¢*~! maps T*M into T xyM. and the induced diffeomorphism ¢ on

T*M is given by
P =9 o,

where n(w;‘_la)x) =@(x).

Prove:

(i) The diffeomorphism ¢ preserves the canonical one-form ¢ on T*M, i.e.
p ¢p

G0 = 0.
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(i) The diffeomorphism ¢ preserves the canonical symplectic form 2 = do
onT*M,ie.

7R = Q.

Solution

(i) By definition of the canonical form ¥, for any point w, € T, M, x € M, and any
tangent vector X € T, T*M, we have ¥, (X) = wx (74, (X)) and recall that
o, (X) € Ty M because 7 (w,) = x. Note that by the definition of the map ¢,

To@=¢om and,consequently, TTiG(w,) O Prawx = Prx © Tiwy-

Since, by definition, (gz);_la)x)((p*xX) = wy(X), where X € T, M, we obtain
that

(gb*ﬁ)wX (X) = V(0) (Prery X) (by the definition of ¢*)
= §(@00) (Tagog) (@r, X)) (by the definition of ©)
= @(0x) (Psx (Tar, X))
= (¢} @2) (¢4 (T4, X)) (by the definition of @)
= Wy (T, X) = D (X).

(ii) Itis sufficient to note that d o ¢* = ¢* o d.
Problem 4.96 Let f: M — R be a smooth function on a manifold M. Prove that
the map
frop> o +df(x), o€ TIM, xeM,
defines a diffeomorphism of the cotangent bundle 7*M preserving the canonical

symplectic form £2 =d¢ on T*M.

Solution Given local coordinates ¢ = (ql, ...,q") on M, they induce local coordi-
nates (¢, p) = (¢',...,¢" p1...., pn) on T*M putting

we=Y pilw)dg’|,, o eT™M, xeM.
i

X’

But since # = Y ; p;dg’ and

i ) a
f(q,p>:<q1,...,qn,p1+%W,pn+ f(;z))
q aq

are the local expressions of ¥ and f in these coordinates, respectively, we have that

e (@Y, i )
f ﬂ_z<pl+ 3 )dq =9 +d(7* f),

i=1
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where 7 : T*M — M is the canonical projection. It is evident that the inverse map
f~!is the map g, where g = — f. The map f is symplectic because

fre=f*do)=d(f*0) =d(® +d(z* f)) =dvo = L.

Problem 4.97 Let G be a Lie group with Lie algebra g. For X € g = T, G, denote
by X/ (resp. X”) the left (resp. right) G-invariant vector field on G such that X é =X
(resp. X, = X).

Prove:

(i) Each left (resp. right) G-invariant vector field on the Lie group G is associated
with the natural right (resp. left) action of G on G. For arbitrary vectors X, Y €
g, we have

(X, Y]=1x.vl, [XY]=-[XYT.

(i1) Any left (resp. right) G-invariant g-form w on the Lie group G is smooth.

Solution
(i) Put
lo(g) =288, rg(¢)=¢'s. 8.8 €G.

Then Xé =g+ X and X; =rg: X for arbitrary g € G. The vector field X! is the
vector field on G associated with the one-parameter group rexp;x of diffeomor-
phisms of G (see Problem 4.92(i)):

xl =4 ix=4
= — ex = —
§ dr t:Og P dr t=0

Fexprx (8)-
‘We have
(X Y']=1x7T

by the definition of the bracket operation in g.
Similarly, the vector field X" is associated with the one-parameter group
lexp tX-

Xr—i (exptX) —E l (g)
8§ ar — p g_dl‘ i exptX(8).

Then
[X", Y] =-IX, Y7,
egth\e vector fields X", Y" and [X, Y] coincide with the vector fields X s Y and

[X, Y] associated with the natural left action of G on itself, respectively (see
Problem 4.92(iii)).



242 4 Lie Groups

(ii) Let w be a left (resp. right) G-invariant form on G, i.e. lgfa) = w (resp. r;,‘a) =w)
for each g € G. An arbitrary smooth vector field X on G has the form ) f; X f
(resp. ZﬁXi’), where X1,..., X, is a basis of the Lie algebra g, and each
fi 1s a smooth real-valued function on G. The form w is smooth because by
definition

w(Xl- ...,qu) = const.

11

(resp. a)(Xirl, e Xl.’q) = const.).

Problem 4.98 Let G be a Lie group acting transitively on a manifold M. Let G,
be the isotropy group of some point p € M. The isotropy representation

G, — Au(T, M), g &up,

induces the action of G, on the space AT, M.
Prove:

(i) Any G-invariant g-form o on the manifold M is a smooth differential form.
(ii) Any G p-invariant g-covector w € A? T; M (on the tangent space T, M) deter-
mines a unique smooth G-invariant differential form 8 on M such that 8, = w.

Solution

(i) Since the Lie group G acts transitively on M, this manifold is G-equivariantly
diffeomorphic to the homogeneous space G/H, where H = G ,. Here we con-
sider the natural left action of G on the quotient space G/H:

GxG/H— G/H, (g1,gH)— g1gH.

This G-equivariant diffeomorphism is defined by the map gH + gp (see The-
orem 4.34). Therefore, to prove (i), it is sufficient to consider the case where
M = G/H and « is a (left) G-invariant form on G/H, i.e. g*a = « for all
geG.

Let m: G — G/H be the canonical projection. This map is G-equivariant
with respect to the natural left actions of G on G and G/ H . Therefore the form
*w is a left G-invariant form on G:

l;(rr*a) =(moly)a=(gon)a=n"(g"e) =n%,
where l;: G — G, g’ + gg’. The form n*« as a left G-invariant form on
G is smooth (see Problem 4.97(ii)). Since the projection 7 is a submersion,
the form « is also smooth. Indeed, by the Theorem of the Rank 1.11, for any
point g € G, there exist a neighbourhood U of g, coordinates x ..., x"onU,
and coordinates x!,...,x™ (m < n) on the open subset 7(U) C G/H such
that for the restriction 7t |U, we have, in these coordinates, n(xl, X2, x") =
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(x1,x2, ..., x™). Therefore the restrictions |7 (U) and 7*«|U (forms) are de-

scribed by the same expression

Z ail_._iq(xl,...,xm)dxil Ao Adxl

I<ij<--<ig<m

and, consequently, are smooth simultaneously.
(i) Put

Bep(g:X1, ... 8 Xy) =w(X1,..., X,)

for arbitrary tangent vectors X1,..., X, € T,M and g € G. Such a g-form g
on M = G - p is well defined because w is G ,-invariant, i.e.

w(X1, ..., Xg) =w(gepXi,..., &pXg)

forall g € G . By definition this form 8 on M is G-invariant and, consequently,
smooth (by (1)).

Problem 4.99 Let g be a Lie algebra with connected Lie group G. Let
Ad*: G — Aut(g®), g AdY,
where

(Ad}a)(X) =a(Ad,-1 X), aeg’ Xeg,

is the coadjoint representation of G in the dual space g* of g.
Consider on g* the coadjoint action of G putting

g~a=Ad§o¢.
Let
ﬁaz{Adga:geG}

be the coadjoint orbit of a covector « € g*, and let ¢ be the corresponding projection
G— Oy, p(g) = Ad(jg «. Let £2 be a 2-form on &, such that

2(Xp,Yp) = —B(IX, Y1) ateach point B € .
Here X, ¥ denote the vector fields on & corresponding to the one-parameter groups

Ad

f
Ad exptY’

exptX’ X, Yeg.

The values of these vector fields at each point 8 € &, span the tangent space Tg 0.
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Prove:

(i) The Lie algebra gg of the isotropy group
Gp={geG:Ad,p=p]

of an element 8 € 0, is the annihilator of the tangent space Tg0, C g* in g,
and

g ={X eg:B(IX, Y1) =0,¥Y e g}.

(i) The 2-form §2 is well defined and non-degenerate.

(iii) The 2-form 2 is G-invariant and, consequently, smooth.

(iv) The 2-form £2 is closed.

(v) The form 2 defines a symplectic structure on the orbit &, (the Lie—Poisson
symplectic structure), and ¢*$2 = da!, where o' is the unique left G-invariant
one-form on G such that aé =«.

Solution

(i) Taking into account that

d
- AdexthYZadXYZ[X, Y],
dr|,—g
and identifying naturally the tangent space Tgg* with g* and the tangent space

Tg O, with some subspace of g*, we obtain that X = adg( B, where by defini-

tion

ads B(Y) = B(—ady ¥Y) = B([—X,Y]), Yeg.
Therefore,

TpOuy = (V5. Y € g} ={ad} B, Y g}, B e 0,
and

g,g:{Xeg:Xﬁ:O}:{Xeg:adiﬂzo}

={Xeg:B(IX,Y])=0VY g} = |[X eg:ad} B(X) =0 VY € g}

(see ProblemA4.92(iy)).
(i) Similarly, if Xg = X/’3 for X, X' € g, then X' — X € gg, and

QX ¥p) = =p(IX. ¥)) = =p(IX. ¥]) = B([X' = X, ¥]) = =p([X". Y])

Thus the form £2 is well defined. This form is non-degenerate because
2(Xp,Yg)=0forall Y e gifandonlyif B([X,Y]) =0VY €g,ie. Xg=0
(X €gp).
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(iii) The form §2 is G-invariant because g.g X = mg\X op (see Problem 4.92(ii)):

(8792) 5 (Rp. Vo) = 24p(8:pXp. 815 p) = 205 (Ady X) 5. (A V) g5)
= (—gP)([Ad, X, Ad, Y1) = (— AdZ B) (Adg (IX. 1))
=—B(IX, Y1) = 25(Xp, Vp).

Thus, by Problem 4.98(i), the form 2 is smooth.
(iv) We shall give two proofs. By the definition of d§2 (see formula (7.2)), for
arbitrary vectors X, Y, Z € g we have

=—X(B(Y, 21)) + Y (B(1X, 21)) — Z(B([X, Y]
(by the definition of £2)

S~

+2(X.Y1.2) - 2(IX. 21.7) + 2({V. Z1. X)
(by Problem 4.92(iii))
= —ad} A(IY, Z1) +ad}, B(1X, Z1) — ad}, B(IX, Y])

- B([1x. Y1, 2]) + B([1X. 21, Y]) - B([IY. 2). X])
(by the definition of £2)

=-28([X. Y. Z] +[IY. Z], X] +[[Z, X1. Y])

=0 (by the Jacobi identity).

We give the second proof of (iv) considering the orbit &, as the homogeneous
manifold G/G, with the natural left G-action on it. Denote by @ the corre-
sponding diffeomorphism

G/Gy — O, 8Go > Adfa.

Let w be the canonical projection of G onto G/G,. It is clear that for any
vector X € g,

d d 4 N
(D om)ye(X) = I t:0(<1§ om)(exptX) = T ,:oAdeXplXa = Xqy,
and, consequently, for X,Y € g=T,G, we have

(@ om)*2),(X,Y) = 2((@ 0m)weX, (P 07)ie¥) = 2(Xa. Ya)
=—a([X,Y]).
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There exists a unique left G-invariant one-form &/ on G such that o, =
(see Problem 4.98(ii)). Since £2 is a G-invariant form on the orbit &, and the
maps 7 and @ are G-equivariant, the form (@ o 7)*$2 is a left G-invariant
form on G. But by definition @ o w = ¢. Therefore for arbitrary left-invariant
vector fields X! and Y/ on the Lie group G with X, [ = X and Y, = ! =y, we have

(¢ 2)(x'.Y") = (¢*2),(X.Y) = —a([X, Y]) = —a'(IX, YT
= /(X" ¥")).

Now taking into account that by the definition of do! (see formula (7.1)),
ol (X!, ¥') = X! (& (') — V' o (x')) — o ([, ¥1]) = —! ([, V'),

we obtain that ¢*$2 = da’. Hence the form ¢*£2 is exact and, in particular,
closed. Since 0 = d(¢*2) = ¢*d$2 and the map ¢ = @ o 7 is a submersion of
G onto 0, the form £2 on 0, is also closed.

(v) The closed non-degenerate two-form §2 defines a symplectic structure on the
orbit &, (the Lie—Poisson symplectic structure).

Problem 4.100 Let
U:GxM-—>M, (g, p)— gp,

be a (left) action of a Lie group G on a manifold M. Denote by g the Lie algebra
of G. For an arbitrary point p € M, denote by M its G-orbit Gp =¥ (G, p).
Prove:

(i) The subset McCMi isa submanlfold of M.

(ii) The restriction map U= UG X M ) deﬁnes a smooth action of G on M. For
any X, Y € g, the vector fields Xy and Yy on M are tangent to the orbit M at
each point of M C M, and

Xu|M=Xg, Xy, YollM =[Xg. V5]

Here )A(q/ (resp. X &) denotes the vector field on M (resp. on M ) associated
with the one-parameter subgroup exp#X C G and the action ¥ on M (resp. the
action ¥ on M).

Solution

(i) Since M= G/Gp, where G, is the isotropy group (which is closed) of a
point p, the set M naturally has a manifold structure. To prove that M is
a submanifold of M, it is sufficient to show that the natural one-to-one map
¢:G/Gp,—> M, gG, — gp,is an immersion. Indeed,

rank ¢, = dim G — dim G , = dim M,
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where 0o =7 (e), and 7w : G — G/ G is the natural projection, because for X €
g, )A((p) =0 if and only if X is an element of the Lie algebra g, of the Lie
group G, (see Problem 4.92(iv)).

The rank of the map ¢ is independent of the choice of a point because by
definition ¢ (7 (gg")) = g ((g")) for all g, g’ € G and, consequently, ¢ (g) =
8#p © Pxo, Where gy, :NTpM — Tgp]lL[ is a non-degenerate linear map.

(i) The restriction map ¥ = ¥ |(G x M) is smooth because any one-to-one im-
mersion is locally an embedding (see the solution of Problem 2.40). Since the
subset M C M is G- invariant, ¥ defines a (left) action on M. Now taking into
account Problem 2.40, we conclude.

4.8 Homogeneous Spaces

Problem 4.101 Prove that O(n + 1)/0O(n) and SO(n 4 1) /SO(n) are homogeneous
spaces and that the sphere S” is diffeomorphic to each of them.

Solution By means of the map

0
O(m) — O(n + 1), A ,

O(n) is a closed Lie subgroup of O(n + 1), so that the quotient space O(n + 1)/
O(n), with the usual C* structure, is a homogeneous space.
We will prove:

(i) There exists a C* action of O(n + 1) (resp. SO(n + 1)) on S".
(i) This action is transitive.
(iii) The isotropy group H, is isomorphic to O(n) (resp. SO(n)) for some p € §"
(see Fig. 4.8 for the case SO(2)).

Now, we have:

(i) The action GL(n + 1, R) x R"H — R+ (A v) > Av, is C®, and its re-
striction O(n 4 1) x R**! — R+ is also C™. As the action of the orthogonal
group preserves the length of vectors, the restriction O(n + 1) x §" — R*+!
takes values in S" and is C*°.

(i) Given any pair p,q € S”", there exists A € O(n + 1) with ¢ = Ap. For, let
{e;}, {€;} be orthonormal bases with respect to the Euclidean metric of R"*!
satisfying e; = p, e; = q. Then one takes as A the matrix of the change of
basis, so that, in fact, A € O(n + 1).

(iii) We choose, for the sake of simplicity, p = (1,0, ..., 0). By definition,

H,,:{AeO(n+1):Ap=p};
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Fig. 4.8 The sphere S2 viewed as the homogeneous space SO(3)/SO(2). The north pole rotates
under rotations around either the x- or the y-axis but not under rotations around the z-axis

thus, if A = (a;;), we have a;; =1, ;1 =0,i =2,...,n. Moreover, as A €
H, C O(n + 1), we have 'AA = I, hence p ='AAp ="Ap, so that a;; =0,
i=2,...,n. Thus,

eO(n+1);,

but’AA=1,s0'BB=1,i.e. B€O(n). Thus H, = O(n).

Hence, one has a diffeomorphism $” = O(n 4+ 1)/O(n). One also has " =
SO(n + 1)/SO(n), because the above arguments are valid taking orthonormal
bases {e;} and {e;} with the same orientation, satisfying e; = p, e; = ¢, which
is always possible.

Problem 4.102 Prove that U(n)/U(n — 1) and SU(n)/SU(n — 1) are homogeneous
spaces and that the sphere $2"~! is diffeomorphic to each of them.

Solution By means of the map

Un —1)— Um),

U(n — 1) is a closed subgroup of U(n), and thus the quotient space U(n)/U(n — 1),
with the usual C*° structure, is a homogeneous space.
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Consider §*"~! as the unit sphere of C” with the usual Hermitian product (, ),
thatis, (3, A'e;, Y- ule;) =3 A, so

sl = {(zl,...,z") eC”:ZziZi = 1}.
;

The isometry group of the metric (, ) is U(n) = {A € GL(n, C) : ’AA = I}. Hence,
similarly to Problem 4.101 we have:

(i) The map U(n) x S¥"~! — §2"~1 being the restriction of the C* map
GL(n,C) xC" — C", is differentiable.
(ii) The action of U(n) on §2"~! is transitive.
(iii) The isotropy subgroup of p = (1,0,...,0) € §2n=1 g isomorphic to U(n — 1).
Hence one has a diffeomorphism S =1~ U(n)/U(n — 1), and similarly to
Problem 4.101, one proves that §2n-l~ SUn)/SUm —1).

Problem 4.103 Prove that S' and S° are Lie groups by two different methods:
First, from Problem 4.102. Then, by using the fact that S' and S° can be respectively
identified to the unit complex numbers and to the unit quaternions.

Solution From the diffeomorphisms
$7"=1 >~ Um)/Um —1) = SUM)/SUMR — 1)
in Problem 4.102, for n = 1, one has S 2 U(1), and for n = 2, we have
$3=U@2)/Uu) =SU(2).

So S' and S are Lie groups.
That S1 =2 U(1) was already seen in Problem 4.48. As for S3, we have

S =l y, 0 eR 24242+ =1 ={geH:|q|=1].

Now, given ¢, q’ € H, one can check that |gq’| = |q||¢’|; hence if ¢,q" € $> as
above, then gq’' € S3. Moreover, from the rules of multiplication in H (Prob-
lem 4.71(i)) we conclude that 3 is a Lie group. One can also obtain this applying
Cartan’s Criterion on Closed Subgroups of a Lie group to S° ¢ H*.

Problem 4.104 Let V; (R") denote the set of k-frames (e, ..., ¢;) in R"” which are
orthonormal with respect to the Euclidean metric g of R”. Prove:

(i) Vi(R") is a closed embedded C°° submanifold of R™ (called the Stiefel mani-
fold of orthonormal k-frames in R").
(i) O(n)/O(n — k) is a homogeneous space diffeomorphic to Vi (R").
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Solution
(i) Let us denote by x;, i=1,...,n, j=1,...,k, the coordinate functions on
R"K | that is, x;- (e1,...,ex) is the ith component of ¢; in the standard basis

(v1, ..., v,) of R*. The equations defining V; (R") are
n
fij =Y alal =5 =0, 1<i<j<k
h=1

We shall now prove that the differentials of the functions f;; are linearly inde-
pendent, so concluding. For this, we first consider that the action

O(n) x Vi(R") — Vi (R"), (A, (er,....e0)) > (Aer, ..., Aer), (%)

is transitive, since given two g-orthonormal k-bases of R”, they can be com-
pleted to two orthonormal bases of R”, and there is always a matrix A € O(n)
that defines a correspondence between them.

Moreover, since (f;; + dij)(e1, ..., ex) is nothing but the scalar product of
e; and e, we clearly have

(fij +8i)(A-(er,....e0)) = (fij + 8ij)er. ..., ex)

for all A € O(n), (e1,...,er) € Vi(R"). Thus, it suffices to see that the differ-

entials of the functions f;; are linearly independent at a point (e, ..., ex) €
Vi (R™). Take the point represented by the n x k matrix whose first n rows are
the identity matrix I; and the other n — k rows are zero, that is, xih (e1,...,ex) =

Sni. Then, it is immediate that

seeer€k)”

Asi < j, we are done.
(i) By means of the map

O(n —k) — O(n), A (gc g),

O(n — k) is a closed Lie subgroup of O(n), hence the quotient space O(n)/
O(n — k), with the usual C structure, is a homogeneous space.
We have

Vk(R") = {(el,...,ek) e (R”)k glei,ej) :8,;,'} C (S”_l)k.

In particular, Vi (R") = §"~! = O(n)/O(n — 1), as we proved in Problem 4.101.
The action (%) is obviously differentiable. We have seen that it is also transitive.
To determine the isotropy group of a point we choose, for the sake of simplicity,
the point p = (ey, ..., ex), where ¢; = (0,...,0,1,0,...,0), with 1 in the ith
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place. Then, since H, = {A € O(n) : Ap = p}, a calculation similar to that in
Problem 4.105 shows that

Hp:(lé‘ 3), AeOmn —k).

Consequently H), is isomorphic to O(n — k), and Vi (R") is diffeomorphic to
Om)/O(n —k).

Problem 4.105  Prove that O(n)/(O(k) x O(n — k)) is a homogeneous space dif-
feomorphic to the C* manifold G (R") of k-planes through the origin of R”, called
the Grassmann manifold of k-planes in R”. Analyse the particular case G| (R").

Solution By means of the map

O(k) x O(n — k) = O(n), (A,B) — (g 1(;) ,

O(k) x O(n — k) is a closed Lie subgroup of O(n), and thus the quotient space
On)/(O(k) x O(n — k)), with the usual C*® structure, is a homogeneous space.
The map

Vi(R") - G (R"), p=lel,....ex} > (e1,....ex),

which defines a correspondence between each k-basis of R and the k-plane it spans,
is surjective, since given a k-plane, we always can choose a g-orthonormal k-basis,
g being the Euclidean metric of R”. The map

O(n) X Gk(Rn) —> Gk(Rn), (A, (61, ey ek)) = (Ael, ey Aek),

is C®°. The action is transitive, as given two k-planes in R” and a g-orthonormal k-
basis of each of them, we can complete both bases to g-orthonormal bases of R"; but
there is always an element A € O(n) that transforms the one into the other, and thus
it transforms the k-plane generated by the initial k-basis in the k-plane generated by
the other k-basis.

In order to determine the isotropy group of a point, we choose p = (e, ..., ex),
where ¢; = (0,...,0,1,0,...,0), with 1 at the ith place. It is easy to see that the
elements of O(n) leaving p invariant are those of the form

A 0
(O B)’ AeO(k), BeOn —k).

Hence H, =0(k) x O(n — k), and thus

G (R") Z0(n)/(O(k) x O(n — k)).
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For k = 1, we have 1-planes, that is, straight lines through the origin of R", and
G1(R") is then the real projective space RP"~!. We thus have

RP"™' = G{(R") = 0(n)/(0O(1) x O(n — 1)) = O(n) / (Z> x O(n — 1))
=S0(n)/O(n — 1),

where the last equivalence follows from an argument as in Problem 4.101. Hence,
real projective spaces are homogeneous spaces.

Problem 4.106 Show that GL(n, R) acts transitively on RP"! and determine the
isotropy group of [e1], e; = (1,0, ...,0) e R".

Solution If the points p,q € RP"~! are given by p = [A], ¢ = [u], where
A, € R" are two non-zero vectors, then there exists A € GL(n, R) such that
AA =, as A (resp. p) can be completed to a basis vi = {X, va, ..., v,} (resp.
vj = {u,v5,...,v,}) of R" and A is the isomorphism Av; = v}, i =1,...,n.
The isotropy group of [e;] is the subgroup of GL(n, R) of elements B such that
B(A1,0,...,0) = (u1,0,...,0), that is,

bii bip -+ by
0 by -+ by

H={B=| "l eGL®, R)
0 b2n e bnn

SoRP*~! = GL(n,R)/H. (Note that dimRP"~! = dimGL(n,R) —dim H =n —1,
as expected.)

Problem 4.107 The punctured Euclidean space R" \ {0} is homogeneous since
GL(n, R) acts transitively on it.

(i) Determine the isotropy group H of (1,0,...,0) e R" \ {0}.
(ii) Is the homogeneous space GL(n, R)/H reductive?

The relevant theory is developed, for instance, in Poor [10, Chap. 6].
Solution
@)
H={<1‘j:veR1hBeGun—LR4.
0 B
(i) No, as we shall see giving two proofs.

1st proof The Lie algebra h of H is, as it is easily checked by using the exponential
map,

b:{@ Z)weR“kAemm—LRﬂ.
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Suppose that gl(n, R) = h @& m with [h, m] € m. Since dimb = (n — 1)n, one has
dimm = n. Let E; € gl(n, R) be the matrix (E}),i’ = ;i 0k, so that {E;}l’.’jzl is a

basis of gl(n, R).
First suppose that n = 2. Then the matrix £ 11 can be written as

1_ (1 0y _ (0 wv I —v

El_(o 0)=\o o)t o —o) @veR
1p_ (0 v m_ (1 —v

E, _(0 a)eb, E, _(0 _a>em.

By virtue of the hypothesis, we have

(e = (g ) em

but this matrix also belongs to h, and hence v = 0. Moreover, Eé belongs to b.
Consequently,

with

(e = (g "G )em

and since this bracket also belongs to b, it follows that @ = —1. Summarising, one
has E llm = I, € m. On the other hand, one has the decomposition

2 (0 0\ (0 v 0 —v

El_(l 0>_(0 a)+<l —a) @VER
2 0 v 0 —v

E] = <0 a) €h, Ef‘“ = <1 —a) em.

Again from E% € b we deduce that

(2= (p Tf)em

and since I and [E%, E f‘“] are linearly independent, one concludes that

with

m=(b, [E;, E1"])

which is impossible as in this case the matrix £ 12“‘ could not belong to m, since its
(2, 1)th entry is not null.
For n > 3, we have

2 (0 v 0 —v
(0 2+ (@ =)
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Acgln—1,R), veR" ! % =(1,0,...,0) e R" !,

2 _ (0 v m_ (0 —v
E; _(0 A)eb, Ej _<u _A>em.

E;=<0 w), w=(0,1,...,0) e R !,

with

0 0
belongs to b, one has that

w1 (0 —wA
(5= (o o)

belongs to m, and since it also belongs to b, it is the null matrix. We are thus arrived
at a contradiction, for the square matrix (' w/) of order n — 1 never vanishes. [

2nd proof Another proof, this time unified for n > 2, and which uses representation
theory, is the following. First, we identify gl(n — 1, R) with the subalgebra

{(8 2):Aeg[(n—1,R)}.

Then gl(n, R) decomposes as a gl(n — 1, R)-module into

gl(n,R) = {(8 8) :ueR"—‘} @gl(n— 1, R)

@RE}@{(S} 8):veR"‘1},

which is a sum of four non-isomorphic irreducible gl(n — 1, R)-modules.
Every h-submodule of gl(n, R) is in particular a gl(n — 1, R)-module and hence
a direct sum of some of the four gl(n — 1, R)-submodules above. Thus, the only

possibility for m is
0 0
— 1 . n—1
m_REIGB{(tv O).UER }

but [h, m] € m, from which we conclude that the space is not reductive. O

Problem 4.108 The complex projective space CP", which is the set of complex
lines through the origin in the complex (n + 1)-space C"*!, is diffeomorphic to the
homogeneous space SU(n + 1)/S(U(n) x U(1)).

(i) Does SU(n + 1) act effectively on CP"?
(i) Write CP" as a homogeneous space G/H such that G acts effectively on CP”".
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Remark We recall that the centre Z,41 of SU(n + 1) consists of the diagonal ma-
trices diag(, ..., A), A being an (n + 1)th root of 1.

Solution

(i) The answer is no, since the isotropy group S(U(n) x U(1)) contains the centre
Zps1 of SU(n +1).
(ii) Let us compute the subgroup N. A matrix

A O
s:(o A)’ AeUm), A=

belongs to N if and only if g’lsg e S(U(n) x U(1)) for all g € SUn + 1).
Let {v1, ..., y41} be the standard basis of C"*!, and let g € SU(n + 1) be the
matrix given by

3

det A

g(vy) = (cosa)vr + (sina)vp1,
gWnt1) = —(siN@)v, + (COSA) V1,
gi)=v;, 1<i<n,i#r,
where 1 < r < nisafixedindex, and @ € R. Then, we must have (g_lsg)(v,,+1)

= v,y for some p € C*, as g‘lsg e S(U(n) x U(1)), or equivalently,
s(g(vp41)) = ng(vn+1), and by expanding we have:

s(—@sina)vy + (cos@)vy41) = —(sina) A(vy) + (COS ) Avy4
= pu(—(sina)v, + (cosa)vy41).

Hence A = u and Av, = Av, for all r =1, ..., n. Therefore, A = AI,, and
since 1 = Adet A = A"*!, we conclude that N = Zn+1, which is the centre of
SU(n + 1). Accordingly, we can write

CP" = (SU(m + 1)/Zn11)/ (S(Um) x U(1))/Zp1).

The group G =SU(n + 1)/Zy+1 acts effectively on CP".

Problem 4.109 Consider the Lie group G, = Aut O of automorphisms of the octo-
nion algebra O.
Prove:

(i) The Lie group G is connected and simply connected.
(ii) The sphere S is isomorphic to the homogeneous space G,/SU(3).
(iii) The real Stiefel manifold V»(R7) is isomorphic to the homogeneous space
G2/SU(2).

Hint (to (i)—(iii)) Use the fact that for any elements &, 5, ¢ € O such that

El=nl=1LI=1, nl& ¢L& ¢ln, £LEn,
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there exists a unique automorphism @ : @ — O such that
Qi) =§, Q) =n, P(e)=¢

(see [11, Lect. 15, Lemma 1]), where i, j, e are the standard generators of the octo-
nion algebra O, and | - | denotes the norm in Q.

Hint (to (i)) To prove the simple connectedness of Gy, use the following well-
known statement on the topology of homogeneous spaces (cf. [11, Lect. 12, Propo-
sition 8]): “For a connected Lie group G and a closed connected subgroup H, the
following holds: if the quotient space G/ H is simply connected, then the fundamen-
tal group 71(G) of G is isomorphic to a quotient group of the fundamental group
wi(H)”

The relevant theory is developed, for instance, in Postnikov [11].

Solution

(i) The octonion algebra @ can be considered as the real space R® with the fol-
lowing basis:

ep=1, e1 =i, e =J], e3 =1ij, es=e, es =ie,

. .. (*)
e6 = je, e7 = (ij)e.
Recall also that

ef,:—l, p=1,....7 and epe;=—ee,, p,l=1,...,7, p#l,

i.e.eq, ..., ey are (anticommuting) imaginary units of Q. This basis {eo, ..., e7}
is orthonormal with respect to the scalar product (u, v) = (uv + vu)/2, where -
denotes conjugation in O (see Problem 4.81), that is, eg = ¢ and €, = —e,, for
p=1,...,7. Any element of G, leaves invariant this scalar product, so that we
may write G C O(8). But the unit ¢ is fixed under G,. Therefore G; leaves
invariant the subspace orthogonal to eg, V7 = (eq, ..., e7), of purely imaginary
octonions, and so G, C O(7).

By the first hint above the group G, acts transitively on the sphere S¢ C V7,
ie.

S=Gy/K, where K ={® €Gy:Pe; =ey).

For any automorphism @ € K, the element n = ®@e¢; is orthogonal to ej, and,
consequently, it is an element of some sphere S°. Moreover, by the first hint
above,

S’ K/L, where L={® €Gy: Pej=e;, Per =e2} CK.

But for any automorphism @ € L, the element ¢ = ®ey is orthogonal to the
elements e, e and e3 = ejes (since they are preserved by the automorphism
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(i)

@), that is, ¢ belongs to some sphere $3 ¢ (es, €5, €6, €7). Moreover, by the
first hint above the map @ > Pe4 is a diffeomorphism (by the uniqueness of
@) of the Lie group L onto S3: L = §3.

In particular, since the Lie group L is connected and the sphere S°, where
K acts transitively, is connected, the Lie group K is connected (any connected
component of K acts transitively on S°). Similarly, considering the transitive
action of G, on S® with connected isotropy group K, we obtain the connect-
edness of G».

On the other hand, according to the result recalled in the second hint, the
group K is simply connected because the sphere S°> = K /L and the group
L = 83 are simply connected. Similarly the group G, is simply connected be-
cause the sphere S® = G, /K and the group K are simply connected.

Let us prove that K = SU(3). Indeed, since the algebra O is alternative, that is,
u(uv) = (uu)v for any u, v € O (cf. [11, Lect. 15]), the operator

I1:0— 0, v v,

defines a complex structure on the space Q. The six-dimensional subspace
Vo = (e2, ..., e7) is invariant under / and can be regarded as a complex vector
space with basis ey, e4, eg (see (x)). The scalar product (-, -) in O satisfies
(lu, Iv) = (u, v) because by the central Moufang identity in O,

wwv)w = (wu)(vw), u,v,w e,
(cf. [11, Lect. 15, Lemma 2]), we have
(i) (iv) + (iv) (iu) = (iu) (—vi) + (iv) (—ui) = —i(uv + vi)i = uv 4 vie
as uv + v € R and i* = —1. It is easy to verify that the form
y(u,v) = (u,v)+ ({u, v)i

on Vg defines a positive definite Hermitian form and that the basis e, e4, g
is orthonormal with respect to y. Obviously, any automorphism ¢ € K maps
Ve onto itself and preserves the form y (because @e; = eq, e; =1i). Thus the
restriction map @ — @|y;, is an embedding of K in SU(3), so that we have

K CU@3) C SO6) C SO(7).

By a dimension argument, K is a codimension one subgroup of U(3). Let
us prove that K = SU(3). Since K is a connected and simply connected Lie
group, it is sufficient to prove that the Lie algebra £ of K is the Lie algebra
su(3) C u(3). Indeed,

u@) =5 o sud),

where 3 is the one-dimensional center of u(3) and su(3) is the maximal semi-
simple ideal. Consider the projection (homomorphism) 7 of u(3) onto su(3)
along the ideal 3. Let ¥ be the image of £ C u(3) under this projection.
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(iii)
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Suppose that € # 51(3). Then ¥ is a codimension one subalgebra of s5u(3).
The restriction to ¢ of the adjoint representation of su(3) is completely re-
ducible as ¥ is a compact Lie algebra. Thus su(3) = 3’ @ ¥, where 3 is a
one-dimensional ¥'-module. If the Lie algebra ¢ were semi-simple, then this
module would be trivial, i.e. [3', '] = 0, and, consequently, 3 would be an ideal
of su(3) because [3', su(3)] = 0. This lead us to a contradiction, as su(3) is a
simple Lie algebra. If the compact Lie algebra ¢ were not semi-simple, then
it would be ¥ = ¢ @ s, where ¢ is its non-trivial centre, and s is its maximal
semi-simple ideal. Therefore ranks < 1 because the rank of the Lie algebra
su(3) equals 2 and dim ¢ > 1. But the unique compact semi-simple Lie algebra
of rank 1 is isomorphic to su(2). This leads us to a contradiction again as

dimsu(2) + 1 <dimsu(3) — 1(=dim?’).

Thus ' = su(3), and the homomorphism 7 |¢: € — su(3) is an isomorphism.
Since the Lie algebra € is semi-simple, any of its one-dimensional modules is
trivial, that is,

E=¥ =su(3).

We have proved that K = SU(3). In other words, K = {® € G, : ®e; = ey}
and also

K = {g € End(V7):ge1 =e1, §(Vo) =Vs, gl =1gon Vg C V7, detcg = 1}.

Now, it is evident that the subgroup L ={® € Gy : ®Pe; =e1, Per = e} of K
is defined by the relations

L={geEnd(V7):gei =e1, (V) =Vs, gl =Igon Vs C V7,
detc g =1, gezzez},

i.e. it is isomorphic to the Lie group SU(2).

The Lie group G2 C SO(7) acts naturally on the real Stiefel manifold
V5(R7). By the first hint above this action is transitive. Moreover, by definition
the stabiliser of the pair (e1, e2) € Va(R”) in G is the Lie group L = SU(2).
Thus,

V2(R7) = Go/SU(2).

Problem 4.110 Consider the octonion algebra @ with its standard scalar product

(u, v

) = (uv 4+ vir) /2. Let SO(8) be the Lie group of all operators on O preserving

this scalar product with Lie algebra

50(8) = {A: O — O, Alinear: (Au,v) = —{(u, Av)}.

Let so(7) be its Lie subalgebra consisting of the maps A € s0(8) satisfying Aeg =0,
where e is the unit of Q. It is known that s0(8) is the unique simple real Lie algebra
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with an outer automorphism of order 3. In fact, if Aut(so(8)) (resp. Int(so(8)))
denotes the group of all (resp. inner) automorphisms of so(8), then the group of
outer automorphisms,

Out(s0(8)) = Aut(s0(8))/ Int(s0(8)) = &3,

the symmetric group on three letters. Let A, k € Aut(so(8)) be such that their images
in Aut(s0(8))/Int(so(8)) generate this group and satisfy the relations

A3=1, K3=1, Kk = A2,

We may choose A and « as follows (see Freudenthal [5]). Define « by

k(Au = (Au), Ae€so(8), ueO.

Then A is uniquely defined by the principle of triality which states that for all A €
50(8) and u, v € O, we have

(R(A)u)v + u(X*(A)v) = kK (A) (uv). (%)
Consider the Lie subalgebra
s=2(s0(7)) C50(8).

There exists a unique connected (not necessary closed) subgroup S of SO(8) with
Lie algebra s.
Prove:

(i) The orbit Sey C @ is isomorphic to the sphere S7, and the isotropy group Se, of
the unit eg € O is the Lie group G, = Aut Q.
(i) The connected Lie group S is simply connected, so that S = Spin(7),

S7 = Spin(7)/Ga,

and the restriction A|4,(7) : §0(7) — 50(8) is the eight-dimensional basic spinor
representation of 50(7).

Hint (to (1)) Using the definition of the automorphism «, show that «(s0(7)) =
50(7) and, using the principle of triality, show that for A € so(7) with A(A) € so(7),
we have L(A) = A2(A) =k (A).

Hint (to (1)) To prove the connectedness of S,,, use the following well-known state-
ment of the topology of homogeneous spaces (cf. Postnikov [11, Lect. 12, Proposi-
tion 6]): “Let G be a connected Lie group with a closed subgroup H, and let H° be
the identity component of the Lie group H. Then the natural map G/H® — G/H,
gH® — gH,is a covering map.”

Hint (to (i1)) To prove the simple connectedness of S, see the second hint in Prob-
lem 4.109.
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One can find the relevant theory developed, for instance, in Freudenthal [5] and
Postnikov [11].
Solution

(i) Since S is a Lie subgroup of SO(8), the orbit Seqp is a subset of the sphere
S”={u € Q: (u,u) = 1} containing the unit ey € Q. Let us prove that the Lie
algebra

5o = {A(A), A €50(7):A(A)eg =0} C 50(7) C50(8)
of the isotropy group S, is a Lie subalgebra of the Lie algebra
g = {B €s0(8) : (Bu)v+ u(Bv) = B(uv), u,v € @} C so(7)

of derivations of the octonion algebra. Indeed, since eg = e, by the definition
of k¥ we have that Kk (A)eg = 0 for any A € so(7), i.e. k(s0(7)) = s0(7). Putting
u = v = ¢ in relation (%), we obtain that

for Aeso(7): A(A)eg=0 ifandonlyif A%(A)ey=0.

Now putting u = eq in (x), we obtain that

if A(A)eg =0, A €so(8), then AZ(A)v =k (A)v, whereveQ.
Similarly, putting v = eq in (x), we obtain that

if A%(A)ep=0, A€so(8), then A(A)u=x(Au, whereueO.
In particular, if A € s0(7) and A(A) € s0(7), then A*(A) € so(7) and

AMA)u =1 (A)u =« (A)u forallu €O,
and consequently, by (%),
(AM(Au)v +u(AM(A)v) =1(A)(uv), u,veO,

so that 5., C g>. But the orbit Seg is a submanifold of the sphere S7.in particular
(dimso(7) — dims,,) < 7. Then dims,, > (21 — 7 = 14). Taking into account
that dim g, = 14 and s,, C g2, we obtain that 5., = g and the orbit Sey is an
open connected subset of S7. Showing now that this orbit is a closed subset
of S7, we obtain that Seg = S7. To this end, it is sufficient to show that S is a
closed (and, consequently, compact) subgroup of SO(8).

The normaliser of the Lie subalgebra so(7) in so(8) coincides with this al-
gebra s0(7) because as it is easy to check the algebra s0(8) as an so(7)-module
is a direct sum of its subalgebra so(7) and a simple seven-dimensional mod-
ule U7 (the standard irreducible representation of so(7) of lowest dimension),
i.e. 50(8) = s0(7) ® Uy, where [s0(7), U7] C U;. Since A is an automorphism of
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(ii)

50(8), the Lie algebra s = A(s0(7)) also coincides with its normaliser 5 in s0(8).
Then the closed Lie subgroup S = {h € SO(8) : Adj,(s) = s} is a Lie subgroup
of SO(8) with Lie algebra § = s. Thus, S being a connected component of S
(containing the unit element), it is also a closed subgroup of SO(8).

Let us show that S., = G». Let SSO be the identity component of S,,. By the
second hint above the natural map S/ SSO — 8/S8e> tho > hSe,, 1s a covering
map. But since the sphere S7 = §/ Se, is simply connected, we obtain that the
group S, is connected. But the unique connected Lie subgroup of SO(8) with
Lie algebra g» C 50(7) C s0(8) is the Lie group G, = AutO. Thus S, = G».
Let us prove that § = Spin(7). According to the result recalled in the second
hint of Problem 4.109, the group S is simply connected because the sphere
§T=s/ S, and the group S,, = G, are simply connected. Since the Lie algebra
of S is isomorphic to so(7), we obtain that S = Spin(7) and the corresponding
representation

50(7) — s0(8), A — A(A),

is the basic spinor representation of so(7).
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Chapter 5
Fibre Bundles

Abstract This chapter deals with problems on fibre bundles, principal bundles,
connections on bundles, characteristic classes and almost complex manifolds, af-
ter giving a survey of definitions and results on such topics. Examples of the top-
ics presented are: Fundamental vector fields on principal bundles and the complex
and quaternionic Hopf bundles; principal U(1)-bundles and connections on them:;
Chern classes of the complex Hopf bundle and the tautological line bundle over the
complex projective space CP'. These topics, which might be deemed ‘mysterious’
by newcomers, are rendered clearer with the help of the explicit computations of
some characteristic forms, classes or numbers, carried out in this chapter. The Sec-
tion on characteristic classes includes two new problems on Godbillon—Vey class
in the present edition. After that, linear connections, including a few calculations
with indices, are shown. Furthermore, some holonomy groups and geodesics are
studied, and then almost complex and complex manifolds, along with some exam-
ples of Nijenhuis tensor. The last section is devoted to almost symplectic manifolds,
Hamilton’s equations, and the relation with principal U(1)-bundles.

The preceding definitions of tensor and tensor field are essentially equiva-
lent to the classical definitions. The novelty of our treatment lies in the assign-
ment of a topology to the set of tensors (of a prescribed type) at the various
points of X. This is done in such a way as to form a bundle space under the
natural projection into X. In most applications, Y is a linear space and G is
a linear group; hence B is a differentiable manifold. The advantage of our
approach is that a tensor field becomes a function in the ordinary sense. Its
continuity and differentiability need not be given special definitions.

NORMAN STEENROD, The Topology of Fibre Bundles, Princeton Mathe-
matical Series, no. 14, P.U.P., 1999. (With kind permission from Princeton
University Press.)

In recent years the works of Stiefel, Whitney, Pontrjagin, Steenrod, Feld-
bau, Ehresmann, etc. have added considerably to our knowledge of the topol-
ogy of manifolds with a differentiable structure, by introducing the notion
of so-called fibre bundles. The topological invariants thus introduced on a
manifold, called the characteristic cohomology classes, are to a certain extent

PM. Gadea et al., Analysis and Algebra on Differentiable Manifolds, 263
Problem Books in Mathematics, DOI 10.1007/978-94-007-5952-7_5,
© Springer-Verlag London 2013
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susceptible of characterization, at least in the case of Riemannian manifolds,
by means of the local geometry. Of those characterizations the generalized
Gauss—Bonnet formula of Allendoerfer—Weil is probably the most notable ex-
ample. (...) In the works quoted above, special emphasis has been laid on the
sphere bundles, because they are the fibre bundles which arise from manifolds
with a differentiable structure. Of equal importance are the manifolds with a
complex analytic structure which play an important role in the theory of an-
alytic functions of several complex variables and in algebraic geometry. The
present paper will be devoted to a study of the fibre bundles of the complex
tangent vectors of complex manifolds and their characteristic classes in the
sense of Pontrjagin. It will be shown that there are certain basic classes from
which all the other characteristic classes can be obtained by operations of the
cohomology ring. These basic classes are then identified with the classes ob-
tained by generalizing Stiefel-Whitney’s classes to complex vectors. In the
sense of de Rham the cohomology classes can be expressed by exact exterior
differential forms which are everywhere regular on the (real) manifold.

SHIING-SHEN CHERN, “Characteristic classes of Hermitian manifolds,”
Ann. of Math. 47 (1946), no. 1, p. 85. (With kind permission from the Annals
of Mathematics.)

5.1 Some Definitions and Theorems on Fibre Bundles

Definitions 5.1 (See Poor [7] and Problem 2.17 Above) Let

F— E

|
M

be a fibre bundle. The vertical bundle on E is the real vector bundle with total space

VE ::rr*_l(O) = U ker(myle: Eg — TreyM) CTE.
EeE

Proposition 5.2 If E L M is a vector bundle, then the vertical vector bundle V' E
is isomorphic to the pull-back vector bundle m* E over E, that is, V' E is isomorphic
to E along .

Denote the isomorphism in Proposition 5.2 by .#, so that
S 7*E — YVE

d
(4'75)'—>f;$1=5 (& +18).
t=0
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Denote the vector bundle isomorphism from ¥ E to E along 7 by pr,,

pry: YE— E
IE— &

A connection on a vector bundle w: E — M is a vector sub-bundle /7 of TE —
E such that:

(a) The sub-bundle 77 is complementary to the vertical bundle ¥ E — E, that is,
TE=C®VE.
(b) The sub-bundle 5% is homogeneous, i.e.
hsttt =g, rAeF=R,CH, £§€E,

where h) & = A

A connection on the tangent bundle T M — M is usually referred to as a connec-
tionon M.

Let s# be a connection on a vector bundle E over M. Given X e TE = 7 @
¥ E, it decomposes accordingly as X = X + XV. The connection map k of H is
defined by

k: TE— E G.1)

X —> k(X) =pry(X?) =pry (X — X"). '
Definitions 5.3 A C principal fibre bundle (or simply a principal bundle) is a
quadruple (P, w, M, G) where P, M are differentiable manifolds, G is a Lie group
and  is a surjective submersion from P to M such that:

(i) G acts differentiably and freely on the right on P,
PxG— P.

For g € G, one also writes R,: P — P for the map Rou =ug.

(i) M is the quotient space of P by equivalence under G, so that for p e M, G
acts simply transitively on 7 =1 (p).

(iii) P is locally trivial, that is, for any p € M, there is an open neighbourhood U
of p and a C* map @y : 7~ 1(U) = G such that @y commutes with R, for
every g € G and the map W U)->UxG given by u — (w(u), Py (u))isa
diffeomorphism.

P is called the bundle space or the total space, 7 the projection map, M the base
space, and G the structure group. For p € M, w~(p) is called the fibre over p.
Each fibre is diffeomorphic to G via the map j,: G — 7~ Y (w)) C P, defined by
Ju(8) = Rgu.

Let G be a Lie group acting on a differentiable manifold M on the right. Each
element A € g induces a vector field A* € X(M), corresponding to the action of
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the 1-parameter group @, = exptA on M. A* is called the fundamental vector field
corresponding to A.

Given a differentiable n-manifold M, a linear frame z at a point p is an ordered
basis (X1, ..., X;;) of the tangent space T, M. The set F'M of all linear frames at
all points of M is a principal bundle called the bundle of linear frames over M, with
projection map 7 sending each ordered basis of T}, M to the point p, and with group
GL(n, R) acting on F M on the right.

There exists a natural R”-valued differential 1-form 6 on FM called the canoni-
cal form on the bundle of linear frames, defined by

0(X)=z"'(mX), zen '(p), peM, X eT,(FM),

where the linear frame z is viewed as an isomorphism z: R" — T}, M.
A G-structure on a differentiable n-manifold M is a principal sub-bundle of the
bundle of linear frames F M whose structure group is a Lie subgroup G € GL(n, R).

Definition 5.4 Let (P, , M, G) be a principal bundle, and let F' be a manifold on
which G acts on the left. The fibre bundle associated to (P, w, M, G) with fibre F
is defined as follows. Let us consider the right action of G on the product P x F
defined by (u, f)g = (ug, g~ ' f), where p € P, f € F, g € G. The quotient space
E = (P x F)/G under equivalence by G, is the bundle space of the associated fibre
bundle.

The structure is as follows: The projection map wg: E — M is defined by
7wg((u, f)G) = w(u). If p € M, take a neighbourhood U of p as in Defini-
tions 5.3 (3), with @y : 7~'(U) — G. Then we have ¥y, : nEl(U) — F given by
Yy ((u, f)G) =@y (u) f, so that nEl (U) is diffeomorphic to the product U x F.

Definitions 5.5 Let (P, 7w, M, G) be a principal bundle. Denote by V,, the sub-
space of T, P of vectors tangent to the fibre through u € P. A connection I" in P is
an assignment of a subspace H, of T, P to each u € P such that:

0 T,P=V,® H,;
(i) Hug = R*gHu,

u € P, g € G. The subspaces V,, and H, are respectively called the vertical and the
horizontal subspace of T, P. We denote by v and A, respectively, the projections of
T, P onto V, and H,.

The connection I defines a differential 1-form » on P, called the connection
form of I'", which takes values in the Lie algebra g of G and satisfies, denoting by
A* the fundamental vector field on the total space P, corresponding to A € g,

(i) w(A")=A,Aecg;
(ii) Rga) =Ad,100,8€G.

Given a g-valued 1-form on P satisfying the two conditions above, there is a
unique connection I” in P whose connection form is .

The horizontal lift of X € X(M) is the unique vector field X" € X(P) which is
horizontal and projects onto X, that is, 7, X 3 = Xz, forallu € P.
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Let p be a representation of G on a finite-dimensional real vector space V. Let o
be a V-valued r-form on P such that Rz,‘oz = p(g~Ha, g € G. The form Da defined
by

(Da)(X1, ..., Xp1) = (@) 0 k) (X1, ..., Xry1) = da(h X1, ..., h X p1),

for X1, ..., X;41 € T, P, is called the exterior covariant derivative of « and D is
called the exterior covariant differentiation.
The curvature form of the connection form w is defined by £2 = Dw.

Definition 5.6 A connection in the fibre bundle of linear frames F M over the man-
ifold M is called a linear connection on M.

Definition 5.7 A differentiable manifold M is called parallelisable if there exists
a linear connection V of M for which parallel transport is locally independent of
curves. Such a V is called a flat connection.

Definition 5.8 Let M be a differentiable manifold of dimension », V a linear con-
nection on M, and p € M. Let exp denote the restriction of the exponential map to
T, M. Under the identification To(T, M) = T, M one has exp,o = id |7, ». Hence,
according to the Inverse Map Theorem (see Theorem 1.12), there exists a star-
shaped open neighbourhood V of 0 in 7, M and an open neighbourhood U of p
in M such that exp(V) = U and exp: V — U is a diffeomorphism.

A fixed basis (u1, ..., u,) of T, M defines an isomorphism

w:R'> T,M, u@)=Y we', ¢=(¢'....¢")eR"

Let
go:U—>A:u71(V), (p:ufloexpfl, xi:rio<p,

where r! stands for the ith coordinate function on R”. With the previous notations,
(U, ¢) is a chart of M, called a normal coordinate system at p (with respect to the
connection V), and the functions x’ : U — R are the coordinate functions of ¢.

Definition 5.9 An almost complex structure on a differentiable manifold M is a
differentiable map J: TM — T M, such that:

(i) J maps linearly T, M into T, M for all p € M;
(ii) J?>= —I on each T, M, where I stands for the identity map.

Definitions 5.10 A complex manifold M is defined similarly to a differentiable
manifold, but taking homeomorphisms from open subsets of M to C" instead of R”,
and the changes of charts ¢, o gogl being holomorphic functions on C". The number
n is called the complex dimension of M and one writes dimc M = n. A maximal
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set of charts is now called a complex structure. A complex manifold is a differ-
entiable manifold, as it follows from the identification C" = R?" obtained taking
2K = xk +iyk, for x, yk e R.

A complex manifold admits an almost complex structure J, taking the linear map

Jp atany p € M defined by
P\ 9xk » ayk p’ P\ ayk » dxk

where z¥ = x* 4 iy* are the coordinate functions in a chart (U, ¢) around p. The
tensor field J does not depend on the chosen coordinates by virtue of the following
result: A map f of an open subset of C" into C™ preserves the standard almost
complex structures of C" and C™ (i.e. fx o J = J o fy) if and only if f is holo-
morphic. The tensor field J is called the almost complex structure of the complex
manifold M.

Let M be a complex manifold with dim¢ M = n and let g be a Riemannian metric
on M as a differentiable manifold. If g and the almost complex structure J of M
satisfy

’

p

k

gp(J[)va Jpw)zgp(vaw)v pEM» vawETpM’

then g is said to be a Hermitian metric and (M, J, g) is called a Hermitian manifold.
The tensor field F on such a manifold defined at any p € M by

Fp(v,w)=g,, Jpw), v,weT,M,

is called the fundamental (or Kdhler) form of the Hermitian metric g. A Kdhler man-
ifold is a Hermitian manifold whose Kéhler form is closed: dF = 0. It can be proved
that this is equivalent to VJ = 0, where V denotes the Levi-Civita connection of g.

Definitions 5.11 Let M be a connected complex manifold of complex dimension 7.
Given p € M, three definitions are usually considered of tangent space to M at p,
of real dimension 2n:

T,M: The real tangent space at p. M has the underlying structure of a 2n-dimen-
sional differentiable manifold, and T}, M refers to the tangent space of this under-
lying real structure, that is, to the space of real derivations of C°M.

A basis of T, M can be exhibited as follows: Let zl, ..., 7" be local complex coor-
dinates near p and let zX = xk +iyk, k=1,...,n;thenx!, ...,x”,yl, .o, Yt are
real coordinates near p and
0 0
{—k TR :k:l,...,n}
axt |, 9yt

is a basis of T, M over R.
The linear map J,, converts T), M into a complex space with dim¢ 7T, M =n by the
definition

(a+iD)X =aX+bJpX, XeT,M,a+ibeC.
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T[i’M : The holomorphic tangent space at p, which is the complex vector space

of all complex derivations of the local algebra &, M of germs of holomorphic
functions at p, that is, the C-complex functions Z: &, M — C such that

Z(fe)=(Zgp) + f(p)Zg, [ g€ OpM.

0
azk

is a basis of T;’M over C, where by definition

With z!, ..., 7" as above,

:k:l,...,n}
p

af

0
Py p(f) = ﬁ(l?),

for any holomorphic function f defined near p.
T,}’OM : The space of vectors of type (1,0), which is the complex subspace of the
complexification T;M = T, M ®r C defined by the (+i)-eigenspace of the com-

plexification of J. Then, T[}’OM is spanned by the elements of the form X —iJ X,
where X € T, M. That is, with z* and xk, yk as above, since

Ip(8/0x5), = (8/0y%) . Jp(9/95%), = —(8/0x") .

a basis of T,}’OM is given by

1/ 0 . 0
p

Note that every element Z € Tlf M can be written as
Z=X+iY=Z2X®1+YQ®i, X, YeT,M.
Let

— hag h 1,0as 1,0
M= \Jr,M,  T'M=JT)M.  TYM=|]T)"M,
peEM peM peEM

be the bundles defined fibrewise. 7" M has the obvious structure of a holomorphic
vector bundle and it is called the holomorphic vector bundle of M.

Definitions 5.12 Let 7*M be the cotangent bundle over a differentiable manifold
M of dimension n and let w: T*M — M be the natural projection. The canonical
1-form ¥ on T*M is defined by

V(X)) =w(mX), weT*M, XeT,T*M.
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An almost symplectic manifold is a differentiable manifold M endowed with a non-
degenerate differential 2-form £2. In this case, dim M = 2n, and

(=D"

(n)
QN NANS2
n!

is a volume form on M, called the standard volume form associated with 2. A sym-
plectic manifold is an almost symplectic manifold whose corresponding 2-form is
closed: d2 =0.

Definitions 5.13 Let (M, £2) be a symplectic manifold and let H be a smooth func-
tion on M. Since the form 2 is non-degenerate, there exists a unique smooth vector
field Xy € X (M) such that

ix,$2=—dH.

This vector field is called the Hamiltonian vector field of the function H. A vector
field X € X(M) is called locally Hamiltonian if the 1-form ix 2 is closed. Since
each closed form is locally exact (by the Poincaré lemma) for any point x € M
there exists a neighbourhood U C M of x and a local function f € C°°U such that
ix2=-—df.

For any two functions H, F € C°°M the smooth function

{H,F}=—Xu(F)=—dF(Xn) = $2(XF, XH)
is called the Poisson bracket of the functions H and F.
Theorem 5.14 (Darboux’s Theorem) If (M, §2) is a symplectic manifold of di-

mension 2n, then for every p € M there exists a chart (U, x', ... x", y', ..., y")
centred at p such that

n
2|y =dei Ady'.

i=1

5.2 Principal Bundles

Problem 5.15 Let 7: P — M be a surjective submersion and let P x G — P be
an action of G on P satisfying the following two properties:

(i) G acts freely,ie.u-g=u,u e P, g€ G,implies g =e.
(i) The fibres of 7 coincide with the orbits of G, i.e.

n_l(x) =u-G, u en_l(x), xeM.
Prove:

1. If w admits a global section (i.e. there exists a smooth map s: M — P such that
7 os =1idyy), then 7 is trivialisable, i.e. there exists a G-equivariant diffeomor-
phism®: M x G — P.
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2. Every x € M admits an open neighbourhood U such that 7~ '(U) is G-
equivariantly diffeomorphic to U x G.

Solution

1. The smooth map
P MxG— P, D(x,g)=s5(x)-g, xeM, gegG,

is bijective. In fact, if @ (x, g) = @ (x’, g'), then

x=m(s(x)-g) (by (i1))
—(00.) =1 (0. ¢) =7 s() &)
=x' (by (i1)).

Hence, s(x) - g = s(x) - g, or equivalently, s(x) = s(x) - (g'g~"), and we con-
clude g = g’ by virtue of (i). Furthermore, we have

x=m(u)=m(sx)), ueP.

From (ii) we deduce that an element g € G exists, such that s(x) - g = u, or
equivalently, @ (x, g) = u. The map @ is also G-equivariant as

D(x,g8") =s5(x)-(g8') =(sx) - g) - &' =P(x,8)- ¢, xeM, g, ¢ €GC.

In order to prove that @, is an isomorphism at every (xo, go) € M x G, it suffices
to prove that @, is surjective, as dim P = dim M + dim G. In fact,

dim P =dim T, P =dim T, M + dimz ' (x) = dim M + dim= ' (x),
for all u € P, x = w(u), because 7 is a submersion; but =G by virtue
of (i) and (ii).

If R, denotes the right translation by g € G on P as well as on M x G, then
@ = Ry 0 P o R,-1, as itis readily checked. Taking differentials, we obtain

Pi(xg.g0) = (Rgo)s(x) © Prcxg.e) © (Rgal)*(m,go)‘

Hence @y (x,g,) s surjective if and only if @y, ¢) is. By using the natural iden-
tification Ty, oyM x G =T, M & T,G, we have

®*(X(),€)(X1s XZ) = (¢:)XO(X1) + (¢j§0)e(X2)’ Xl € Txon X2 € TeG’

where @*0(g) = @ (xg, g), P°(x) = @(x,e) = s(x), are the partial mappings.
As 7 is a submersion, the following exact sequence holds:

TTx
0 — Ts(xp) (S(xo) . G) = Ts(xg) P —> TxyM — O,
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which splits via sy, i.€. every X € Ty(x,) P can be written as
X = S*xo(Xl) + (@:O)E(Xz)

for certain X, X», where the identity Ty, (s(xo) - G) = (2:9).(T.G) is used.

2. As m is submersive, every x € M admits a section s: U — P defined on an open
neighbourhood U and we conclude by simply applying the previous result to
A )—U.

Problem 5.16 A morphism of principal bundles 7: P — M, n’: P’ — M’, with
structure groups G, G, respectively, is a smooth map @: P — P’ and a Lie group
homomorphism y : G — G’ such that

Pu-g)=Pwm)-y(g), ueP, ged.

(i) If @: P — P’ is amorphism, then prove that there exists a unique smooth map
¢: M — M’ making the following diagram commutative:

P2 p
L) N

M2

(ii) Suppose now that M' = M, G' =G, = =n’, and ¥ = idg. Then a principal-
bundle morphism @: P — P, is said to be an automorphism if @ is a diffeo-
morphism.

Prove that all the automorphisms constitute a group with respect to composition.
This group is denoted by Aut P. Prove that the map Aut P — Diff M, @ > ¢, with
¢ given as in (i) above, is a group homomorphism.

Remark The kernel of the last homomorphism is called the gauge group of P and
it is denoted by GauP.

Solution

(i) As m is surjective, if ¢ exists, then it is unique. In order to prove the existence
of ¢, it suffices to prove that if 4, v € P are two points in the fibre of x € M,
then /(@ (u)) = ’'(® (v)). As u and v belong to the same fibre, by virtue of
the condition (ii) of Problem 5.15, there exists g € G such that v =u - g. Hence

(@) =n"(Pw-g)=7"(Pw) y)=r"(PwW).

The continuity and smoothness of ¢ follow from the characteristic property
of submersions, according to which a map ¢: M — M’ is continuous (resp.,
differentiable) if and only if the composite map ¢ o 7 is.
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(i) If ¢ € Diff M and ¥ € Aut P are such that 7w o ¥ = ¢ o 7, then
(@ oW)u-g) = (U g) =D (W) g) =D (¥ W) g
— (@0 ¥)W)- g,
To(@oW)=@oD)oW =(pom)oW¥W =¢po(mo¥W)=¢o(Yom)
=(poy)om,

forallu € P, g € G, thus proving that @ o ¥ belongs to Aut P and its associated
diffeomorphism on the base manifold is ¢ o i, and we obtain an exact sequence
of groups,

1— Gau P — Aut P — Diff M.

Problem 5.17 (Hopf Bundles)  Set
St={xeC:|x|=1},
S?={(x,neCxR: x> +r* =1},
P ={x.yeC:|xP+y*=1},
ST={(x,y) eH?: x> + |y[* = 1}.
The spheres S' and S are Lie groups with respect to the multiplication induced

from C and H, respectively (see Problem 4.103). Let S! act on §3 (resp., S> on S7)
by the formula

() -z2=(xz,y2), (x,y) €S zeS (resp. (x,y) €87, ze §).
Let
nc: 87> C xR, s ST — H x R,

be the maps given by

mex,y) = (2%, x> = y[*)., (x.y)eS$’,
(e, y) = 2y%, X2 = y?), .,y eSs.

Prove:

(i) 7c(S3) = S%

(i) 7 (S7) = §*.

(iii) The induced map 7c: S — $2 is a principal S'-bundle with respect to the
action of S! on §3 defined above.

(iv) The induced map 7 : S7 — S* is a principal S3-bundle with respect to the
action of S3 on S7 defined above.

(v) CP!xs2.

(vi) HP! = §*.
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Solution We solve the quaternionic case (ii), (iv), and (vi). The same formulae solve
the complex case (i), (iii), and (v), too.

(ii) First we check that 7 (S7) € S*. In fact, if (x, y) € S7 one has |x|?>+|y|? = 1
and then, since g1g2 = g24 for every q1, g2 € H, we have

2 2 2
lwm(x, )| =4y PP+ (112 = 1y = (xP + yP?) =1
Let (4, ) € H x R be a point in S*, such that |u|2+t2:1.Ifu=0,thent=:|:1,

and we have g (1, 0) = (0, 1), 7 (0, 1) = (0, —1). Hence we can assume u # 0. In
this case —1 <t < 1, and one has

(\/l+tu t) . 1)
lu]’
(\/l—i-tu _t>eS7.
lu|”

ma((x,y) - 2) = mr(xz, y2) = (29232, [xzl” — |yz[?)

and

(iv) First we have

= 2y, IxPIz* - 1y P1z?)
= (2y%, IxI* = |yI*) = 7 (x, y),

as zz = |z|? = 1 for z € S3. Hence the orbit (x, y) - $3 is contained in the fibre
g (T (x, ).
Conversely, if Ty (x1, y1) = 7 (x2, y2), then

YiX1 = y2X2, (*)
X112 = [y11? =[xl — 1yl (%)

As |x1]? 4 |y1|> = 1, either x; % 0 or y; # 0. Hence we can assume x| # 0. Set
z= xl_lxz € H. Hence (x) implies, since |q1||q2| = |q1¢2]| for every g1, ¢q» € H,

yi=2y2, ie. Yy =z (3xx)

As |x1|2 + |y1|2 Ix2|> 4 [y21* = 1, we have |y;|> = |y2|? by (+%), from which
Iy212|z|> = |y1]>. If y» = 0 we should have from () that y; = 0 and so |x{|> =
x> =1= |z|2. If y, # 0, then |z| = 1. That is, in both cases we have |z| = 1.
Therefore, z~! = 7 and from (»%x) we deduce y, = y;z. In other words, z € S 3 and
(x1, y1) - 2 = (x2, y2), thus concluding.

(vi) By definition, HP! is the quotient space (H2 \ {(0,0)})/~, where (x, y) ~
(x’, ") if and only if there exists A € H* such that x’ = Ax, y' = Ay. Moreover, the
restriction to S of the quotient map

g: H?\ {(0,0)} — HP!
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is surjective as g(x,y) = q(x/r,y/r), with r = y/|x|® + |y|2, and its fibres are
the orbits of S°. Hence HP' = S7/$3 and since we have a principal S3-bundle
g ST — S*, we conclude that HP! S7/S3 >~ g4

Problem 5.18 Parametrise S3 (see Remark 1.4) by

1 Vi 1 Yoi
Z1=cos§961, 22=Sll’1§962, 0<0<m, 0<y, Y <2m.

(i) Find the expression of mc(z1, z2) under the projection map of the Hopf bundle
C: $3 82 given in Problem 5.17, in terms of that parametrisation.

(ii) Take as trivialising neighbourhoods U; = S*\{S} and U, = S*\{N}, where
N, S stand for the north and south pole. Determine o ! W), k=1,2.

(>iii) Define bundle trivialisations

_ Z
fi: g (Uk) — Uk x U(D), fi(z1,22) = <JT<C(Z1,22), é) k=12,

and put fi , = fk|n_1(p). Find the transition function gz : U; N Uz — U(1) of
the bundle with respect to the given trivialisations.

The relevant theory is developed, for instance, in Gockeler and Schiicker [4].

Solution
()
_ > s 2 2
me(z1,22) = (2Re(2221), 2Im(2221), |211” — |221%)
= (sinf cos(¥» — Y1), sin@ sin(y2 — Y1), cosb).
(i1) Itis easily seen from the definitions of the trivialising neighbourhoods that
ﬂcEl(Uk) ={(z1.22) € §3: 2 #0}, k=1,2.
(>iii) Given
p = (sinf cos ¢, sinf sing, cos@) € U; N U», e“ieU(l),

with 0 < ¢ < 27, we obtain, on account of the parametrisation of $3 and the
expression for the projection map m, that

fi(z1,22) = (sinf cos(Y2 — 1), sin @ sin(yr, — Y1), cos B, e¥*1),

SO

' 1 ai ] .
ff; (eal) = (cos Egeal’ sin Ege(w+a)1>’
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hence

(f2,p o ff;)(e"‘i) — e(f/"Hl)i.

That is, the transition function for the given trivialisations is
g21: UrNU, - UQN), (sin6 cos ¢, sinf sin @, cos ) — et

Problem 5.19 Let (P, 7, M, G) be a principal fibre bundle and let g be the Lie
algebra of G. Every A € g induces a vector field A* € X(P) (called the fundamental
vector field associated with A), with flow

Y:(u) =uexptA, ueP.

The map
@:g—> X(P), @(A) = A%,
is R-linear, injective and satisfies [A, B]* = [A*, B*], forall A, B € g.

(i) Prove that R, - A* = (Adg—l A)*,where ge G, Aeg.
(i) Calculate the expression for ¢(aX| + bX3), where X and X, are the left-
invariant vector fields on C* given by

X ad n a X a n d
=X P} =Y X
: ax yay 2 yax ay

and ¢ is the isomorphism associated to the principal fibre bundle
(€' {0}, 7, CP", C¥),
where CP” stands for the complex projective space of real dimension 2n.

The relevant theory is developed, for instance, in Bishop and Crittenden [1].

Solution

(i) For u € P, denote by j, the injection of G into P given by
Ju: G—>7r_l(n(u)), g+ ug.
Let e be the identity element of G. It is clear that
Ay =Y (w) (0) = jux ((exprA) (0)) = jux Ao

Let tg: G — G be the automorphism of G defined by tg(h) = ghg™!, and
consider the composition map

Jug—1 R,
G— P — P

h — ug 'h —> ug'hg = utg—1(h)
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whose differential at e is
Ry jug-1:Ae = Gutg-DsAe = (0(Adg-1(A0)), = (A1 A)},
Hence, the vector field image R, - A* is given at u by
(Rg - A%), = RgxA} -1 = Reujug-1:Ae = (Adg-1 A);),

o) Rg - A* = (Ad,-1 A"

(i) Let u! u?"+2 be the real coordinates on C"+1\ {0} (that is, {z/ = u?/~! +
1u2’} is the dual basis to the usual complex basis of C"*1). For u = (u' +
iu?, ... Pt piu?t2) e €\ {0}, the map j, above is now given by C* —

b

lww»

X +iy—> (u1 +iu?, .. ut! +iu2"+2)(x +iy)

= (ulx — u2y +i(u2x +u1y), .. )

= (ulx — u2y, uzx +u1y, .. )

Therefore,
Ml —M2
1 2 1 2 uz ul
d(u' x—u-y) d(u ' x—uy)
T ax dy _ .
@ = Jux 3(u2x+u1y) 6(u2x+u]y) : :
ax 3y M2n+1 _u2n+2
u2n+2 u2n+1
Hence

0 d
(@(SXI +tX2))u = ju*((SXl +tX2)e) =ju*<sg +l$>y s, teR,

ase=(x=1,y=0). So,

uw' —u? uls —u?t
2 1 K 2 1
pOXi+iXy) = [0 u C)= us
0 d
1 2 2 1
= —u't)— + +ut)—s-+---
(u s—u )8u1 (u S+u )Bu
ad
2n+1 2n+2 2n+2 2n+1
+(u S—u t)au2n+l+(u s+u t)3u2”+2'

Problem 5.20 Let (FM,w, M) be the bundle of linear frames over the C*® n-
manifold M. If p € M and (xl, ..., x™) is a coordinate system on a neighbourhood
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GL (n,R) M UxXxGL(n,R)

Fig. 5.1 The bundle of linear frames (F M, &, M) over M

U of p, we can define the map
Fy: n ' (U) - GL(n, R), z=(q,e1,....en) > (dx'(e))).

The functions x! = x’ o 7 and xj. = x;. o Fy, where xj. denote the standard co-

ordinates on GL(n,R), are a coordinate system on 7~ HU) (see Fig. 5.1). If
zex! (U), prove that
<3x’

where (Yl’: (2)) stands for the inverse matrix of (xj. (2)).

) ZYJ(Z)e,,

Solution We have

0

=T > (*)
g X'y

dxiom) B
Coaxt oxd

(E

but the coordinates of {e;} with respect to the canonical basis {(3/ Gxi)q} are pre-
cisely (x;. (z)), that is,

( ) i
€ly...,€p) = | —=
1 n Bx’q

Jj=1

@ @)

q)s 3 E

(@ X (@)

0
dx"

g e ey
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or equivalently, e; = >, x!(2) % |- Thus

d
axt

= ¥/ (e;. (x%)
-

From (%) and (xx), it follows that n*(% )= Zj Yl-j (2)e;.

Problem 5.21 Find the fundamental vector fields on the bundle of linear frames
FM over a C*® n-manifold M.

Solution If X is an element of the Lie algebra gl(n, R) of GL(#n, R) then its value
at the identity element e of GL(n, R) is the tangent vector at e to the curve e’ X and
it has corresponding fundamental field X* on F M, whose value at z € FM is X ;*,
the tangent vector to the curve ze'X in FM at z. Let {x'} be local coordinates on M
with domain U, and let {xj.} be the canonical coordinates on GL(n, R).

Then the coordinates of z are x' (z) = x' (7 (2)), xj. (2), as in Problem 5.20. There-
fore,

(X*x"), =1lim Y@ —x'@) _
T t—0 t o

Os
because 7 (ze'X) = 7 (z) and

. xi(ze®)y = xi(2)
X*v!) =lim +—~J""
( xj)z t—0 t

L i 2 i
= lim ;{(xj(z)+txj(zX)+Exj(zX )—i—) —xj(z)}

t—0
o I k
=x;(zX) = x3(2)aj,

— (4l ®* _ N\ i k_d * _\ k
where X = (a}). Hence X3 =37, , xk(z)aj@h and X* | -1y = X5 j k=1 4 X
?

i
xkg.
J

Problem 5.22 Prove that a necessary and sufficient condition for a C* 2n-
manifold M to admit an almost tangent structure, that is, a G-structure with group

G= {(g g) eGL(2n,R): A eGL(n,R)},

is that it admits a C* tensor field J of type (1, 1) and rank n such that J> = 0.

Solution First, suppose that M admits an almost tangent structure. Let (e;), j
1,...,2n, be a frame adapted to the G-structure. One has (e;) = (ey, ex*), @ =
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I,...,n,a*=n+1,...,2n, such thatif (¢;) = (ey', €4 is another adapted frame,
it is related to the previous one by the formulas

ey = Z ,e,g + B/3 eﬁ*) eyx = ZAg,eﬁ*.
B

Hence, we can define a linear operator J of rank n,

Jp: TyM —>TyM, T (W + A% eqr) = Y A%qr,
o o

where (ey, eq+) denotes an adapted frame, which is well-defined because

Jpew =Jp Z ,e,g + B/3 eﬁ* ZAg,eﬁ* = ey,
Jpeqyr —pr ,6/3* =0

Thus ]3 = 0. Furthermore, since Jyeq+ =0, (ey+) is a basis of ker J,, and (ey) is

a basis of a vector subspace supplementary to ker J,. That is, J,, is written in the
adapted frames as ( I?. g).
Conversely, if there exists a C* (1, 1) tensor field J of rank n on M such that

=0, then (e, eq+) is an adapted frame if (ey+) is a basis of ker J, and (ey) is
a basis of a vector subspace supplementary to ker J, (where J, denotes the linear
operator of rank n induced by J on each tangent space T, M), in such a way that
Jpeq = ey and Jpeq+ = 0. Consider another adapted frame ey, eo+. Then

ew = (Myes+ Niep),  ewn= Z Peep+ Qbepe).
p

Since Jyey = eq+, we have
p Z /eﬁ + Nﬁ eﬂ* ZMf/eﬁ* - Z(Pf/*eﬁ + Qgikeﬂ*)v
B B

so M = Q, P =0, and the matrix of the change has the form (2 2), A € GL(n, R).

5.3 Connections in Bundles
Problem 5.23 Determine all the connections in the frame bundle FR over R.

Solution Consider FR =R x GL(1,R) =R x R* with coordinates (¢, a). A con-
nection in FR is given by a “horizontal subspace” H 4y C T1,0)(R x R¥) at
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each point (¢,a) € R x R*, such that H; ,) must be 1-dimensional and satisfy
wy«(H,q)) = T;R = R, where 7 stands for the projection map of FR. Thus, we
can put

0 d
H(z,a>=<— +h(t,a)— > h e C®(R x R¥).
(1.0 da |(; q)
Moreover, H must be invariant under right translations, i.e. if b € GL(1, R) = R*,
then
0 0
Ry« (H(t,a)) = Hry(t,0) = Hipap) = — + h(t,ab)— )
Ot | (¢ .ab) 0a |(; ap)

Since Ry (t, a) = (t, ab), it is clear that

a a
Rb*<— ) =b—
da (t,a) da

Therefore, h(t,ab) = bh(t,a). Hence h(t,a) = ah(t,1). Thus calling f: R - R
the function given by f(z) = h(z, 1), the connection is given by the distribution 7
on FR generated by the vector field % + f (t)a%, that is,

(z,ab).

0 0
%”:<—+f(t)a—>, f eC®R, a cR*.
ot da

Problem 5.24 Let G be a Lie group and let g be its Lie algebra. Consider the trivial
principal G-bundle (P =g x G, «, g, G),

G—>P=gxG>(X,g)

b "
g > X.

Let
Ly:G— G Re:G— G
h+— gh, h+— hg,

be the left and right multiplication by g, respectively. Let e denote the identity ele-
ment of G and o, the identity section of the given bundle,

P=gxG>(X,e)

T"e 1
g > X.

Prove:

(i) The distribution 5 on the total space P of the bundle, given at each point
(X, g) € P by the subspace J#(x ¢) of T(x,,) P defined by

Hix = (Y. (Re)eY) 1Y e ), ®

defines a connection I" in P whose horizontal distribution is .77 .
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(ii) Let 0 denote the connection 1-form, that is, the g-valued differential 1-form on
P defining I". The curvature 2-form of I" is the g-valued differential 2-form on
the total space P defined by

1
do + -[0,0].
+2[ ]

Pulling 6 back to the base space g by o, gives the local connection 1-form of I”
(with respect to the identity section o), that is, w = ¢ 6. The local curvature 2-
form £2 of I" (with respect to the identity section o, ) is defined as the pull-back
of the curvature 2-form of I" by o, to the base manifold,

.Q:oj(d@—i—%[@,@]) =dw+ %[a),a)]. (%)

Prove that the local curvature 2-form of I" (with respect to the identity sec-
tion o,) is the constant g-valued 2-form £2 on g given by

X, Y)=[X,Y], X,Yeg.

Hint If V is a finite-dimensional real vector space endowed with its natural C°-
manifold structure, then every v € V defines a vector field X, € X(V) given as
follows (directional derivative):

(Xu)x(f)=g fx+tv), xeV, feC®V,
dr |,

t=

and the linear mapping v — (X, ), induces an isomorphism V = T, V. In practice,
the vector field X, is identified to v itself.

Moreover, recall that the right action of G on P is given by (X, /) - g = (X, hg)
and denote it by Ry, that is,

R, : P — P
(X, h) — (X, hg).

Also recall that for any principal bundle (P, 7w, M, G), given X € g = Lie(G),
the corresponding fundamental vector field on P is X* € X(P) whose value at
uePis

d
X= T z=o(u -exp(1X)).

The relevant theory is developed, for instance, in Morrison [6].

Solution

(i) We must prove that J# is a smooth right-equivariant distribution on the total
space P, complementary to the vertical tangent space to P at (X, g).
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It is obvious by its definition that .7 is a smooth distribution.
Moreover, since for any (Z, W) € T(x )P we have

(Z,W) = (Z, W + (Rg)eZ — (Rg)e Z) = (Z. (Rgu)e Z) + (0, W — (Rgs)e Z),

Jx,¢) is complementary to the vertical tangent space at (X, g).
Finally, as given (Y, (Rg«)cY) € {x ¢, one has

(Rh*)g(yv (Rg*)eY) = (Yv (Rh*)g(Rg*)eY) = (Y9 (Rgh*)eY) € jf(X,gh)v

it follows that the distribution (%) is right-equivariant.

(ii) In the present particular case, P being the trivial bundle g x G, we have that
the fundamental vector field on P corresponding to an element X € g, is given
at (Y, g) € P by

* d
Yo =g I_O((Y, g) -exp(tX)) = m I_O(Y, g - exp(tX))
d
=3 O(Y, Lo{exp(tX)})
1=
= (0, (Lg*)eX) €gx T,G. ()

The connection 1-form 6 is characterised by
Hiz.q) =kerb(z ), (1)
0z.9(Y79) =7, (1)
(R36)(X,Y) =Ad,—1 (6(X,Y)).

From () and (11) we get

*
02,60, ¥) =0iz,0)({(Lg-1.)eY } ) = (Lg-1,)eY.
Hence, given (X, Y) € g x T, G, one has that

02,9 (X, Y) =0(z,0)((X, (Rg)e X) + (0, Y — (Rgs)e X))

= G(Z,g) (O, Y — (Rg*)eX) (by () and (7))
= 9(Z,g)({(Lg—1*)g(Y - (Rg*)EX)};kZ,g)) (by (1))
= (Lg-1,)5(Y = (Rg)e X) (by (T171))

= (Ly1,)gY — (Lg1,)5(Rgi)e X
= (Lg1,)¢Y — (g1, 0 Rg)eX
= (Ly1,)Y — Adg-1 X. (by (k) (0)
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According to (x*), the local curvature form £2 is then
1
2 =dw+ E[a), w].

Recall now that for any Y € m, by using the directional derivative, one has the
identification Tym = m. Then, we have from (¢) that

wz(Y) =0z, 0)=-Y.

Thus, the differential form w is constant, hence closed. We now evaluate [w, w]
on a pair of tangent vectors X, Y € Tzg = g, getting

[0, 0](X,Y) = [0(X), o(V)] = [0), 0(X)]
=[-X,—Y]—[-Y,—X]=2[X,Y].

Therefore, the local curvature form £2 with respect to o, is in fact the constant
g-valued differential 2-form £2 such that

QX,Y) = (da)+ %[a),a)])(X, Y)=[X,Y], X.,Yeq.

Problem 5.25 Let 7: P = M x C* — M be the trivial principal C*-bundle over
the C*° manifold M. Prove that, in complex notation, every connection form w on
P can be written as

or =z 'dz+ 7w, zeC*
where w is a complex-valued differential 1-form on M that is, w € Al M, C).
Solution Let ¢1, ¢y: R — C* be the homomorphisms ¢1(¢) = €', ¢a(¢) = €'i.
These homomorphisms induce a basis {A}, A2} of the Lie algebra of C*, which

can be identified to C itself by 1 +— Ay, i — A,. The fundamental vector fields
attached to these vectors are:

a a a d
At =x— —, A= —y— —.
! x8x+y8y 2 y8x+x8y

For example, let us compute A}. The flow generating A7 is
V(@) =1z =¢'(x + yi) =e'x +e'yi =X + Fii.

Hence

0 - ad -
Afx)=—| X =nux, AW =—| W

|10 91 |10 .

Thus, by using the previous identification, wr can be written as

wr=n"+n%4,
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where n', n? are differential 1-forms on P. By imposing that

or(A7)=Ax, k=1,2,

we obtain 7/ (Ap) = 8,{. Hence by using a coordinate system (x”) on M, the forms
n', n? can be written as

p _ xdx+ydy

o xdy—ydx
x2+y? B

1 4.h
+ fj, dx”, 242

+ fidx",

where fhl, fh2 € C*° P. We remark that

Hence

_1 xdx+ydy xdy-—ydx,
7 dz= i.
x2+y2 x2+y2
xdx + ydy xdy — ydx
.X2+y2 ’ X2+y2

are left-invariant differential forms on C*.

Moreover, as C* is commutative, the condition Rfowr = Ad,-1 ow simply

means that o is right-invariant. Accordingly, this condition holds if and only if
the functions fhl, fh2 are C*-invariant, that is, if and only if fh], fh2 € C*®°M. Hence
ol =3, fldx", 0* =Y, f?dx", are differential forms on M, and by setting

® =o' + w?i, we conclude.

Problem 5.26 Consider the trivial bundle 7: P = M x U(1) — M. Parametrise
the fibre U(1) (see Remark 1.4) as exp(ia), 0 <« <27.If (¢/), j=1,...,n=
dim M, are local coordinates on M, then (qj ,a) are local coordinates on P. Let
p: T*M — M be the canonical projection of the cotangent bundle. Prove:

1.

For every connection form wy on P there exists a unique differential 1-form w
on M such that

wr = (da + n*a)) ® A,

where A € u(1) is the invariant vector field defined by the homomorphism R —
U(l), t — exp(ir).

. Every automorphism @®: P — P can be described locally as @(x,a) =

(p(x), 00 + ¥ (x)), where ¢p: M — M is a diffeomorphism and ¥ : M — R is a
differentiable map.

. (@ H*wp is another connection form w, on P.Set w, = (da +7*0) ® A

and compute w’.

. There exists a unique diffeomorphism @: T*M — T*M such that:

() pod=gop. .
(i1) If the differential forms w, w’ on M are related as in (3), then ® o w = w'.
Here, w, o’ are viewed as sections of the cotangent bundle.

. If w: P — P is another automorphism, then (¥ o @J = Uod. (This property

justifies the exponent —1 in defining y’ in (3).)
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Solution

1. As A is a basis of u(1), it is clear that every connection form can be written as
wr =1 ® A for some differential 1-form n on P. Moreover, the fundamental
vector field associated to A is readily seen to be A* = 9/d« and from the very
definition of a connection form it must hold that w (A*) = n(A*)A = A. Hence
n(d/da) = 1, and accordingly,

n=da+ ) f;dg’,
j

for certain functions f; € C°°P. We now impose
Riwor=Ad-1owr, zeU(), (%)

that is, the second property of a connection form. As U(1) is Abelian, the adjoint
representation is trivial, and hence (x) simply means that n is invariant under
right translations. As the forms de and dqj are invariant, we conclude that 7 is
invariant if and only if the functions f; are invariant, that is, if each f; does not
depend on «, thus projecting to a function on M. Hence w = ) j fi dg’.

2. A diffeomorphism @ : P — P is a principal bundle automorphism if @ is equiv-
ariant, i.e. ®(u - z) = ®(u) - z, for all u € P, for all z = exp(ia) € U(1). We
have

D(x,w) = (é(x, w), e(x, w)), (x,w) € P,

where £: P — M, ¢: P — U(1l) are the components of @. By imposing the
condition of equivariance, we obtain @ (x, wz) = @ ((x, w) - 7) = @ (x, w)z, that
is,

((xr, w2), p(x, w2)) = (§(x, w), P(x, w)z).

Letting w = 1, we have £(x, z) = &(x, 1) and ¢(x, z) = ¢(x, 1)z. Hence & factors
through 7 by means of a differentiable map ¢: M — M as follows: § =¢p o,
and, locally, we have ¢(x, 1) =exp(iyy (x)). Then,

9(x,2) = exp(iy (x)) exp(icr) = exp(i(x + ¥ (x))).
3. As a simple computation shows, we have
o a)= (7' (). — (Yoo "))
Thus
(@ Y'or=(¢ ") (de +7*0)) ® A
=(de—d(yoplon)+7*(¢p7") w) ® A.

Hence o’ = (¢~ *w —d(W o™ 1).
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4. Given a covector w € T,"M, let w be a differential 1-form on M such that w(x)
= w. Then, from conditions (i), (ii) we obtain

(W) =d(0®)=@ow)(x) =0/ ()= (¢~") @) = (d(¥ 067"))y(
= (¢_l)*w - (d(‘p o ¢_l))¢(x)’

thus proving the existence and uniqueness of P.
5. Setw, = (@ Y*or, or»= @ *o, . Then,

wrr =@ N (@ ) or=(Wod) ") wr.

Hence (¥ 0o ®)ow =" and (¥ 0 @) ow = o, so that ¥ o & and (¥ o &)
satisfy the condition (ii) in part 4. Moreover, we have

po(Wod)=(poP)od=(fop)od=1o(pod)
=yo(pop)=(pop)op.

Hence condition (i) in part 4 holds.

Problem 5.27 Let zF = x* + iyk, 0 < k < n, be the standard coordinates on C"+!.
Prove that the 1-form

n
o=2 (=) d" +x" dy")| g
k=0
is a connection form on the principal U(1)-bundle
p: SZn+1 N (CP”,

where we identify the Lie algebra of U(l) with R via the isomorphism A +—>
A(0/06), where 6 stands for the angle function on U(1).

Solution According to the definition of a connection form, we must check the fol-
lowing properties:

(i) o((r)*) =1, forall A eR.
(ii) R;a) = Ady-1 ow, for all g € U(1).

As the coordinates of the point z - exp(iA9) are
(x* +iy") (z - exp(ir0)) = x* cos(10) — y* sin(r0) + i(x* sin(h0) + y* cos(26)),

0 <k <n,wehave

3\* - ;0 ;0
) =3 [y ).
< ae) g( Vo T 8yk>
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Hence

at every point of the sphere, thus proving (i). As for (ii), we first remark that the
adjoint representation is trivial since U(1) is Abelian, so (ii) simply tells us that w
is invariant under right translations. In order to prove this, we note that

—ykdxk 4+ xkdyk = ((xk)2 + (yk)z) d(arctan y—k>
xk )

and that Rexp (i) leaves the quadratic form 3 k((xk )2 4+ (yk )2) invariant. Working in
polar coordinates, we thus obtain

k
2 2 y
R:Xp(ei)(_yk dx® + xF dyk) = ((xk) . (yk) )R:Xp(e i)d<arctan x_k>

= ("> + (")) d(arctani)—]; + 9)

= (2 + (1) d(arctan z—i)

= —yFdx* +xFdyk.

5.4 Characteristic Classes

Problem 5.28  Consider the trivial principal bundle (R3 \ {0}) x U(1) over R?\
{0}. Then, for the connection with connection form described (on the open subset
R3\ {(0,0, z), z > 0} of the base manifold) by the u(1)-valued differential 1-form
(cf. Problem 5.26)

Ar (xdy — ydx), (%)

i
C 2r(z—7r)
where r? = x? + y> 4+ 7%

(i) Calculate the curvature form F of the connection in terms of A,.
(i) Write A; in spherical coordinates (r, 8, ¢), given (see Remark 1.4) by

x =rsinf cos g, y=rsinfsing, z=rcoso,

0€0,m), g €(0,2m),
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(iii)

@v)

and calculate
A=Ay +y tdy,

y being the U(1)-valued function on R3 \ {z-axis} defined by y (p) = e?(Pi,
A; and A, furnish well-defined differential forms on U; = 2 — S and U, =
§2 — N, respectively, where N, S denote the north and south pole.

Consider the complex Hopf bundle H studied in Problems 5.17, 5.18 and
take real coordinates u!, ..., u* on C% = R?* such that

3= {( Lp—— +iu2,z2:u3+iu4) eC?: ‘z1|2+ |12|2= 1}.
Prove that
a):i(ulduz—uzdu] +u3du4—u4du3)

is a connection form on the bundle. Show that ‘71* w= A1 and 02* w = Ay, where
oy is the local section associated to the trivialisation on Uy, k =1, 2, (see Prob-
lem 5.18) by means of oy (p) = fk:; (1), where 1 € U(1) is the identity element.
That is, A1 and A, are local representatives of the connection in H with con-
nection form w.

Compute the (only) Chern number of the bundle H.

Remark The above bundle is a particular case of a construction named in Physics,
namely a Dirac magnetic monopole bundle. Each of the given differential forms
A1, Ay is called a gauge potential of a magnetic monopole at the origin of R3, the
transformation in (ii) is called a gauge transformation, and F 1is called the field
strength. The general construction depends on an integer n, and the bundle of the
problem corresponds to n = 1.

The relevant theory is developed, for instance, in Gockeler and Schiicker [4].

Solution

®

(i)

(iii)

F=dAy+ Ay A Ay =dA, = 2%(xdy/\dz+ydz/\dx+zdx/\dy).
r
Since y ! dy =idg, one has that
i i
Alzi(l—cose)dgo, Azzi(—l—cose)dgo.

Since

ul)={X egl(1,C)=C:'X + X =0} =Ri,
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one can identify u(1) with the purely imaginary complex numbers. The fun-
damental vector field X* € X(S3) corresponding to X € u(l) is (see Prob-
lem 5.19) X¥, o) = 1.2 X1, (z', z%) € S3. According to the parametrisa-
tion (see Remark 1. 4)

1 A
(z',2%) = (cosEQ eVl sin 59 e‘/f21>, 0 € (0,7), Y1,y € (0,27),

of §3 and the fibre action of S! by e®!, this action corresponds to (the same)
changes in the parameters 1| and ¥,. In fact,

Jer22) (€M) = Reai (21, 2%) = (e, %)

_ (COS 1 ewitai g 1g e(l/f2+a)i) _
2 S

Now,

9 ou' +8u2 9
Oy Oy dul Ay du?
2 d 1 0

— — _+ s
‘o 2

1 0
—Cos —9 sin I/f] T +cos 0 cos Y| 5T

and, similarly,
0 4 0 3 0

- + .
s o Y

So, we can take the vector

- o 9 I I R YN
=al — =a| —u>—+u — U ,
('.2%) EYe) 31p2 ul du? ou3 3 out

which is clearly tangent to S3, as the tangent vector to the fibre at a generic
point (z!, %) € §3, image under J2! .22« of X =ia € u(1). The vector field X*
is the fundamental vector field corresponding to X. In fact, since the Jacobian
map of the map Tpei: (', 22) > (z'e¥, z%e%) is given, in terms of the real

coordinates u!, u?, u?, u*, by
cosa —sina 0 0
sine  cosa 0 0
0 0 cosa —sina |’
0 0 sine  cosa

we deduce

a
re“i*(szz‘,zz)) =a { —(MZ () cosa +u'(z!) sin) — BT | 1cat 2eat
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0
— (") sina — u' (z') cos o) —
( ( ) ( ) )8142 (Zleui’ZZeoti)
0
— (u*(z*) cosa + 1’ (%) sinar) —
( ( ) ( ) )al/l3 (Zleai‘ZZeoti)
0
— (u*(*) sina — u?(z%) cos o) — }
( ( ) ( ) )8I/l4 (Zleai’ZZeai)

2 1 4 3
=a\—U"—+U — —U —+u —
( 8”1 3u2 8”3 8u4>(zleai’226ai)

_ypk
_X(

Z1 eai’ZZeai) .

This vector field is called the standard Hopf vector field on 3 (see Prob-

lem 6.149).
Next, we consider the properties of the form w. It is clearly C*° and takes

imaginary values on S3, which can be identified with elements of u(l), as we
have seen. It is immediate that

o(X}, o) =aieu(l),

Moreover, we have

2 sina) (— sina du' — cosa duz)

R, 0= i(u' cosa —u
—( Usina + u? cosa)(cosa du' — sina duz)
+ (u3 cosa — u* sina) (sine du® + Cosadu4)

— (u3 sina + u* cos a)(cosa du® —sina du4) =w,
and also, trivially, Ad -« @ = @, hence
R0 =Ade-wi 0.
Finally, we prove that the connection form w has local representatives A on

U and A; on U,. In fact, the local sections corresponding to the trivialisations
over Uy are, respectively,

1 1 .
o1(sin cos ¢, sind sin @, cosf) = (cos 59, sin 59 e“”), 0 <m,

1 : 1
07 (sinf cos ¢, sinf sin @, cosf) = (cos 59 e 7, sin 59), 0<0.
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Thus, it is immediate that the section o7 is given in terms of the real coordinates

ul,...,u4,by

1 1 1
(ul Jutud, u4) = (cos 59, 0, sin 59 cos @, sin 59 sin (p).

Substituting in the expression for w in the statement, we easily obtain o'w =
Aj. One proceeds similarly to obtain 0w = A».

@iv)
i 1
c(l)(H)zif F=—— | xdyAdz+ydzAdx+zdrAdy
2r Js2 4 Js2
1
=—— sinfdfd Adp =—1.
4 S2
Problem 5.29

(i) Identify SU(2) with the unit sphere S> in H and prove that there is an iso-
morphism su(2) = ImH of the Lie algebra of SU(2) onto the vector space of
purely imaginary quaternions endowed with the Lie algebra structure given by
la,b] =ab — ba, for a, b € ImH.

(ii) Any connection in the principal SU(2)-bundle P =R* x SU(2) over R* can be
expressed, by (i), in terms of an (ImH)-valued differential 1-form on R*. Let
q € H arbitrarily fixed, and let

(x —gq)dx

A =Im ——"—
A R e

, xeH, 0<AeR,

be an (ImH)-valued connection form. Prove that the curvature form of A, , is
given by

22dx Adx

FA,q(x) = —()\.2 n |x — q|2)2.

()

Solution

(i) We first remark that (ImH, [-, -]) is a Lie algebra as a € ImH if and only if
a +a =0, and for every a, b € ImH we have

[a,b] + [a, b] = (ab — ba) + (ab — ba) = (ab — ba) + (ba — ab)
= (ab — ba) + ((=b)(—a) — (—a)(—b)) =0.

Any quaternion can be written as

q =ao + aii + arj + azk = (ap + a1i) + (a2 + asb)j = z1 + 22},
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with the rule jz = zj, and, hence, g can be identified to the matrix

2 2
Ay = - 7).
1 (—zz 21> ()

In fact, for two quaternions g, g’, we have

/ / / 5/ / 5/
AA, =7 = 1 )\ _ [ 217 — 222y 21Z5 + 2224 — A,
qq" — p= p= -7 B =Y ./  z.3 = . | — Aqq>
—22 1) \~% 7% —Z12p — 2227 1% — 2%,

where the last equality is immediate from the expression for the product of ¢
and ¢g’. Moreover, we have

SUQ2) = {A €GLQ2,C): A= (_Zl

22 2 2
2°), detA = =1y,
;5 Z1> e lz1]” + |z2] }

so that SU(2) can be identified to the quaternions of norm 1, which can be
viewed as the 3-sphere in H = R*. The Lie algebra of the Lie group S°
(see Problem 4.103) can be identified with the tangent space at the identity
(1,0,0,0) € S3, that is, with the subspace of R* orthogonal to the identity
1 € §3, which is the vector space of purely imaginary quaternions ImH. The
associated matrices (x*) are thus written as

ia b4
< - 2), aeR.
-7 —ia

Now, it is easily seen that these are exactly the matrices of su(2). Finally, it is
easily checked that the matrices

I/i O 1/0 1 1 /0 i
Bl_i(o —i)’ 32—5(—1 o)’ B3—§(i 0)
are a basis of su(2) (remark that —2iB,, 1 < r < 3, are the Pauli matrices) such
that
[B1, B2] = B3, [B:, B3] = By, [B3, B1]= B>.
Similarly, by = i, by = 3j, b3 = 3k is a basis of ImH such that

[b1, b2] = b3, [b2, b3]1 = b1, [b3, b1] = b2,

and we conclude. Notice that this isomorphism permits us to consider the su(2)-
valued differential forms as Im H-valued differential forms.
(i) The quaternion differential is defined by

dx =d(x0 +xti+ %% +x3k) =dx° +dxli+dx2j + dx°k,
dx = dx® — dx'i — dx?j — dx’k.
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We also use the following properties: If w, n are two H-valued differential forms
and f is an H-valued function, then

of An=owA f1. ()

Every H-valued differential form e can be decomposed as = ” + &', where

Y is an ordinary differential form and

, 1
o =Imw =

= 5(60—65)

is an ImH-valued differential form. Hence, if the degree of w is odd, then we
have w Aw =o' A, as ® Aw® =0, 0 Ao + o A’ = 0. Therefore,

Im(w A @) = (Imw) A (Imw). (1)
Setting
x—q
Srg(x) = gl

we have A, ,(x) =1Im{f, 4(x)dx}, and by using (), we obtain

Firg(x) =dA; 4 (x) + As g (x) A Ay 4 (x)
=Im{dfi 4 (x) AdX + foq(x)dX A fiq(x)dx}. )

Moreover, taking into account that |x — ¢|> = (X — ) (x — gq), we have

a0 705 = (g~ 0 S )
dx A dx (x—qg)dx(x —g) ANdx
T2 —qP 2+ Ix—qP)?
(x — q)(& — ) dx A dX
R —gP?

and by using the formula (), we obtain

_(x—q)d)?(x—q)/\di _ (x=q@)dx A (x —q)dx

R+x—qP? R4 lx—q»)?
= —frg(X)dE A fog(x)dX.

Hence, substituting into (), we obtain

Frg)=Im{dfi () AdX + foq(x)dX A frq(x)dX}
( dx A dx |x—q|2dx/\d)?)
= 1m —_
M4lx—ql> R+ x—ql>)?
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; 22dx Adx 22dx Adx
= 1m - 5
A2 +x—q»? A2 +|x—ql>)?

for it is immediate that dx A dx is purely imaginary.
Problem 5.30  Consider the quaternionic Hopf bundle m: S7 — S* (see Prob-
lem 5.17).
(i) Prove that w defined by

W(a,p)(X) =Im@X; — Xsb),
where
(@byeS ={(x,y) eHxH: |x]+ |y =1}
and
X =(X1,X2) € Ta.p)S” < Tia,py (H x H),

is a connection in the Hopf bundle.
(ii) Let N =(0,0,0,0,1) € $%, S = (0,0,0,0, —1) € S*. Consider the maps (in-
verses of the stereographic projections)

oyt H— S*\ (N}, o' H— $*\ {8},

given by

L) 2x  xx—1 (1) 2x  1—xx
‘x = 9 - 9 x == - 9 -_ 9
oN xx+1 xx+1 s xx+1 xx+1

respectively. Denoting Uy = S*\ {N}, Us = S*\ {S}, we construct trivialisa-
tions of 7rgp: §7 — s4,

wN:nﬁl(UN)aHxS{ Iﬂsiﬂﬂil(Us)—)HX;Sé,

by

ot = (on(rate). ). vt = (esraen). )

Consider the sections oy, og: H — s7 given by
oN@ =Yy D), os@) =g (x, D).

Letr>=xx,x€H,and y: H\ {0} = S3, y(x) =r'x.
Prove that the local expressions of w in terms of oy and oy are

2 2
1

y = dy, ogw = !

y~ dy.

* —_—
oNw =

_1+r2 1+7r2
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Solution

®

(ii)

We have

1 _ -
W(@a,p)(X) = 5((51X1 — X2b) — (aX1 — X2b))

1 _ - _
= E(aXI — Xob— X1a+bX)) e H.

Since the Lie algebra of S° is identified to the purely imaginary quaternions, it
follows that w(, ) (X) € Ty $3. That is, w takes its values in the Lie algebra of
the Lie group S° < H.

The action of 3 on §7 is given by R;(a, b) = (az, bz) (see Problem 5.17).
Then

(R;w)(a,b) X)= a)(az,bz)(Rz*X) = W(az,bz) (X12, X22)
1 __ - - .
= E(zaXlz —7Xobz — 7X1az + 7bX72)
= Z0(a,b) (X)2 =2 0@ (X)z = (Ad,-1 0 0)(X).

On the other hand, the fundamental vector field A* corresponding to A €
7153 is given by AZ‘a by = Jea.b)=A, Where

Jap:S*—=S8", 2z R.(a,b) = (az,bz).
Hence

d
en =7 I_O(a(l + A1), b(1 + An) = (aA, bA).

We thus have
1 - _ -
®(a,b) (A)(ka’b)) = W(a,b) (llA, bA) = E(c_mA — Abb — Aaa + bbA)
= (@a + bb)A = A,
since A = —A. We have thus proved that w is, in fact, a connection in the bundle
T ST — S*
In order to obtain the explicit expressions of o and o, we first suppose that

(u,v) € §7 satisfies ¥g(u, v) = (x, 1). We then have

2vi u

_ S22y ) R
ystu = (‘”S(QU”’ it = ). |u|> - (1 + P — o’ |u|> =t b

Then u = k € R™, and after some computations one has

1 X
ost0 = (¢1+—2 ¢1+—2>
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Denote by s the coordinate on H such that s(x) = x, x € H, and by ry, rp the
coordinates in H x H such that r1(x, y) = x, r2(x, y) = y. Then we can write

1
0= 3 (Frdn — @2)r, = (@) +Fadr).

To compute o;‘a), we substitute

1 K
r1: 9 r2: 9
1+r2 1+7r2

and after a calculation we obtain

ofw = (5ds —ds - s),

1
2(147r?)
which is well-defined in all of H.

Excluding the origin, we can write s =ry sothat s =ry~
by computation

I "and we obtain

2
r 1

1+r2y7 dy.

ojw =
A similar calculation shows that we have the formula for a]’f,a) in the statement.

Problem 5.31  Let [w] denote the standard generator of the group H2(CP!, Z) =
7., that is, f(CPl w = 1, where the canonical orientation as a complex manifold of
CP! is considered. Prove that the Chern class of the tautological line bundle E over
CP! is equal to —[w].

Solution Let (P = C?\ {0}, p, CP!,C*) be the principal bundle over CP' with
group C* corresponding to the tautological line bundle E. The differential 1-form
w on P defined by

70dz0 +z'dz!
(1): 0. 1y\= —5~ =3 1
z=(z",z") 7070 4 71,1

is a connection form on P. In fact, it takes values on the Lie algebra C of C*. More-
over, consider wy = wy,, and wy = w,,, for two sections oy, oy on two intersecting
open subsets U, V of CP'. Then, if oy = Ayyoy on U NV, that is, Ayy € C* is
the transition function, we have

Auv

Wy = Woyryy = WU +

on p~ (U N V), that is, as Ayy takes values in C*,

wy = )\a{/ diyy + )\EIVC‘)U)\UV = )‘El\/ diyy + Ad)‘m/ owy.
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The curvature form of w is

1
R=dot+wrw= m{(z%%z‘z])(c&oAdz°+dzl Adz')

— (2%d° + 2" dz') A (0% + 21 dz!) ).
Denote by U the open subset of CP! defined by z° # 0, and set w = z' /z°. Then

w can be taken as a local coordinate on U. Substituting z! = z%w into the expression
for the curvature form above, we have that

_ dw A dw
Cl+ww?’
The first Chern form ¢ (E, w) can thus be written on U as
i dwAdw
B, 0)=r———3.
2 (1 4+ ww)?

2mit

Taking polar coordinates, w = r e“*", one obtains

/ (E. ) /‘(/OO 2rdr )dt .
C ,C() = PR ——— = —1,
cp! ! o \Jo (1+r??2

as wanted.

Problem 5.32 (Godbillon—Vey Exotic Class for Codimension 1 Foliations) Let M
be a C*° n-manifold, and let .% be a foliation of codimension 1 (that is, the leaves
have dimension n — 1) on M, defined by a nowhere-vanishing global differential
1-form w, which is integrable, that is, w A dw =0. As w(p) # 0, for all p € M, this
condition can be written as

dw =w A wi, (*)

for a certain w;. Consider the differential 3-form
E =—wi ANdoy.

Prove:

(i) The form Z defines a cohomology class [Z] € HjR (M, R).
(ii) [Z£] is an invariant of the foliation, that is, it does not change if either .% is
defined by o’ = fw, with f € C°° M nowhere-vanishing or if we take another

form o] satisfying (x).

The relevant theory is developed, for instance, in Godbillon and Vey [3].
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Solution

(i) Taking the exterior derivative of both members of (x), we obtain 0 = —w Adwy,
from which

dol=w A wy,
and thusdZ = —w Awy Aw Awy =0.

(ii) If & is defined by o’ = fw, with f € C°° M nowhere-vanishing, we have

da/:df/\a)—i—fa)/\a)lza)//\(a)l—%).

Hence

E'=—w] Ado| =—w; Adw; — g Adw; =& —d(log| f|dwr),
from which [E'] =[Z].

If we choose another form, say ), satisfying (x), then from this equation
and do = w A | we have o A (w1 — w]) = 0, that is, w; — ] belongs to
the ideal generated by w. Hence, the general expression for such forms w; is
o = w1 +hw, h € C*°M. Now, we have

o] Ado| = (01 + ho) A (do) +dh Ao+ ho A o)) = o) Adop +d(hdo),
hence [E"] =[Z].

Problem 5.33 (Roussarie’s Example of a Foliation with Non-zero Godbillon—Vey
Class) Consider the Lie group

G =PSL(2, R) = SL(2, R)/ {:I: (é ?)} ,

H:{(g alil),a>o},

a discrete co-compact subgroup I" of G, and the (hence compact) quotient M =
I'\G.
Consider the basis

=l 2) 7= o) 2= 9)]

of the Lie algebra s[(2, R) of PSL(2, R). Then {X, Y} is a basis of the Lie algebra b
of H and it is immediate that

its subgroup

[X,Y]=2Y, [X,Z]=-2Z, [Y,Z]=X.

Let {@, 8, 7} be the basis of left-invariant differential 1-forms dual to {X, ¥, Z}.
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Since X and Y span b, the form y defines a foliation Z of G by the left cosets
of H, which passes to a foliation .% on M.
Prove that the 1-form @ = —2@& induces a non-zero Godbillon—Vey class of ..

Hint Since both the given vector fields and 1-forms are invariant under left transla-
tions by elements of H, we have

da(U,V)=U(a(V))—V(aW))—a(lU,V])=—a(lU,V]), U,Veg,

and similarly for 8 and 7. Compute dy and then d@; .
The relevant theory is developed, for instance, in Bott [2].

Solution We have
dy(X,Y)=0, dy (X, Z2)=2, dy(Y,Z2)=0,
So (using the same notation as in Problem 5.32),
dy =2a Ay =7 Aoy,

where @ = —2a.
In turn, one has

doi(X,Y)=0, do(X,Z2) =0, dw (Y, Z) =2,
hence d@; =28 A 7, and thus
DIAdD = —4a AB AT

is a nowhere-vanishing 3-form on G.

Since y and @, are invariant under left translations by elements of H, they de-
scend to well-defined forms y and w; on M.

The differential 1-form y defines the foliation .%. Moreover, dy = y A w; and
w1 A dwp is a nowhere-vanishing 3-form on M. But M is a compact, orientable
3-manifold without boundary, so that

/ a)l/\da)l;éo,
M

implying that
(w1 Adwi] € H (M, R)

is not zero.

Problem 5.34 Consider on C?\ {(0,0)} = {(z, w) # (0, 0)} the differential 1-form
given, for fixed A1, X, € C\ {0}, by

w=Awdz + lpzdw.
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Since it depends only on z, w and their differentials, it is completely integrable, so
defining a codimension 1 (see Definition 2.16) complex foliation  on the manifold
C?\ {0}.

(i) Find a differential 1-form w; (with the notation in Problem 5.32) such that
do=wAow.
(i) Prove that, for suitable A, Ay, the form
w1 A dw

defines a non-zero Godbillon—Vey class of the corresponding foliation J (Bott
example of non-zero Godbillon—Vey class of a foliation).

Hint Take
w; =Lxw,
where X stands for the differentiable (although not holomorphic) vector field
1 w 0 1 Z 0
X=—
Mz 4 w20z Ao lz2 + [w|? dw
which satisfies w(X) = 1.

The relevant theory is developed, for instance, in Bott [2].

Solution

(i) According to the hint, we choose

w1 =Lyw=(dixy +itxdw=d(1) +txdow=1x dw.

Then, since
dw = (Ay — A1)dz Adw,
we have
A —A 1 1
w1:%<—u§dw——2dz>,
[z]? + [w]? \ 1 A2
and
A Ao M wdz 4 azdw) A D vdw— Lzd
w | = —F = w w —wdaw — —
SENFERETTER G ¥ P
A2 —Ap

2 2
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(i) Since on $3 we have |z|2 + |w|2 =1, we get

1 1
doi =R —A))| —dw Adw — —dz Adz
Al Ao

and, also on §°,

Adwy = (g — 11)? ! vd 1'd A 1d'/\d 1d'/\d
w w] = - —wdw — — —dwAdw — —

1 1 2 1 I )»ZZ 4 " P ZAdz

_ (A2 — A1)?

(zdz Adw Adw + wdz Adz A dw).
MAp

Now, since the form zdz A dw A dw 4+ wdz A dz A dw depends neither on A
nor on X, for suitable values of A and X,, which is always possible, we obtain

A — A
/3a)1/\dw1:/3 2“ L(Zdz Adw Adi + wdz A dZ A dw) £0,
N S 1A2

hence the cohomology class
[w) Ador] € H?(C*\ {0}, R) = H(S*, R)
is not zero.

Problem 5.35 Let (P, M, G) be a principal bundle over the C*° manifold M and
let I, I be connections in P, whose connection forms (resp., curvature forms) can
be described on trivialising open subsets of M by the g-valued differential 1-forms
A, A (resp., 2-forms F, 17).

(i) Let I € .#7(G) be a G-invariant polynomial, and consider the global 2r-forms
I(F") and I (F ") (see Definitions 6.17 and [4]). Deduce from the Chern—
Simons Formula in Theorem 6.18 for the difference I(F") — I (f ", the for-
n~1ula for the particular case where G is a matrix group, I (F 2y =tr(F A F), and
A=0:

tr(F/\F)=dtr<(dA)/\A+%A/\A/\A). (%)

(i) Let £ be the map &: R* — M (2, C),

E(x) = x*—ixd —x?—ix!
T\ —ixt x4

Consider on R* with the Euclidean metric the differential forms

2 2
r C
Al=——yldy, Ar=vA1y ' +ydy = dy 1,
1= g ar 2=yAry ydy a2y
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where r2 = (x1)2 + (x)2 4+ (32 + ()2, c € R, and
y: RO\ {0} > SUQ),  y&)=r"&W),

identifies S°(r) with SU(2).
The form A is regular at x = 0 as it follows taking the formulas

rdr r2

Al=—
! r2+cz+r2+cz

g1 de, deté =r?,

into account, but A» is singular at x = 0. Let N, S denote the north and south
poles of §*. Identify R* with U; = §*\ {S} and on the other hand with U, =
$4\ {N} under convenient stereographic projections (see [4, 10.7]). Then one
can accordingly define A; on Uj and A, on Uy, since the singularity of A, at
the origin manifests as a singularity at the north pole, which does not belong to
U,; in such a way that A and A, are local representatives of a connection in a
principal SU(2)-bundle P’ over $%4, whose transition function g isy.

Express the Chern number c(2)(P’) in terms of y~ldy, by means of the
Chern—Simons formula (*).

Remark In Physics, the differential form A with local representatives as in (ii) is
called an instanton potential. It solves the Euclidean Yang—Mills equation, that is,
D x F =0, where F =dA 4+ A A A and % stands for the Hodge star operator (see
Problem 6.112).

The relevant theory is developed, for instance, in Gockeler and Schiicker [4].

Solution

(1) As G is a matrix group, we can write F =dA + %[A, Alas F=dA+ AANA.
In the particular case I (F?) =tr(F A F), we have

tr(FAF)—t(F AF)=dQ(A, A).

Puttingo = A — A, one has
~ 1 ~ ~ ~
0(A,A) = 2/ tr(a A (dA +1dar) + a A (A +1a) A (A +ta)) de
0

1
=2/ tr(a/\dA—i—ta/\dot—}—aAA/\A—i—ta/\A/\a
0
—i—tOl/\Ol/\A—i-IZOl/\C(/\O!)dI

~ 1 -~ 1 -
=2tr<a/\dA+Ea/\da—l—a/\A/\A—i—Ea/\A/\a

1 ~ 1
+§oc/\ot/\A+§(x/\a/\a)
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~ - 2
=tr 2a/\F+a/\da+2a/\AAa+§a/\a/\a .

For A =0, this expression reduces to the formula in the statement.
(i) Let Si (resp., S*) denote the upper (resp., lower) hemisphere of S*, that is, the
subset with last coordinate > 0 (resp., < 0). Then, on account of

A=y Ay +yldy,
Fy=dA| + A A Ay, Fy=dAs + Ay A As, Fi=y 'Fy,

we can write

1 1 1
0(2)(P’)=g‘/54tr(F/\F)=@/;4 tr(Fj AFI)JFW/S4 tr(Fr A Fy)
4 4

1 2
= — tr(dA; A A —AINAINA
8712,/53 < 1 1+3 1 1 1)

1 2
— —/ tr{ dAx A Axy + A2 A A A Ay (by Stokes’ Th.)
82 J 3
1 1
=—= trl FiIANA] — =AIANATANAL— o ANAp
87[2 3 3

1
+§A2AA2/\A2>

1
=— tr y_ldAz/\Azy—l-y_lAz/\Az/\Azy
8]‘[2 s3
+y M Ay Ady +y 1Ay A Ay Ady

1 1
— gyilAz/\Az/\Az)/ — gyilAz/\AQ/\dy

1 - 1 _
-3 YAy Ady Ay lAzy—gy "Ay ndy ny~ldy

1 1
—gV_ldJ//\V_lAz/\Az)/—gy_ld)//\V_IAz/\dV

I -1 -1 [ -1 -1
—37 dy Ay dy Ay Azy—gy dy Ay T dy Ay dy

1
—dAQ/\Az—AQAAQ/\A2+§A2AA2/\A2>

1
=—/ tr yfldAz/\Az)/—i-)/*lAz/\AzAAzy
87T2 S3

+y Ay Adyy Ty +y 7T AL A As Ady
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1 -1 1 -1
-37 AZAAz/\Azy—gJ/ Ay AN Ay Ady
| | -1
—gy Ag/\Az/\dy—gy Ay Ady Ay~ dy
1 1 -1
—gy A2/\A2/\dy—§y Ay ANdy Ay~ dy
1 -1 —1 1 —1 -1 -1
—37 Ay ndy Ay dy—gy dy Ay~ dy Ay dy

1
—dAz/\Az—Az/\Az/\Az—{-gAz/\Az/\Az)
 8m2

1
=— tr<dA2/\d)/y1—y1A2/\dyAyldy
3

! | | |
y dy Ay T dy Ay i dy

3
_ —y b —1 -1 - )
=53 S3<d(tr(A2/\dyy )) 3tr(y dy Ay dy Ay dV)
:_L/ tr(y—ldy/\y_ldy/\y_ldy) (by Stokes’ Th.).
247‘[2 S3

Remark The last expression for c¢(2) (P’) is the opposite to a certain winding number
(the topological charge), which is an element of the homotopy group 73(SU(2)) =
7., associated to a map from the equator S° in % to SU(2) = §3. It is important in
Physics as it corresponds to a minimum of the Yang—Mills action functional.

5.5 Linear Connections

Problem 5.36 Given a linear connection V on the C® manifold M, one defines
the conjugate or opposite connection V on M by

VxY =V X +[X,Y], X,YeX(M).

(i) Prove that V is a linear connection.
(i) Compute the local components I” j’ , Of V in terms of the components of V.

Solution

(i) Since V is a linear connection and from the expression

[fX,gY]=fe[X. Y]+ f(XQ)Y —g(Y )X, f.geCTM,
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we deduce by some computations that V satisfies the properties:

(@ Vx(Y+Z)=VxY+VxZ; (b) VxiyZ=VxZ+ VyZ;

(©) Vix¥=fVxY; () VxfY=(X)Y + fVxY.
That is, ’V\ s a llnear connectlon
(i1) One has V a = = Zk ij 38k , in terms of the local coordinates x!, ..., x" and
also

S 0 _v, 0 n 0 J | _Z 0
ﬁi)x-i_ ﬁax" dxi’ 9xJ ax; axt xk’

o Tk _ ik
That is, Fij = Fji.

Problem 5.37 Let ¢: M — M’ be a diffeomorphism. Given a linear connection V
on M,let V' = ¢ - V be defined by

VY =9 (Vyrxo ' Y), XY ex(M).
Prove:

(i) V' is a linear connection on M’.
(>ii) If ¢, is the flow of a vector field X € X(M) such that ¢, - V=V, 1t € R, then

LXoVy—VYoLx=V[X,Y], X,Y e X(M). (*)
Solution
(i) We prove one property only: For any f € C®M’,

Vi fY'=¢ - (Vi xo™ - (£Y) =0 (Vprx(Fope™ Y
o {07 X)(fo@)e™ Y +(fop)Vyi oY)

=(X'f)Y' + fVyY'.

(i) Applying both sides of (%) to a function f € C°*°M, we obtain
X(Y(H) =Y(X(H) =X, YI(f),

which trivially holds. Applying now both sides of (x) to a vector field Z, one
has

1
LXVyZ—hm (vyz @ (Vy2))

. 1
= tlgl(l)?(vyz —Vy,.vZ) +t1£r(l) ;(V@-Yz — Vv (¢ - 2))
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o1
= Vlimz—m %(Y—ga,-Y)Z + Vy (llg%;(z — @ - Z))
=ViywwZ+VyLxZ=Vxy1Z+VyLxZ.

As Ly and Vy are type-preserving derivations that commute with contractions,
for every tensor field 7 we have

(LxoVy—=VyoLx)(T)=Vix,yT.

Problem 5.38 Let M be a C* n-manifold endowed with a torsionless linear con-
nection. Prove that in a system of normal coordinates with origin p, all the Christof-
fel symbols at p vanish.

Solution In a system of normal coordinates {xi}, i=1,...,n,around p, the equa-
tions of the geodesics through p are given by x' = A't, with A’ constants. These
functions must satisfy the differential equations of the geodesics, i.e.

d2x! " - dx/ dxk
— + l——:o, i:l,...,n,
dr2 Z *ar dr
J.k=1
that now reduce to Zi’j 1';/]‘ (p)AiAj =0, for k =1,...,n. As the connection is
torsionless, it is immediate that I’llj‘ (p)=0,fori, j,k=1,...,n.

Problem 5.39 The Lie derivative L is another kind of directional derivative of vec-
tor fields on a differentiable manifold M.
(i) Prove that the map

L:TMxTM —TM
(X,Y)— LyxY

is not a connection.
(ii) Show that there are vector fields V and W on R? such that

0
V=W=—
ox
along the x-axis but with
L #L 9
i "y

along the x-axis.

Remark This shows that Lie differentiation does not give a well-defined way to take
directional derivatives of vector fields along curves.

The relevant theory is developed, for instance, in Lee [5].
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Solution
(1) Since

LixY=[fX.Y]=f[X,Y]-(YHX=fLxY —(Yf)X,

forall f € C®°M and X,Y € X(M), imposing L rxY = fLxY, it follows that
(Yf)X =0. As X is arbitrary, this implies Y f = 0, and since Y is also arbitrary,
one gets that f is a locally constant function.

In conclusion, one has that

LyxY =fLxY, X,YeX(M),

if and only if f is a constant function. Hence the map is not a connection.
(ii) The vector fields

U R R B
Cox yay’ N Y

are equal to 3 along y =0, but

3 0 3 0
Yoy T oy’ dy Ay

do not coincide.

5.6 Torsion and Curvature
Problem 5.40 Consider a linear connection on a C* manifold, with components
N}k = ij +28,6;,

where the F} « are the components of another linear connection (it is said that they
are projectively related connections), 6 is a differential 1-form, and 6; denotes the

Kronecker delta. Calculate the difference tensor ﬁij — szk of their respective
curvature tensors fields.

Solution Putting 9; =9/ dx/, we have
ﬁizijBJth _akﬁ;hﬂLZFkth Z Wi
r
=0, (I, +28},6) — 0k (T}, +28,,6,) + Z I, +28,60) (T}, 4 2616;)

—~ Z o +2800,) (I}, +28.6¢)
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= Rj,jx +28},0,6k — 28,0460 + 2I7,,0; + 2T},6k + 48,60,6
— 21,6k — 27,0 — 45},0,61
= Rjji + 28,30 — 36,),
from which we obtain
R} — Rl = 25,(0;60k — %:0;).

Problem 5.41 Let M be a C°° manifold, with a linear connection having com-
ponents F;k with respect to a local coordinate system. Write the formulas for the
covariant derivative of the following tensor fields on M:

(i) A vector field with components X E

(ii) A differential 1-form with components 6;.
(iii) A (1, 1) tensor field with components Jj’
(iv) A (0,2) tensor field with components t;;.

Moreover, prove:

(v) If the given connection is torsionless, for a vector field with components X i
one has

i i r pi
X=Xy = _ZX riks

where X! @ = (X i ) ., and R% L are the components of the curvature tensor
field of the given connectlon
(vi) For a differential 1-form with components 6;, one has

Oi; jk — Oikj = Z(G lek 29i:rTjrk)’

r

where Tj’fk and R; « are the components of the torsion and curvature tensor
fields of the given connection, respectively.

Solution Let d; =9/ dx/, where {x/} stand for local coordinates. Then:
(1)
Vi, (Z Xfal-> =Y (9;X")0; + ) _X'I};0,
i i i,r
Hence
i _oalyi i yr
X =0;x"+3 "I x".
r
(i1)
0. = (Vy,0)d; = Vy,(09;) — 0(Vy,0;)
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=V, ((Zemﬂ)a,-) —0(21}33,)
l r
- Y rhe
(iii) r
(Va, J)3; =V, Jdj — JVydj = Z(va,. 770, = JI};0,)
y
DICEALED SATE SRS

Hence

Jk—3k1’+Zf’Fkr Zrk}
(iv)

Tijik = (Vo 1)(8;, 0k) = Vo, Tjk — Z(f(ﬂﬁar’ ) +1(3;. I7xdr))

=itk — Y ok — Z iwTjr-
;
(v) We have
X =0 (ajxf + Zr;’,x’) + Y (X5 IE - I XY
; ;
=00, X + Z I )X + L X + X I} — I X',
=00, X + Z (B8 X"+ TL X0 =Y X° T, I,
;

+ X! I — T X))

=00, X' + Z(xr (akfj, -3 rjsr,j,) + I X0
; 5
+ X0 — F,{jxf,),
and

Xl =00 X + Z(x <a,-r,j, - ZQ’Q%) + X7,
r N

X0 - j’kxjr>,
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hence

ijk_kaj:XFZ<8krjir_al'Fkir+Z(Ferst Fkr ) ZX’ f‘kj'
r s
(vi)
Orjk = <3j9i - ZF}@)
r ik
= o (W -2.T ﬁ@r) -1 Z(f’r@f -2 Ff,-es)
r r s
an )
S

Expanding this formula and the similar one for 6;.z;, we obtain

gk =01 = 3 (¥~ 0T+ AT~ i) )

-
+ Y (I = 1) (a,ei -3 P,Sies)
r N
= (Rjbr + 2T} 0,.,).
-

Problem 5.42 Consider the linear connection on the half-plane y > 0 of R?
defined by the components F’k = 0, except F12 = 1, with respect to the frame
(e1 =9/0x,ex = d/dy). Consider the frame

L b
e1=—, 6 =Xx— —
T 2T Ty )

Compute the components of the connection and the components of the torsion tensor
with respect to this frame.

Solution We have V;.¢; = f/}ék, and
Ve e1 =V, e =0, Ve e =V, (xer +yer) =(1+y)er = (1 + y)ey,
Vézél = Vxel—i-yezel =0, vézé2 = Vxel+yez (xe1 + yez2) = xye; + é.
Thus the non-vanishing components of V with respect to the frame (eq, e;) are
Th=1+y, Iy =xy, =1,

and the only non-vanishing component of the torsion tensor is Tll2 =y.
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Problem 5.43 Let M and N be C* manifolds with linear connections V and V’,
respectively. A C* map ¢: M — N is said to be connection-preserving if

0s(VxY)p = (V;(/ Y/) (%)

@(p)’

for all p € M, where X,Y are p-related to X', Y, respectively. Prove that if ¢ is
also a diffeomorphism, then:

@)
¢ (RX.VZ)=R'(p-X.¢ - Y)(¢ Z).
where R and R’ are the curvature tensor fields of V and V', respectively.
(i1)
¢ (TX.V)=T'(¢-X,¢-Y),

where T and T stand for the torsion tensors of V and V', respectively.

Solution

(i) First, we remark (see also Problem 5.37) that if ¢ is a diffeomorphism, then the
formula (x) means

¢ (VxY) =V, x¢-Y.
Thus,
¢ (RX,Y)Z)=¢ - (VxVyZ — VyVxZ — Vix.v1Z)
=¢-VxVyZ —¢-VyVxZ —¢-Vixyv1Z
= (,p.x(ﬂﬁ “VyZ) — V;.y((ﬂ “VxZ) — Vé,[x,y]‘ﬂ Z
=VoxVoy? Z=VyyVox? Z—Viyx py9 Z
=R'(¢p-X,0-Y)(¢-2).
(i)
¢ (TX,Y))=¢-(Vx¥Y —VyX —[X,Y])
=¢-VxY —¢-VyX —¢-[X,Y]
=Vox¢ ¥ =Vyyp - X—lp-X,0-Y1=Tlp-X, ¢ Y]

Problem 5.44 If w is a differential r-form on a C* manifold M equipped with a
torsionless linear connection V, prove that

,
do(Xo,.... X)) =) _(=D'(Vx,0)(Xo, ... Xi,.... Xp),
i=0

Xo, ..., Xr € X(M), where the hat symbol denotes that the corresponding vector
field is dropped.
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Hint If w is a differential r-form, the formula relating the bracket product and the
exterior differential is

(do)(Xo..... X)) = (=)' Xi(&(Xo..... Xi,.... X))
i=0

+Y D" o(IXi X1 Xo. L X XL X,

i<j
Remark The more used cases are those of differential 1-forms and 2-forms:
do(X,Y) = (Vxo)Y — (Vyo)X, we A'M,

do (X, Y, Z) = (Vxo)(Y, Z) + (Vyo)(Z, X) + (Vzo)(X,Y), we A’M.

Solution

Z(-l)"(vxfw)(xo, X X))
i=0

=Y (=D Xi(@(Xo,.... Xi,.... X,))

i=0

— > -DoXo.....Vx,Xj. ... Xir.... X))
j<i

—> -DoXo.....Xi.....Vx,Xj..... X,)
Jj>i

=Y (=D Xi(0(Xo,.... Xi, ..., X))

i=0

= =DM o(Vx, X Xo. o XL X X))
j<i

+ ) D o(Vx X X X X X
j>i

=Y (D' Xi(@(Xo,.... Xi,.... X))

i=0
+ D (=DM wo(Vx, X — Vx, Xi. Xo. ... Xiv o X X))
i<j

=do(Xo, ..., X,).
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Problem 5.45

(i) Prove that if V is a flat connection on a connected manifold M whose parallel
transport is globally independent of curves, then there exists a C* global field
of frames on M.

(i) Prove that if V is a flat connection on a connected manifold M, then its curva-
ture tensor field vanishes.

Solution

(i) Letus fix a point pg € M and a basis {vy, ..., v,} of Tp, M. Given an arbitrary
point p € M, there exists a differentiable arc y : [0, 1] — M such that y (0) =
po, Y (1) = p. Wedefine X;|, =1, (v;),i =1,...,n,where t,: TpyM — T, M
is the parallel transport along y. The definition makes sense by virtue of the
hypothesis and (X1, ..., X;) is a frame as 7, is an isomorphism.

(i1) According to the definition of a flat connection, given a point p € M, there
exist an open neighbourhood U of p such that the parallel transport in U is
independent of curves. Hence from (i) it follows that U admits a linear frame
(X1, ..., X,) invariant under parallel transport, that is, Vx X; =0, for all X €
X(U). Then R(X;, X)Xy =0 and hence R =0.

Problem 5.46 Find the (equivalent) expression of Cartan’s equation of structure
2 =dw+ w Ao, that is, of 2 = da); + Zk “)/i( A a)’; , when one considers transpose
matrices, i.e. when the upper index denotes the column and the lower index denotes
the row of the corresponding matrix.

Solution When one considers the transpose matrices of @ and §2, it is immediate
to see that

i k i _oa i i k
.Qj—da)j+Za)j/\wk—da)j Zkaa)j,
k k
thatis, 2 =dw —w A w.

Remark Some authors prefer to use this expression of Cartan’s equation of struc-
ture.
Problem 5.47 Find the holonomy group of:

(i) The Euclidean space R”.
(i) The sphere S 2 with its usual connection.

MOI'COVGI', prove:

(iii)) The holonomy group, at any point, of a connection in the principal bundle
(S2n+1’ 7, (CP”, Sl)

is S1.
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Fig. 5.2 An element § of the “4) (1)
holonomy group of S? g
(iv) The holonomy group of a connection in the principal fibre bundle

(S4n+3’ T, HPH, S3)

is either S! or S3.

The relevant theory is developed, for instance, in Bishop and Crittenden [1].

Solution

®
(ii)

(iii)

(iv)

Let V be the usual flat connection, then Hol(V) = {0}, as the parallel transport
along any closed curve is the identity map.

Let V be the usual connection. As S? is orientable, the holonomy group Hol(V)
is a subgroup of SO(2).

We shall see geometrically that Hol(V) = SO(2). Consider, with no loss
of generality, any orthonormal basis {e], e2} of Ty S2 N being the north pole
(0,0, 1), and do its parallel transport along the piecewise C*° curve in s2,
given (see Fig. 5.2 for a certain vector tangent starting as (i) at the north pole)
by the half-meridian determined by e; until the equator, then the curve along
the equator by a rotation of angle 8 of the equatorial plane, and then the half-
meridian of return to N. The net result of the transport is a rotation of angle .
As B can take any value 8 € [0, 2], in fact Hol(V) = SO(2).

Let I" be a connection in (SZ"Jrl , 7, CP", §1). Since CP" is simply connected,
the holonomy group G = Hol(I") at a point u € S>"*! coincides with the
corresponding restricted holonomy group Hol’(I") . Hence either G = S' or
G = {1}. In the latter case, 7: S¥"*! — CP" should admit a G-reduction
. P — CP", which should be trivial as CP" is simply connected and the re-
duction P is a covering. Hence P admits a global section o : CP" — P which
induces a section of 7, as P C §2"+1, Consequently, the bundle 7 : g2+l
CP" should be trivial, that is, $§2"+1 = CP" x §!. This leads to a contradiction
as H>(S*'*1, Z) = 0 while, by Kiinneth’s Theorem, H>(CP" x S!,7Z) = Z.

As in the previous case (iii), G = Hol(I") = HolO(F ), since the quaternionic
projective space HP" is simply connected. Hence G cannot be discrete because
in this case, since H4(S4”+3, Z) = 0, an argument similar to the one above
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applies. If dim G = 1, then G = S'. The case dim G = 2 cannot occur by virtue
of Problem 4.46, and dim G = 3 implies G = S°.

5.7 Geodesics

Problem 5.48 Let x! = x, x2= y be the usual coordinates on R2. Define a linear
connection V of R? by F;k = 0 except Fllz = lel =1
(1) Write and solve the differential equations of the geodesics.

(i1) Is V complete?
(iii) Find the particular geodesic o with

) I
c0)=2,1), o (0)=£+5'

(iv) Do the geodesics emanating from the origin go through all the points of the
plane?

(v) If o and & are geodesics with o (0) =& (0) and o'(0) = k5’ (0), k € R, prove
that o (1) = &' (kt) for all possible ¢.

Solution
(i) The differential equations are
d%x n dx dy _ d2y _
dr? dr dr 7 dr2

Now we obtain the equations of the geodesics through a given point (xg, yo),
that is, such that o (0) = (xg, yo).

From the second equation we have y = At + yy.

Let A = 0. Then the solutions are

x = Bt + xo, Y =Yo- (*)
Let A # 0. Then from % +24% =0, that is, $(&)/% = 24, one has
log ‘é—’t‘ = —2Ar + C, so that g—f =De 24 D # 0. Therefore, the equations are
D —2At
x:ﬁ(l—e )+x0, y = At + yp, D #0. (%)
(i) From equations (x) and (xx) in (i), we see that V is complete because the
geodesics are defined for t € (—oo, +00).

(iii) Since dy/dt = 1, the geodesic is of the type A # 0, and one has

x0=2 y=1, xXO=D=1, YO0 =A=1,
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Fig. 5.3 The points (0, y), Vo i 11
y # 0, are never reached from Wl
(0’ O) “.“ 1|
hence
1 5, 5
=—— =, =t+1.
X 26 + > y +
(iv) Suppose A = 0. Then such a geodesic is of the type x = Bt, y =0. For A #0
one has
=—(1—e24), = Ar.
X 72 ( e ) y
That is,

D oy
xzﬂ(l—e Zy)

is the family of geodesics with A # 0 emanating from the origin. The points
(0, y), y # 0, are never reached from (0, 0) (see Fig. 5.3).
In fact, if x =0, since D/2A # 0 we have e™2Y =1, thus y = 0. Obviously,
those points are not reached either from (0, 0) with a geodesic such that A = 0.
(v) Suppose A = 0. Then from o (0) = & (0) it follows that

(x0)o = (x0)7 (0)o = (Y0)5
and from o’ (0) = k&’ (0) we deduce B, = kB . Hence
0 (1) = (Bst + (x0)0» (¥0)o) = (kBz1 + (x0)3, (y0)5) = & (kt).
Suppose now A # 0. Then from o (0) = & (0) it follows that
(x0)o = (x0)5 (0)e = (Y0)5+

and from ¢’ (0) = ko’ (0) we deduce A, =kAgz, Dy = kDz. Thus

Dy _
o(t) = (2 (1 —e ") + (x0)s, Aa+<yo>o)

_ ( Dz (1 _ e—ZkAgt) + (x0)z, kAt + (yo)g) :5(/([)



318 5 Fibre Bundles

Problem 5.49 Consider the linear connection V on R? = {(x!, x2)} with compo-
nents I"llj‘ =0 except Fllz =1, and the curve

o) =(a'(), 0% (1)) = (=27 +4,1 +1).

Compute the vector field obtained by parallel transport along o of its tangent vector
at 0(0). Is y a geodesic curve?

Solution The tangent vector to o at o (¢) is

0 0
0‘/(t)=267t—] +—2 .
0x o(t) 0x a(t)
Let
Y, Y@ 9 +Y2%(1) 9
o) = — —
ax! o (0) 9x2 o(t)

be the requested vector field. The parallelism conditions are

doi(t . do/(t
t()+ZF;k t()Yk:O’
Jik

d d

that is,

ar' () dy()
2e7'Y%(t) =0, =0.
dt te @ dr

One easily obtains that Y'(r) = 2Ae™" + B. For ¢ = 0, the vector Y, () 1s, by hy-
pothesis, a’(0). Thus A =1, B =0, and

d 0
=202 4 %
© dx! + 9x2

Hence the curve is a geodesic.

Problem 5.50 Let M be a C™ manifold with two linear connections V and V with

Christoffel symbols I" ;k and F;k’ respectively, such that I ;k + I k"j = I:;k + T klj

(i) Have V and V the same geodesics?
(ii)) What intrinsic meaning does the previous condition have?

Hint (to (i1)) Use the difference tensor of V and v.
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Solution

(i) The geodesics y (1) = x'(@), ..., x"(t)) for V and V are given by the systems
of differential equations

d2xi - dx/ dxk
dr2 +Z it dt F_O and

d2x’+ i dx/ dx* 1
L — =0, i=1,...,n,
dr2 jk *ar dr

. K .
respectively. We have } ., I'} ]’ . dé“t/ dé“t = Fkl] dc)l‘[/ dgt , from which

dod dxk 1 ; o dx/ dok
LT a s L ) g

If]"’k—i—]"’ _F’k—i— kj,then

dx/ dxk dx dxk 1 dx/ dx*
- _ = I +T,
ijdt dr Z et i) drodr 2%:( wt kf)dt dr
~; dxd dx*
r,——,
— "k dar dr
J.k
thus V and V have the same geodesics.
(i) It is immgdiate that the previous condition means that the difference tensor
A =V — V is skew-symmetric.

Problem 5.51 Let x!, x2? be the usual coordinates on R2. Consider the linear
connection V of R? with components Fl]]‘ =0 except I~ 222 =2, and the curve o () =

(e +5,3t4+7).
(i) Compute the vector field Y, () obtained by parallel transport along o of its

tangent vector at o (2).
(ii) Is o a geodesic curve?

Result
() Yoy =—4e 850 +3e!270 0
(i1) No.

5.8 Almost Complex Manifolds

Problem 5.52  An almost complex structure on a C° manifold M is a differen-
tiable map J: TM — T M, such that:
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(a) J maps linearly T, M into T, M for all p € M.
(b) J?>=—1I on each T, M, where I stands for the identity map.

Prove:

(i) If M admits an almost complex structure (it is said that M is an almost complex
manifold), then M has even real dimension 2n.

(il)) M admits an almost complex structure if and only if the structure group of the
bundle of linear frames FM can be reduced to the real representation of the
general linear group GL(n, C), given by

p: GL(n,C) - GL(2n,R)
A+iB — <—AB f;)
0

I, 16’ ) Prove that the

Hint Let f be the linear transformation of R with matrix (
subset

P={zeFM: fE)=(z"oJoz)(&), £ €R*"}
of the bundle of linear frames FM over M is a GL(n, C)-structure on M. The
reference z € F M is viewed as an isomorphism z: R?" — TrpM.
Solution

(i) T, M admits a structure of complex vector space defining a product by complex
numbers by

(a+ib)X =aX +bJ,X, X eT,M, a,beR.

Thus the real dimension of 7, M is even, and so it is for M.
(i) We have

p(GL(n,C)) ={A € GL2n,R): Af = f A}

In fact, decomposing A in n x n blocks,

A B
2= b)
and by imposing Af = f A, we obtain C = —B, D = A. And conversely.
An almost complex structure J on M is a (1, 1) tensor field on M such that
J2 = —1. The subset P of the bundle of linear frames over M, described in the
hint above, determines a GL(n, C)-structure. In fact, a linear frame z at p € M

is an isomorphism z: R?* — T,M (see Fig. 5.4). Let us see that the acting
group is GL(n, C). In fact, given z, 7' € P, with 7 (z) = 7w (z), we have

f=zloJoz & zofoz l=J.
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Fig. 5.4 Linear frames GL (2m, ) FM
adapted to an almost complex
structure
GL (m,c)
O P
| -
|
-1
fe)= 2z J(z(&) am .
Then

1

77! o7 ofoz”
that is, z~ ! o z/ € GL(n, C).
Conversely, given a GL(n, C)-structure P on M, we consider the operator
Jp in T, M such that

oz=z'oJoz="f

IpX=(z"oJoz)(X), XeT,M, zen '(p)CP.

By the definition of frame as an isomorphism of R>" on T,M, J,X is an el-
ement of T,M. J,X does not depend, by the definition of GL(n, C), on the
element z € 7' (p). In fact, if z, z’ € 7~ (p), then there exists g € GL(n, C)
such that 7/ = zg, and then

-1 — _ _
J;X:(Z/ofoz/ )(X):(Zogofog loz 1)(X)=(ZOfOZ 1)(X)
Moreover, J2=zo0 foz 'ozo foz ' =—1I.

Problem 5.53

(i) Does the sphere S admit a structure of complex manifold?
(i) And what about the sphere $3?

Hint Use the stereographic projections onto the equatorial plane, and identify this
one with the complex plane C.
Solution

(i) Let ¢ be the stereographic projection onto the plane z = 0 from the north pole
N =(0,0,1) € §%, and ¢, the stereographic projection onto the plane z = 0
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from the south pole S = (0,0, —1) S2. We have (see Problem 1.28)

(@.b.0) a b (@.b.0) a b
a,v,c)=\ —, s a,b,c) = s s
4 l—c 1—c¢ ¢2 14+c¢c 1+c¢

so the changes of coordinates are

prop; ' =pog i RP\{(0,0)} — R*\{(0,0)}
(a,b) — ( a

>+ a>+12)

Identifying the plane z = 0 with C, we can write

’

a a
boo)=—+i ) boo)=—
p1(a,b,c) = +iT— ¢2(a,b,c) 7 T 'T1e

SO

prog, =pogrl: C\ {0}~ C\ (0}

Z=x4+1iy Y

+i .
x2 + yZ X2 + y2
To see that the changes of coordinates are holomorphic, we have to show
that they satisfy the Cauchy—Riemann equations

ou ov u av

a - 51 @ - _av
where u(x, y) = xszyz’ v(x,y)= XZ}TyZ A computation shows that

ou ov ou _ v

ax 9y’ dy  ox’
that is, the change of coordinates is anti-holomorphic, instead of holomorphic.
This could be expected from the fact that ¢, o gol_l changes the orientation (see
Fig. 5.5).
In order for the equations of Cauchy—Riemann to be satisfied, we have to
change the sign of one of the (real or imaginary) components of the change of
coordinates. Consider, instead of ¢;, the new chart Y, = ¢, given by

Vnta,bye) =~ _i L
a,b,c)=———1 .
2 14+c¢ 1+c¢

The map 1 is ahomeomorphism of $?\ {N} on C\ {0}, as it is the composition
map

®2 J

S2\{N} 3 C\{0} = C\{o},

where j denotes the conjugation map. The new changes of coordinates are

(2o v N x +iy) = ——— —i—>—,
x2_|_y2 x2+y2
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Fig. 5.5 The map g7 0 ¢; ' z
changes the orientation

and it is immediate that they satisfy the Cauchy—Riemann equations.
(ii) S3 does not admit any complex structure because a complex manifold necessar-
ily has even real dimension (see Problem 5.52).

Problem 5.54 Consider the torus 72 = S! x S! and let (x, y) be the canonical
coordinates (0 < x <27, 0 <y < 27) on T?2. The corresponding coordinate fields
define global fields denoted by 9/dx, 9/dy. Let J be the almost complex structure
on T? given by

a 1 d

d NE
J—=—(1+4cos”x)—, J—=————.
ox dy 0y 1+cos?x dx

(i) Show that J is integrable.
(i1) Find the corresponding chart of complex manifold.
Solution

(i) A necessary and sufficient condition for a complex structure J to be integrable
is that its Nijenhuis tensor N; be identically zero. Since N is skew-symmetric
in the covariant indices, we only have to show that N J(%, 3%) vanishes. Sub-
stituting, we have

9 9 9 ) 19
Ny(—.—)=|=—(1+cos’x) | ————
dx’ dy ox 1 +cos?x dy

0 1 0
— (1 2x)—=0.
+ <8x 1+cos2x>( +eos x)ay
(i1) We must find coordinates u, v such that
0 0 0 0
J=—==, J—=-=.
du  Jv v ou
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‘We must have

0 du a v 0 a duod Jdv d
T e s ()
dx 0xdu  Jx Jv dy dyodu dyadv
and applying J in (x),
a Odud Jdva
—(14cos’>x)— = o —v—,
dy dxdv Jdx du (%)
1 9 Odud v
l4cos2xdx dydv dyou
From (%) and (»x) it follows that
du 0 dv 0 du 0 av 0
ol + v ¢! —i—coszx)—u— -1 +cos2x)—v—,
ox du  dx dv dy dv dy ou (©)
du 0 v 9 1 du 0 n 1 av 0
dydu dydv  1+4coslxdxdv 1 +cosx dx du’
Both equations in (¢) imply
9 0 d 1 ad
—uz—(l—i—coszx)—v, . S (00)
ox dy dy 14cos?x ox

It suffices to give a particular solution of (¢<). From the equations

du
v=y, —:—1+cos2 ,
oo g = )
one has a solution of (¢©), given by
u=A——x— —sinxcosx, v=y.
2 2

Problem 5.55 Letw: M — N be a topological covering.

(i) Prove that if N is a complex manifold, then M also is a complex manifold.
Equivalently, M has a unique structure of complex manifold such that 7 is a
local diffeomorphism.

(i) If M is a complex manifold, is necessarily N another one?

Solution Let p € M. We define the chart (U, @) around p in the following way:
Let x = m(p) and let U, be a neighbourhood of x such that Uy is the domain of a
chart (Uy, @) and m: U — m(U) is a homeomorphism. Then we define

Pp=¢xo0 (7T|Up)v

where U, denotes the neighbourhood of p homeomorphic to Uy by 7. Thus we
define an atlas on M, and we have to prove that the changes of coordinates in M
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are holomorphic. Notice that dim M = dim N. Let p, g € M such that U, N U, # 0,
and let x = (p), y = 7 (g). Then we have to prove that the map

Dyod, " D,(U,NUy) > Dy(UpNU,)
is holomorphic. But
— —1
By0®,' =gy 0 (tly,nu,) o (¢x 0 (Tlu,nu,))
=y o (7ly,nu,) © (lu,nu,) 0w =gy 00,

which is holomorphic because N is a complex manifold.

(ii) It is not true, in general. In fact, the map 7 : S — RP? is a double covering.
S%isa complex manifold, as we have seen in Problem 5.53, but RP? is not because
it is not orientable (see Problem 3.10), and every complex manifold is orientable.

Problem 5.56 Let (M, J) be an almost complex manifold. If V is a linear connec-
tion on M whose torsion tensor Ty vanishes, define the linear connection V by

~ 1
VxY =VxY — Z((VJYJ)X +J(Vy DX +2J(Vx))Y).

(i) Prove that JVyxJ =—(VxJ)J.
(i) Compute the torsion tensor 7% in terms of the Nijenhuis tensor of J.

Solution
@)
(VxI)J +JVxJ =VxJ*=Vx(—1)=0.
(i1)
T(X,Y)=VxY —VyX —[X,Y]
=Tv(X,Y) - %((VJY])X = (Vyx DY = J(Vy )X + J(Vx))Y)

1
= _Z((VJYJ)X — (Vyx DY +(VyJ)JX — (VxJ)JY)

1
Z_Z(VJYJX_ JViy X -V xJY+JV;xY
—VyX - JVyJX+VxY +JVxJY)
1 1
== (VY IXI+ X Y]+ X YT+ TIX TY]) = oN (XY,

where N denotes the Nijenhuis tensor of J and we have applied (i) above in the
third equality.
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Problem 5.57 Let (M, J) be an almost complex manifold. Prove that the torsion
tensor T and the curvature operator R(X, Y) of an almost complex linear connection
V (that is, a linear connection such that (VxJ)Y =0, X, Y € X(M)), satisfy the
following identities:

®
TUX,JY)—JTUX,Y)—JT(X,JY)—-T(X,Y)=—-N(X,Y),
where N denotes the Nijenhuis tensor of J.

(i) R(X,Y)oJ =JoR(X,Y).

Solution
®
TUX,JY)—JTUX,Y)—-JT(X,JY)-T(X,Y)
=JVyxY —JVyy X —[JX,JY]—JVyxY —Vy X+ J[JX,Y]

+VxY +JIVyy X +J[X, JY] = VxY + Vy X +[X, Y] =—-N(X, ).
(ii)

R(X,Y)JZ=JVxVyZ —JVyVxZ —JVixy1Z=JR(X,Y)Z.
Problem 5.58 Let M be a complex manifold of complex dimension n. Let

{zk }, k=1,...,n, be a system of complex coordinates around a given p € M. If
7K = xF+iyk, let {x¥, y¥} be the corresponding system of real coordinates around p.
Let T,M, T;’M , and T,,1 O\ be the real tangent space at p, the holomorphic tan-
gent space at p, and the space of vectors of type (1,0) at p, respectively (see Defi-
nitions 5.11). Prove that there exist unique C-linear isomorphisms

. h . 7h 1,0
G, T,M —>TIM, W, TIM — TMOM,

with respect to the natural complex structure of each of these spaces given in Defi-

nitions 5.11, such that for every system {zk}, k=1,...,n, we have
d d
®p(_k ):_k , k=1,...,n,
0x » 0z »
d 1/ 0 d
v, — =———-i—), k=1,...,n.
”(azk ,,) 2<axk 1ayk)p " *)

Solution Uniqueness. An R-basis of T, M is {3/3x¥|,, 3/3y%|,}. As we have

(O IN_ (2] 2
axk 1, N axk|, T ayk

’

p
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it is clear that {8/3xk|p} is a C-basis of T, M. Hence @, is unique. Also ¥, is
unique as {/9z%],} is a C-basis of T} M and

1/ 0 )
il
2\axk oyt ),

is a C-basis of Tpl’OM (see Definitions 5.11).
Existence. Each X € T, M is an R-derivation X : C;°M — R. Tensoring with C,
we obtain a C-derivation

X®1: C?M@C—)C.
As O,M C C;’f’M ® C, restricting X ® 1 to &), M, we obtain
X:=X®lg,ueTIM.

We define @,: T,M — T M by ®(X) = X. From the very definition of @, we
have

forall X,Y e T,M, . € R. Moreover, we have
(X ® D =T X" +iT Xy = (dx¥) IX +i(dyF) I X
= J*((dxk)P)X + iJ*((dyk)P)X = —(dyk)pX + i(dxk)pX
=i(d") X =i((X ® DZ").

Hence, @, is C-linear.
Let us compute @, (9/ axk| p). From the definition, we obtain

31\ 31\ 3
dz*| (—=| ) =(— N=((— 1)(z%) =8~.
(5] ) = (5] ) = (] ) er) =2t
Hence
DY _g? ?
axk » Ty ,,_azk ,,'

Let©,: Ty'M — T" M be the map given by

174 1,0
@p(Z):Z:Z|@’p(M), ZGTp M.
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From its very definition, it follows that ©, is C-linear. Let us compute its expression
in the standard basis (cf. Definitions 5.11). We have

1/ 9 3 T /1 8 3 -
dOl B R S — I - S, o
(3w i) ) =Gl i) ) @
3
1

19 . ]
-G ) Jor e =t
p

o (L(2 _.0 i s 0
o (22— —sk 2
P2 \axk “ayk ), “ oz

Therefore, ¥, = (H)Ijl. Moreover, the isomorphisms @, and ¥, on each fibre extend
naturally to complex vector bundle isomorphisms (see Definitions 5.11)

Hence

0

k
paz

p

&:TM—T"M, v T'M — 7M.

We identify the bundles T M, T"M and T'OM via @ and ¥. Under the isomor-
phisms @ and ¥, both TM and T"-OM are also holomorphic vector bundles.
Finally, we remark:

(a) The election in (x) is motivated by the fact that if f is a holomorphic function,
ie. 3f/8z% =0, then

af af 1/9f . of

—=——=————-i—).
axk — 9zk 2\ axk ayk

(b) The identification @ is always tacitly assumed, i.e. one always writes

9 f01r1 9 ia and 9 for1 9 +1 9
azk 2\ axk  9yk azk 2\ axk * ayk )

5.9 Almost Symplectic Manifolds

Problem 5.59 Denote by (ql, ...»q", p1,..., pp) the usual Cartesian coordinates
of the space R?*, on which we consider:

(a) The 2-form 2 =Y, dp; Adq'.
(b) A hypersurface S defined by the implicit equation H (g, p) = const.
(c) The vector field X such thatix 2 = —dH.

Prove:

(i) dH(X) =0, that is, X is tangent to S, and Lx$2 =0.
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(i) If wy,—1 is a (2n — 1)-form such that

A AQ =wyy | AdH,

then L x(w2u—1ls) =0.
Solution
(i) We have to prove that X H = 0, but
XH={dH)(X)— (ix2)(X)=—-2(X,X)=0.

(ii) Considering the Lie derivative with respect to X of both sides of the equality

QA o) A2 = wy,—1 ANdH, we obtain

ith place

n
D QA A LxQ2 A A2 =(Lxwyn1) AdH + @y ALxdH. (%)
i=1

As
Lx2=ixd2+dix2=dix$2=—-d(dH)=0
and
LxdH =dLxH =d(XH) =0,
equation (x) reduces to
(Lxwy,—1) AdH = 0. (%)

Let (xl, xn=lg ) be a local coordinate system adapted to S, that is, such
that (dH)|s = 0. Then, for some (2n — 2)-form wy, >, from (x*) it follows that

Lxwr,—1 =wy—n ANdH +adxl A Adxznil,
o)
0= (Lxwm_1) AdH =Adx' A--- Adx”" ' AdH,
and thus A = 0. Hence Lxwy,—1 = wy,—2 AdH, so one has
Lx(w2n-1ls) = w2p-2|s A (dH)|s =0

because (dH)|s = 0.

Problem 5.60 Let m: T*M — M be the cotangent bundle over a C*® n-
manifold M. The canonical 1-form ¥ on T*M is defined by

Do (X) =0 X), weT*M, XeT,T*M.
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1. Compute the local expression of ¥ and prove that the 2-form §2 = d?& is non-
degenerate, that is, that ix 2 = 0 implies X = 0.

2. Show that 2A o AS$2 # 0 at each point. Hence T*M is orientable. §2 is called
the canonical symplectic form on T*M.
Let H € C®(T*M) and let o : (a,b) — T*M be a C* curve with tangent
vector o”.
3. Write locally the differential equations

iz’/(200)+dH oo =0 (Hamilton equations).

4. Show that if o is a solution, H o o is a constant function.
5. Solve the Hamilton equations for the case M =R", and

-1
1 n2, |1 £ L)
H=§k(q ) —i—Em;pi + 5P
where k and m stand for constants.

Solution

1. Given local coordinates (ql,...,q”) on M, they induce local coordinates
(q',....q", p1..... pn) on T*M putting w, = p;(wy)dq’|, for w, € T*M,
xeM.If

S
oy opi

X=Xn:<xf

i=1

9 eT, T"
dq' o)

then from the definition of ¥ it follows that

) = ;(pﬂwx)dqj\x)(i*i

i=1

n
.0 0
FH(X) = 0y (1 Xo,) = 0 (Z A o7

i
i=1 36]

=\ pi(wy) = Z pi(w:)(dg’ ) 0 = (Z " dqi) o

and so ¥ = Y_; p;dg’; hence 2 =d¥ =, dp; A dg’, which is obviously non-
degenerate.

2. From part 1 we have, &, being the group of permutations of order n, and sgno
the sign of the permutation o € G,;:

.Q”:(dpl/\dql+~-~—|—dpn/\dq")/\~~-/\(dp1/\dql—i—~~+dpn/\dq”)

= Z dpo'(l) A dqa(l) VANERRIAN dpg(,,) A\ dqa(n)

oe6,
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=(_1)1+2+--~+n Z qu(l) /\/\qu(n)/\dpa’(])/\/\dpo’(n)

ceS,
n(n+1)
=(-1) > Z (sgno)?dg' A Adg" Adpy A--- Adp,
ceS,

n(n+1)

=nl(—=1)" 2 dg' A---Adg" Adpy A---Adp, #0.

3. Puto;=q'00,6;=p;joo. Wehave o' =), (‘i;’ BZ dg' I ). Therefore,

: : d; . ;  do
iaf(fzoa)=Z(o’(pi>dq’L,—a’(q’)dpiL,)=Z<d—idq |, — Cf dp,|a)

i

Hence
. do; 8H ; oH do;
lg/(.Qoo)—i-dHoa:Xl:(( a Tag )dq’ "+<8pioa_?)dpi|6)’

and the Hamilton equations are

da, BH 0H da,
=0, 00 — =0.
dr 8 api dr
4. If o is a solution, then d"’ = jf{ oo and dcﬁ’ = gf oo.So

d O0H  \doi (0H ds;
—(Hoa):Z : + oo |— ) =0.
dr . Bql dr ap; dr

1

Thus H o o is a constant function.

5. (a)
do oH do; oH
— =———o00 = —koj, — =———00 =0,
dr dg! dr dq!
fori =2,...,n, hence:
(b) 0; =A;,i=2,...,n,with A; constants;
(c) d”‘ gfoa:ma,forizl,...,n—l;
) d"" =l oo =3,
From (b) and (c), it follows that o, =mA;t+ B,, fOI'l =2,. —1,A;, Bi eR.
From (a) and (c), we deduce that =mo and = —koy, hence
d2
Tl + kmoy1 =0,

and we have four cases:

(i) k#£0, m=0, o1 = A, 5 = —kAt + B;
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(i) k=0, m#0, oy =mCt+ D, 51 =C;
(ili) km =w? >0, 01 = Ecoswt + Fsinwt, 5] = —2(Esinot — F coswt);
(iv) km = —w? <0, o1 = G coshwt + H sinhwt,

~

o1 = —Q(G sinh wt + H coshwt).
m

Finally, from (b) and (d), we have d"" = A,,thuso,, = At + B,,,for A,, B, e R.

Problem 5.61 Consider the trivial principal bundle 7 : M x U(1) over the C*°
n-manifold M. We use the same notations as in Problem 5.26.

(i) Let &, be the flow of a vector field X € X(P). Prove that X is U (1)-invariant
if and only if @; is an automorphism of P, for all r € R.
(ii) Let p: T*M — M be the cotangent bundle over M. Each coordinate system
(U,q",...,q") on M induces a Coordinate system (p~'(U), q',....q", p1,
.., Pn) by setting w =", p; (w) dq | for all covector w € T M.
If @, is the flow of a U (1)-invariant vector field X € X(P), then <Dt isa
flow on T*M, which generates a vector field X. Prove that

X (- G i)

q aq' api

where

0 d
X= 15 ) ") — )
Z f(q aq +&(q q")3
and o stands for the local coordinate on U (1).
(iii) Let ¢ be the canonical form on 7*M and let @ (x, @) = (¢ (x), ¢ + ¥ (x)) be
an automorphism of P. Compute @*¥.

(iv) Conclude that every automorphism of P leaves the canonical symplectic form
d¥ invariant.

(v) Prove that L d¢t =0, for every U (1)-invariant vector field X.

Solution

(i) The vector field X is U (1)-invariant if and only if for every z € U (1) we have
R, - X = X. This means that R, commutes with @;;i.e. R, 0o ®; = P; 0 R;, or
equivalently, @;(u) - z = @;(u - z), thus proving that @; is an automorphism.

() fo(x,a) =(¢p(x),a + ¥ (x)), from part 4 in Problem 5.26, we have
= —1\* —1
Pw)=(¢" ) w—(d(¥od "))y weTM.
Aspocg:qbop,wehave

g o®=q" 0. (*)
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Moreover, from the very definition of the coordinates (p;), we obtain
(pi o ®)w) = pi((6™") w = (AW o0™")y)
=2 puwipi((¢~")"(dg"],))
h

A op™h j
_ Z T(¢(x))p’ (dq] |¢(x))
J

(W o~
—me ¢’ L (¢ ) - %(w».

Hence

g op! A op!
piod= Zp(“’ - ¢>‘La; Yo, m

If

@ (x, @) = (¢ (x), @ + ¥ (%)),

then substituting 5: for @ in (%), (%*), taking derivatives with respect to ¢, and
then t = 0, we obtain the formula for X in the statement.
(iii) We have

~ 0 o~ ! A ogp! .
4’*1’=Z<Zm( (qafﬁ o)~ 120yt

dq
d o~ ! .
_Z < (‘] ¢ ) ¢> d(ql o¢) _¢* d(w O¢—l)
=Y pndg" —¢*d(yogp™!) =0 —dy.
h

(iv) From the previous formula, we have
®* dy = dv.
(v) It follows taking derivatives in @;* d¢ =dv, for all t e R.

Problem 5.62 Let ¢ be the canonical 1-form on the cotangent bundle 7*M over a
C®° n-manifold M. Prove that dv is the only 2-form §2 on 7*M such that:

(i) The vertical bundle of the natural projection p: T*M — M is a Lagrangian
foliation, that is, the fibres of p are totally isotropic submanifolds.
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(i) If n is a differential 1-form on M and we denote by T, the translation
T T"M — T*M, (w)=w+nx), wel M, xeM,
then
1,2 =2+ p*dn.

(iii) Lx$2 =0, for every U (1)-invariant vector field X € X(M x U(1)) (see Prob-
lem 5.26).

Solution First we prove that di satisfies (i), (i) and (iii). Item (i) follows directly
from the local expression 2 =), dp; A dg'’, as the tangent space to the fibres of p
is locally spanned by d/dp;. As for (iii), it follows from Problem 5.26.

Moreover, if n =", f; dg’, f; € C®M, then the equations of T, are

g’ oty=q'.  pjoty=pj+fj.
Hence

Trdy =dr; =Y d((piotd(q' oty)) = d(p; + fi) Adg’
i i
=Y (dpi Adg' +dfi Adg') =d¥ + p*dn.
i
Conversely, assume £2 satisfies (i)—(iii). From (i) we have

2= (Andg" Adg' + B} dpy £ dq').

i

Apni+Ain=0,  Ap, B! e C®(T*M).
Let us impose condition (ii) on §2. We have

02 = Z((Ahi ot dg" Adg' + (Bl o 7)) (dpy +d fin) Adg')
h,i

= (Andg" ndg' + B'dpy Adg') + ) dfi ndg'.
h,i i

Hence
Z Z afj
Ahlof,]+ i 077;7 Ap; 9q haljs

h __ ph
B; o1, = B;.

(*)
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Let X = 3/dq’ in (iii). Then, we obtain

9
Lz = Z( Ldgh A dg +—dph/\dq> 0.

Accordingly,
dAn OB}
agl  agl 7
that is, Aj; and Bh depend only on (p1, ..., pn)-

Next, let X = ¢'d/0« in (iii). Then we obtain X = —d/dp;, and

A A dg B! ;
LR = Adg' — —dp;, Adg' ) =0.
% Z( q' = 5, dpn ndg

Hence
dAn _ OB _o
op1 opi )

Therefore Ap; and Bih are constant functions.
Now, let us impose condition (iii) for X = ¢*d/d4!, for two given indices k, I.
We have
%= ok d a
=gf— —p—
dq' apr’
Hence
Lg2 =) (A — An)dg" Adg’ + ) (Ay — Aii)dg’ Adg"
k<i i<k
— Y (Bfdpi ndg' — B dp; Adg*) =0.
i

Thus A;; = Aj;. As Aj; + Aj; =0, we have Aj; = 0. Accordingly, the equation (%)
now reads as

(8 —a,) L o,

J
As the functions df; / dg™ are arbitrary, we have Bij = §;;, thus concluding.

Problem 5.63 Let (M, £2) be an almost symplectic manifold and let F1, ..., Fy be
smooth functions on M. Suppose that

N={peM: Fi(p)=0,..., F(p) =0}

is a submanifold of the manifold M of codimension k.
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(i) Prove that the corresponding Hamiltonian vector fields
{XF}, ixp,2=—dF;, i=1,...k,

are independent at each point of N.
Denote by A(p) = (a;j(p)) the matrix-function on M with

aij(p) = 2(Xr,, Xr;)(p).

(ii) Prove that (N, £2|y) is an almost symplectic manifold (see Definitions 5.12) if
and only if the restriction of the function M — R, p — det A(p),to N C M is
nowhere-vanishing.

Solution Fix a point p € N C M. Denote by W, the subspace of T\, M spanned by
the vectors X, (p), ..., Xf,(p). Since

T,N ={Y € T,M: dF;(p)(Y) =0}

and by definition —dF; =iy Fi £2, we obtain that the tangent space T, N is the or-
thogonal complement to the subspace W, in T, M with respect to the form £2.
Therefore, the restrictions §2), | T,N and £2,| W, of the form §2,, have the same kernel,
which is equal to 7, N N W,,. Now, the form £2,,|w, is non-degenerate if and only if
detA(p) #0.

Problem 5.64 Denote by (!, ..., 2", yl, ..., y™") the usual Cartesian coordinates
of the vector (x, y) of the space R” x R", on which we consider:

(a) The 2-form £2 =3""_; dy’ Adx'.
(b) The subset (the total space of the tangent bundle of the n-sphere)

n n
M=1(x,y)eR"xR": Fi(x,y) = Z:(xi)2 =1, Fa(x,y) = inyi =0¢.
i=1 i=1
(c) The function H(x,y) = Z;-z:l(yi)z-
Prove:

1. The set M is a submanifold of R” x R” and the restriction §2|; of the 2-form £2
determines a symplectic structure on M.

2. The Hamiltonian vector field X}, of the restriction &z = H |y with respect to the
form £2|ys has the following form

LN LN LN
Xh(x,y)=2Zy’@—2(2()}1)2)2)6’8—))[., (x,y)eM.
i=1

j=l i=1



59

Almost Symplectic Manifolds 337

Solution

®

(i)

To simplify the notation denote by (-, -) the canonical scalar product in R”
and by vX + wY, where v = (vl,...,v"),w = (wl,...,w") € R”", the tan-
gent vector Y+ v'd/dx’ + > ', wid/dy’. Similarly, we put vdx + wdy =
Yipvide 30 widyl

The set M is a submanifold of the manifold R” x R” because the differentials
dF; =2xdx and dF> = ydx 4 x dy are linearly dependent if and only if x = 0.

Since QX + wY, v'X +w'Y) = (w, v') — (v, w’), it is easy to check that
the Hamiltonian vector fields X r, and X, of the function F; and F> have the
form

XF (x,y) =—2xY, Xp(x,y)=xX —yY,

respectively. Because of the relation
R(XF, Xp)=—dF1(Xp) = (-2xdx)(xX — y¥) = =2(x, x),

the pair (M, §2|p7) is an almost symplectic manifold (see Problem 5.63). The
form £2]y, is closed because so is £2.

To find the Hamiltonian vector field X}, of the function 7 = H| s, note that the
Hamiltonian vector field X g of the function H on R" x R” is equal to 2y X
(dH =2ydy). This vector field is not tangent to M because

dF2(Xg) = (xdy +ydx)(2yX) =2(y, y).

Since the vector fields Xz, and X, are orthogonal to the tangent space of M
with respect to the form 2, they are independent and transversal to M (at each
point of M), the Hamiltonian vector field X, coincides on M with the vector
field

Z=Xyg+a(x,y)Xp +ax(x,y)Xp, =2yX —2a1xY +ax(xX — yY),

where the functions ai, a> are defined uniquely by the condition that Z is tan-
gent to M at each point of M. As

xdx(Z)=ax(x,x) and (xdy—+ydx)(Z2)=2(y,y)—2ai{x,x),

we have az(x,y) =0and a;(x,y) = (y,y) on M.

Problem 5.65 Let (M, §2) be a symplectic manifold.

Prove:

(i) The Poisson bracket

{-,}: C®M x C®°M — C*M,
{Hi, H2} = —Xp (Hy) = —dH)(Xp) = 2(Xm,, X&),
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where H; € C*°M and
iXHJ_.Q =—dH;, j=1,2,

(X n; is the Hamiltonian vector field of H;) determines a Lie algebra structure
on C® M and satisfies the Leibniz rule, i.e.

{H, Hb} = —{H>, Hi} (skew-symmetry),
{(H1, Ko}, H3) = | Hi, {Ha, H3}} — {Ha, (Hi, H3}}  (Jacobi identity),
{(H\, HyH3) = Hy{H), H3} + H3{H}, H>} (Leibniz rule).

(i1) The vector field [Xp,, XH,] is the Hamiltonian vector field of the function
—{H\, Ha}.
(iii)) The Lie bracket of two locally Hamiltonian vector fields is Hamiltonian.

Solution

(i) The Poisson bracket is skew-symmetric because so is the symplectic form £2.
Moreover,

LXH_,-‘Q = iXH_,- ds2 +diXHj~Q =dl'XH./_.Q =—d(dH;) =0. (%)

To prove the Jacobi identity, let us prove that the vector field [X g, , X #,] is
the Hamiltonian vector field of the function —{H;, H»}. We have

Xy, Xp,182 = Lxy, (ixy, $2) —ixy (Lxy,$2)
=Lxy, (ixy,$2) (by (%))
=—Lyx H, (dH>) (by the definition of X p,)
= —(ixHl od+do ixH1 )Y(dH>) (by formula (7.3))
= —d(ix, dH>2)
=d{H, Ha}.
Now from the definition of the Poisson bracket we obtain that
{{H1, Hy}, H3} = —X(n,, 1) H3 = (X, X 5,1 H3
= Xu, (X, H3) — X1, (X 1, H3)
= {Hi. {H2, H3}} — {Ha, {H\, H3}}.
To prove the Leibniz rule it is sufficient to note that by definition

Xp,(HyH3) = Hy(X gy H3) + H3(X gy Hp).
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(i) Let X and X, be two locally Hamiltonian vector fields on M. Then for any
point x € M there exists a connected neighbourhood U C M and local func-
tions flU, fo € C*U such that

ix,2=-df/, j=1.2.

Since the functions flU, fo on U are defined uniquely up to constant sum-
mands, the Poisson brackets { flU, fo } determine a well-defined smooth func-
tion on M (it is clear that constant functions lie in the centre of the Lie algebra
(C®M, {-,-}).

(iii) As we proved above, the Hamiltonian vector field of this function coincides up
to sign with the Lie bracket [ X, X3].

Problem 5.66 Let G be a Lie group acting on the left on a symplectic manifold
(M, §2) and let g be the Lie algebra of G. Suppose that each diffeomorphism g € G
preserves the symplectic form £2, i.e. g*22 = £2.

Prove:

(i) Forany X e g the vector field X generated by one-parameter group exptX C G
is locally Hamiltonian, i.e.

d(i;$2) =0.

Suppose, in addition, that each vector field X , X € g, is Hamiltonian with
Hamiltonian function fx: M — R (i.e. —d fx = i3 $2) and the map X > fx is
linear. Let {-, -} denote the standard Poisson bracket on the symplectic manifold
(M, £2). Prove:

(ii) For arbitrary fixed elements g € G and X € g, the difference

(7" fx — fad, x

is constant on each connected component of M.
(iii) For arbitrary fixed elements X, Y € g, the difference

{fx, fr} — fix.n

is constant on each connected component of M.
(iv) If
(8" fx = fag,x. Xeg. g€G, (%)
then

{fx, fr}=fixy;, X, Yeg. ()

(v) If the manifold M and the Lie group G are connected then the two conditions
(*) and (xx) are equivalent, i.e. the linear map X +— fx is a homomorphism
from the Lie algebra g into the Lie algebra C°°M with respect to the standard
Poisson bracket on (M, §2) if and only if the map X — fx is G-equivariant
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with respect to the adjoint action of G on g and the standard action of G on
C>®M.
Solution

(i) It is sufficient to note that the symplectic form £2 is closed, that is, d§2 =0,
and G-invariant. In particular, (exp?X)*§2 = £2 and, consequently, L ; £2 = 0.
But

Ly=doix+ixod
(see equation (7.3)). Therefore,
d(i32)=(doig+izod)2=L3;2=0.
(i) It is sufficient to note that
d(g" fx) = 8" (dfx) = —8"(i32) = ~i(-1 3 (872)
= Ad ¥ $2 =d(faa
because X is the Hamiltonian vector field of the function fx.

(>iii) Note that the bracket [X Y] of the vector fields X and ¥ is the Hamiltonian
vector field of the function —{ fx, fy} and

[X.7]=—[X.Y]

(see Problems 4.92 and 5.65). Now (iii) follows immediately from the follow-
ing chain of expressions

—d{fx, fr}=i_ (£, Y]'Q :i[X/,7]‘Q =—dfix.v].

(iv) It is sufficient to note that the condition () is an infinitesimal version of (x):
d *
—1 {(exp(—=t1))" fx — Fadepr X }
dr t=0
=dfx(—Y) — firx1=2(X.Y) + fix.y)
=—{fx. fr} + fix.n
because by definition { fx, fy} = —£2(X,Y) and the map X — fx is linear.
Suppose now that the manifold M and the Lie group G are connected. Since

the map X > fy is linear, by (ii) there exists a unique linear function Z, € g*
such that

(&™) fx — fad, x = Zg(X). (%)
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Then to prove (iv) consider for a fixed vector X € g the function Z,(X) defined
by () as a function on the Lie group G. Then, as we showed above,

d

d *
& lzoZexptY(X) = T {(exp(—tY)) fx — fAdexptY X}

t=0

= fix,y1 — {fx, fr} (xx)

for any vector Y € g. Moreover, by definition,

Zen(X) = ((eh)™")" fx — fady x
= (871)*[(h7])*fx — fady x|+ [(871)*fAdhx — fAdg X ]
= (7 (Zh(X)) + Zg(Ady X) = Z(X) + Zg(Ady X)

forall g, h € G, X € g. In particular, for any Y € g we have
Zexpty)h (X) = Zp(X) + Zexpry (Ady X).

In other words, the derivative of the function Z: G — g*, g — Zg, with re-
spect to g at any point 2 € G in each direction vanishes if and only if the
derivative of this function at the identity e in each direction vanishes. There-
fore, the map Z vanishes if and only if

d
- Zexpty(X) =0, X,Yeg,
dr t=0

because Z, = 0 by definition and the Lie group G is connected. Now taking
into account relations (*) and (*x) we conclude (v).
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Chapter 6
Riemannian Geometry

Abstract The chapter begins with some definitions and results on Riemannian ge-
ometry. Then, it presents a collection of problems covering the following topics:
Riemannian connections, geodesics, the exponential map, curvature and Ricci ten-
sors, characteristic classes, isometries, homogeneous Riemannian manifolds and
Riemannian symmetric spaces, and left-invariant metrics on Lie groups. Some
examples of the topics under study include problems dedicated to operators on
Riemannian manifolds: Gradient, divergence, codifferential, curl, Laplacian, and
Hodge star operator. Other problems consider affine, Killing, conformal, projec-
tive, harmonic or Jacobi vector fields. We focus further on some cases of submani-
folds, surfaces in R3, and pseudo-Riemannian manifolds. Cartan method of moving
frames is used in a number of problems as a means of putting the reader in touch
with this powerful method. Some problems are related to constant curvature, in or-
der to show whether the Riemannian manifold under study has this property or not,
thus granting the reader an approach to the techniques used in this setting. In the
present edition, the section concerning Riemannian connections has been enlarged,
including six new problems on almost complex structures. The section on Rieman-
nian geodesics also includes four new problems on special metrics. Moreover, a
completely new section is devoted to a generalisation of Gauss’ Lemma. The sec-
tion on homogeneous Riemannian and Riemannian symmetric spaces contains two
new problems about general properties of homogeneous Riemannian manifolds and
two new problems on specific three-dimensional Riemannian spaces. Moreover, a
short novel section deals with some properties of the energy of Hopf vector fields.
The section on left-invariant metrics on Lie groups contains in particular two new
problems: One gives in a detailed way the structure of the Kodaira—Thurston mani-
fold; and the other furnishes the de Rham cohomology of a specific nilmanifold.

...evolvamus primum conditiones, ut expressio Y, 8, ds, dsy (...), in for-
mam Y «, s ds, dsy, constantibus coefficientibus «,  affectam transformari
possit (...) Expressionem »_«, s ds, dsy, si est, id quo supponimus, forma
positive ipsarum dx, semper in formam ), dxl2 redigi posse constat. Unde
si Y B,yds.dsy in formam ) «, s ds, dsy transformari potest, redigi etiam
potest in formam ), dxl.2 et vice versa. Quaeramus igitur, quando in formam

PM. Gadea et al., Analysis and Algebra on Differentiable Manifolds, 343
Problem Books in Mathematics, DOI 10.1007/978-94-007-5952-7_6,
© Springer-Verlag London 2013
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> d)cl.2 transformari possit. Sit determinans Y +by b2+ b, , = B et de-
terminantes partiales = f, /; quo pactoerit ), B, /b,y =Bet)  B,./b, s =0
sit# . Tam (...) expressionibus eruitur

22 8%x, Ox, _ ab, n 0b, _ by
sy s,y 0s, s, asy as,

v

et si haec quantitas per p, s, designatur (...) Quantitatibus p, , , iterum
differentiatis (.. .) substitutis valoris (. ..)!

b, by by by
asyasyr 08,08y Osy0Ssy 08,08

By

v,
B

1
+ E § (pv,t/,z’”pv’,t,z” - pv,t,t”’pv/,t’,t”)

v,/

BERNHARD RIEMANN, “Commentatio mathematica, qua respondere tentatur
ab Il Academia Parisiense propositae: (...).” Gesammelte Math. Werke,
ed. Heinrich Weber, 2nd ed., Teubner 1892, pp. 391-404. (With kind permis-
sion from Springer publishers.)

J’ai été conduit a la théorie des espaces symétriques (.. .) par la considéra-
tion des espaces riemanniens dont la courbure est conservée par le transport
paralelle (...) Le nom de espaces riemanniens symétriques, que je leur ai
donné plus tard, tient a ce qu’ils sont encore caractérisés par la condition que
la symétrie par rapport a un point (...) soit une transformation isométrique
(...)j ai determiné les espaces riemanniens symétriques (... ) ils admettent un
group transitif de déplacements G. J'indique alors deux méthodes differents
(...) La premiere consiste a déterminer le group d’isotropie (...) q’indique
comme les vecteurs issues d’un point O sont transformés par le subgroup of

I«(...) Let us first set out the conditions under which the expression ) B, s ds,dsy, (...) can
be transformed to the form ) «, s ds, ds,, with constant coefficients e, /. (...) If the expres-
sion ) «, s ds.ds; is, as we supposed, a positive form in the dx themselves, we know that
it can always be rewritten in the form ), dxlz. Hence, if ) B, s ds ds; can be transformed
to the form ) e, s ds,dsy, it can also be rewritten in the form »_, dxi2 and conversely. Let
> 4by.1b22 -+ by, = B denote the determinant and let 8, denote the partial determinants, with
the conditions that ), B, /b,y =B and ), B,vb,y =01if t #¢'. Now (...) denoting the obtained
quantities

3x, dx, db., b Bby

2 =
2\;: dsy sy 0, sy asy as,
by p, v (...) differentiating again the quantities p, ;/ ,# (...) and substituting values (. ..) then
82bl W 32bz’ I asz WA 82bl/ I 1 ,8\) v
’ A A LA L Pyt — Do Py o) —2= = 0.
35y sy 35,05, 35, 05, 35,08, ) ;};(Pv.z L PV Pv " Py ) B
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G qui laisse invariant ce point. La seconde méthode consiste 4 déterminer
directment le group G lui-mé&me et conduit en fin de compte a la recherche
des formes reelles des groupes simples, probleéme que j’avait resolu en 1914

(.2

ELIE CARTAN, “Notice sur les travaux scientifiques, XII. Les espaces
symétriques: (...).” Oeuvres Completes, Publiées avec le concours du
C.N.R.S, vol. I, p. 92, Gauthier-Villars, Paris, 1952. (Reproduced with kind
permission from Dunod Editeur, Paris. Not for re-use elsewhere).

6.1 Some Definitions and Theorems on Riemannian Geometry

Definitions 6.1 Let V be a vector space of dimension n with a non-degenerate
symmetric bilinear form. It is said that V has signature (k, n — k) if, expressing the
form as a sum of squares, there are k negative squares and n — k positive squares.

A metric tensor g on a differentiable manifold M is a symmetric non-degenerate
(0, 2) tensor field on M of constant signature. A (pseudo)-Riemannian manifold is
a pair (M, g) of a differentiable manifold M and a metric tensor g on M. If there is
no danger of confusion, one simply writes M.

Let ¢!, ..., t" be the canonical coordinates on R”, and let ¢ be a coordinate map
with domain U C M, such that x! =t o ¢. If ¢ is a conformal map from U onto
R”", with respect to the usual metric of R”, it is said that the coordinate system
(U, x x") is isothermal or conformal (hence it is also orthogonal).

Given a Riemannian metric g on a connected manifold M, we define the distance
function dg(p,q) on M as follows. The distance dy(p, g) between two points p
and ¢ is, by definition, the infimum of the lengths of all piecewise differentiable
curves of class C! joining p and g. The function d, defines the metric on the set
M, in particular, dg (p, q) = 0 only if p = q. The topology defined by the distance
function (metric) d, is the same as the manifold topology of M.

Definition 6.2 Let (M1, g1), (M2, g2) be pseudo-Riemannian manifolds, and let f
be a C* function on the manifold M. The warped product M = My x y M, is the
product manifold M| x M; equipped with the metric

g=nig1 + (f om)’mig,

where ; : M — M;,i = 1,2, denote the projection maps.

2¢I was led to the theory of symmetric spaces (. . .) when considering the Riemannian spaces whose
curvature is preserved under parallel transport (... ) The name Riemannian symmetric spaces 1 gave
them later reflects that they are characterised by the condition that the symmetry with respect to
a point be an isometric transformation (...) I determined the symmetric spaces (...) they admit a
transitive group of motions G (...) I point out two different methods (.. .) The first one consists in
determining the isotropy group, which indicates how the vectors from a point O are transformed
by the subgroup of G keeping this point invariant. The second method consists in determining
directly the group G and actually leads to the research of the real forms of simple groups, problem
which I had solved in 1914 (...).”
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Definition 6.3 Let (M, g) be a Riemannian manifold with a linear connection V,
with connection map k: TTM — T M (see Definitions 5.1). The Sasaki metric or
connection metric g(-, -) on the manifold 7 M is defined by

(Notice that it is a metric on the total space of the bundle TT M over T M, and not on
the total space of the bundle T M over M. Note also that although a linear connection
on M is considered, the connection map is defined in terms of a connection on the
total space of T'M (see Definitions 5.1), this connection being defined by the linear
connection on M)

Theorem 6.4 (Koszul Formula for the Levi-Civita Connection) The only torsion-
less metric connection V on a (pseudo)-Riemannian manifold (M, g) is given by

28(VxY,Z)=Xg(Y,Z) +Yg(Z,X) — Zg(X,Y)
+5(IX.Y1.Z) — g(lY. Z1. X) + ¢(IZ. X1, Y).

Definitions 6.5 Let R denote the curvature tensor field of a linear connection V on
a differentiable manifold M. Given X, Y, Z, € T, M, one defines R(X,,Yp)Z),
by

R(Xp.Yp)Z, =Vx,VyZ — Vy,VxZ — Vix.11,Z,

where X, Y, Z are vector fields on M whose values at p are respectively X p Yp, Zp.
Similarly, if (M, g) is a (pseudo)-Riemannian manifold, one defines, given the vec-
tor fields X, Y, Z, W e X(M),

R(Xp,Yp, Zp, W) =g(R(Zp, Wp)Yp, Xp).

Definitions 6.6 A Riemannian manifold M or a Riemannian metric g on M is
said to be geodesically complete if its Riemannian connection is complete, that is,
if every geodesic of M can be extended for arbitrarily large values of its canonical
parameter.

Let N be a submanifold of M, and v(N) its normal bundle. The exponential map
of M gives, by restriction, a map exp: v(N) — M, which is a diffeomorphism on
a neighbourhood of the zero section. For p € N, let v, (N) be the fibre of v(N)
over p. Then g € v, (N) is a focal point of N if exp,, is singular at g. If p is the ray
from 0 to g in v, (N), then expgq is called a focal point of N along p, which is a
geodesic perpendicular to N. When N is a single point, say p, so that v(N) =T, M,
then a focal point is called a conjugate point to p. The order of a focal point is the
dimension of the linear space annihilated by exp,,.

A minimal segment is a geodesic segment which minimizes arc length between
its ends. A minimal point g of p along a geodesic y is a point on y such that the
segment of y from p to ¢ is minimal but no larger segment from p is minimal. The
set of all minimal points of p is called the minimum (or cut) locus of p.
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Theorem 6.7 For a connected Riemannian manifold (M, g) the following condi-
tions are mutually equivalent:

(a) (M, g) is geodesically complete.
(b) (M, dy) is a complete metric space (with respect to the distance function dg).
(¢c) Every bounded subset of (M, dy) is relatively compact (has compact closure).

Moreover, for a connected geodesically complete Riemannian manifold M, any
two points p and q of M can be joined by a minimizing geodesic, in particular,
exp,(IpyM) =M forany p € M.

Proposition 6.8 Let N be the subset of the total space T M of the tangent bun-
dle over M such that if (p, X) € N then exp, X is defined, and define the map
exp: N — M by exp(p, X) = exp,, X. Then N is an open set and exp is C* on N.
Let T My be the zero section of TM, that is, TMy = {(p,0) € TM : pe M} C
T M then there exists an open subset N in TM such that TMy C N CN. Let
@: N —> M x M be defined by ®(p, X) = (p,exp, X). Then & is C*® and &, is
non-singular and surjective at all points of T M.

Definition 6.9 Let y be a C* curve in the n-manifold M that is an injective map
on the open interval I C R. Letey, ..., e, be vector fields on y that are independent
at each y (¢) and with e, (t) = y'(¢) for all t € I. Let {91, ..., 0"} be the basis dual
to {e1, ..., ey} for each ¢. By Proposition 6.8, there exists a neighbourhood V of
T My such that the map @ is a diffeomorphism of V onto a neighbourhood Uy, of
the diagonal in M x M. Let

U={(p.X)eV:p=y(), 0"(X)=0forsomer e}

Then ¥ = @|y is a one-to-one C* map of the submanifold U into M x M. More-
over, ¥, is non-singular at each point of U, so that ¥ is an embedding of U into
M x M. The map T = pr, o ¥ then gives a one-to-one C* map of U onto an open
neighbourhood W of the image set y (I). Define Fermi coordinates x' on ¢ € W
by letting Y~'(¢) = (¥ (1),Y) in W and x'(¢) =0'(Y) fori =1,...,n — 1 and
x"(q)=t.

More special types of Fermi coordinates can be defined by taking ey, ..., e, to be
parallel along a geodesic, and in the Riemannian case, one can take an orthonormal
parallel basis along a geodesic.

Definition 6.10 A Riemannian metric g on a homogeneous space M = G/H is
called a G-invariant metric (or simply an invariant metric) if each a € G acts on M
as an isometry, that is, gup(asX,a+Y) =g,(X,Y) foreach pe M, X, Y e T, M,
a € G. In this case, (M = G/H, g) is called a homogeneous Riemannian space.

Definition 6.11 The divergence of a (0, r) tensor field o on the Riemannian mani-
fold (M, g) is defined by

(diva)p Vi, ..., v) =Y (V@) (ei, v, ..., 1),
i
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V being the Levi-Civita connection, v; € T, M and {e;} an orthonormal basis of
T,M,peM.

In the particular case of o being a differential form on (M, g), its codifferential
is defined by

da = —diva.

Definition 6.12 Let (M, g) be an n-dimensional Riemannian manifold. Then the
Clifford multiplication on forms is defined as follows. If § € A'M and w € A" M,
then

0 -w=0Aw—po, ®-0=(=1)"0ANo+ o).

By declaring the product to be bilinear and associative, we can use these properties
to define the product of any two forms.

Definition 6.13 Let (M, g) be an n-dimensional Riemannian manifold. Then the
Dirac operator on forms is defined as

n
Dw = ZQi Ve, wedA ™M,
i=1

where {e;}, i = 1,...,n, is any local frame and {Oi } its metrically dual local
coframe.

Definition 6.14 Let A = dj§ + 4d be the Laplacian on a Riemannian manifold
(M, g). The elements of

H ={we A"M: Aw =0}
are called the harmonic r-forms on M.

Definition 6.15 Let M be a Riemannian 4n-manifold. The Hodge star operator de-
composes the space of harmonic forms H%" on M into subspaces Hi" with eigen-
values 1. The Hirzebruch signature is defined by

T(M) =dim H?" — dim H*".
This signature equals the usual topological signature.

Theorem 6.16 (Hirzebruch Signature Formula for Dimension 4) The signature
T (M) of a 4-dimensional compact oriented differentiable manifold M is related
to its first Pontrjagin form p1 (M) by

1
(M) = 3 fMPl(M)-
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Definition 6.17 Let (M, g) be a 3-dimensional compact orientable Riemannian
manifold. Let £2 = (.Qj) denote the curvature form of the Levi-Civita connection V,
and consider the closed form 7 P;(£2) on the bundle &4 (M) of positively-oriented
orthonormal frames on M, given by

1 1 3
5T1f>1(9)_— > o /\Ql—g—a)z/\w3/\a)l,
1<i<j<3

where o' and .Q; denote, respectively, the connection forms and the curvature forms
of the linear connection V.

The differential form %TPI (£2) gives rise to a Chern—Simons invariant J (M, g)
€ R/Z as follows: Since such an M is globally parallelisable, a section s: M —
O+ (M) exists. The integral

I(s)=/ L b
s(M) 2

is a real number, and for another section s’ the difference I (s) — I (s’) is an integer.
The invariant J (M, g) is defined to be I (s) mod 1.

Let I, I be two connections in a principal bundle P = (P, M, G). On a trivial-
ising neighbourhood, any such I" can be described by a g-valued differential 1-form
A and the corresponding curvature by

F= dA-l—Z[A , Al

Then, if I € .#7(G) denotes a G-invariant polynomial on g, it can be proved that
the differential 2r-form I (F") does not depend on the particular trivialisation of P.
Hence, the various locally defined differential forms I (F") fit together to yield a
differential 2-form on M, again denoted by I (F"), which is closed.

Let A, F be the connection form and the curvature form corresponding to r.
Then consider the connection 1-form

A =A+1(A—A4), te[0,1],
with corresponding curvature form
1
Fy=dA, + E[Atv Al

One has the following transgression formula, sometimes called Chern—Simons for-
mula:

Theorem 6.18
I(F) = I(F') =dQ(A, A),
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where Q(A, Z) is defined by
~ 1 ~
Q(A,A)zr/ I(A—A,F, ..., Fy)de.
0

Definitions 6.19 Given a linear connection V on a differentiable manifold M and
a geodesic y on M, a Jacobi field along y is a vector field Y along y satisfying

Vy VY + V. (T(Y,y)+ R(Y,y)y =0,
where T denotes the torsion tensor of V.

Theorem 6.20 Let M, N be pseudo-Riemannian manifolds, with N connected, and
let ®: M — N be a local isometry. Suppose that given any geodesic y : [0, 1] - N
and a point p € M such that ®(p) = y(0), there exists a lift y: [0,1] — M of y
through @ such that Y (0) = p. Then @ is a pseudo-Riemannian covering map.

Definition 6.21 Let (P,w, M, G) a principal bundle. The holonomy group (resp.,
restricted holonomy group) of the connection I" in P with reference point p € M is
the group Holy,(p) (resp., Hol?w (p)) consisting of diffeomorphisms of the fiber
771 (p) onto itself obtained under parallel transport along closed curves (resp.,
closed curves homotopic to zero) starting and ending at p. Since the holonomy
groups at two points of a manifold are conjugated subgroups of G, we shall write
simply Hol(I") or Hol(I") for a given manifold M and I" as above.

Theorem 6.22 Let @, W : M — N be isometries of pseudo-Riemannian manifolds.
If M is connected and @ (p) = ¥ (p), Pxp = Wsp, at some point p € M, then
=V,

Definition 6.23 An affine symmetric space is a triple (G, H, o) consisting of a Lie
group G, a closed subgroup H of G, and an involutive automorphism o (that is,
02 =id) of G such that

0 CHCG,

where G denotes the closed subgroup of G consisting of all the elements left fixed
by o, and G stands for the identity component of G°.

Definition 6.24 A (pseudo)-Riemannian manifold (M, g) is said to be an Einstein
manifold if the Ricci tensor is proportional to the metric, r = Ag, for some con-
stant A.

Definition 6.25 A Riemannian manifold of constant sectional curvature is called a
(real) space form.
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Definition 6.26 The generalised Heisenberg group or Heisenberg group H (p, q)
is the Lie group of matrices of the form

I, A v
0 I, w|], AeM(@xpR), veR! wekR”’.
0O 0 1

Definition 6.27 A vector field X on a Riemannian manifold (M, g) is harmonic if
the differential form dual with respect to the metric, X”, defined at each p € M by

X5(Y) = gp(X,.Yp), Y € X(M), is harmonic.

Theorem 6.28 (Hodge Decomposition Theorem) For each integer r with0 <r < n,
the space H" defined in Definition 6.14 is finite-dimensional, and we have the fol-
lowing direct sum decompositions of A" M
A'M=A(A"M)® H =d5(A"M) & sd(A"M) @ H?
=d(A" M) s(A M) H?.

Consequently, the equation Aw = o has a solution w € A" M if and only if the
differential r-form o is orthogonal to the space of harmonic r-forms.

Corollary 6.29 (Corollary of Green’s Theorem) Let M be a compact Riemannian
manifold with volume form v. Then

f Afv=0, feC®M.
M

Theorem 6.30 (Generalised Gauss’ Theorema Egregium) Let M be a hypersurface
of a Riemannian manifold M, let P be a subspace of dimension 2 of Ty,M, p € M,
and let K (P), K (P) be the sectional curvature of P in M and M respectlvely, then

K(P)=K(P)—detL,
where L is the Weingarten map.

Remark 6.31 When M is 3-dimensional, the above theorem shows that the deter-
minant of L is independent of the embedding (i.e. independent of L) and depends
only on the Riemannian structure of M and M.

Definition 6.32 A C*® map &: (M, g) — (1\71 , &) between Riemannian mani-
folds is said to be a strictly conformal map of ratio A if there exists a strictly
positive function A € C*°M such that, for all p € M and X,Y € T, M, it satisfies
8(P.X, DY) =A(p)g(X.Y).

Theorem 6.33 Let (M, g) be a Riemannian manifold of dimension n and let
I (M, g) be its isometry group, which is a Lie group. If n # 4, then 1 (M, g) does not
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contain any closed subgroup of dimension r with
: (n—1+1 : (n+1)
2n n <r< 2n n .

Moreover, (M, g) has constant curvature if and only if dim I (M, g) = %n(n +1).
(See [18, Chap. II, Theorem 3.2].)

Definitions 6.34 Let M be an m-dimensional manifold isometrically immersed in
an (m + n)-dimensional manifold N. Let V' denote covariant differentiation in N.
Given X, Y € X(N), since (V;( Y) is defined at each p € M, we decompose it into
tangential and normal components,

(ViY),=(VxV)p +ap(X. 1),

where (VxY), € T,M and a,(X,Y) € (T,,M)J-. Then it is proved [19, II, p. 11]
that VxY is the covariant differentiation for the Levi-Civita connection of M. One
can show that the map o : X(M) x X(M) — (X(M))* is a symmetric bilinear map
called the second fundamental form of M (for the given immersion in N).

We may locally choose n — m fields of unit normal vectors &y, ..., &, _, that are
orthogonal at each point and we may then express o by

a(X,¥) =Y h (X, Y)&.
i=1
Let X € X(M) and & € (X(M))™*. Writing the decomposition
(Vx€),=—(A:X)p + (Dx£)p.

into tangential (to M) and normal components of (V) ,, one can easily prove that
both the tangent and the normal vector fields are differentiable. Moreover [19, II,
p. 141,

g(A: X, Y) =g(a(X,Y),&)

and Ag is a symmetric linear transformation of 7, M with respect to g,. Since for
any p € M, we have a map

£e(TyM)t — Ag,

it follows that %tr Ag is a linear function on (T, M )L. The unique element H €
(T, M)* such that

1
StrAg =g, H), ¢ (T,M)*,
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is called the mean curvature normal at p. If &1, ..., &,y is an orthonormal basis of
(T, M)+, then

1
—trAg =g, H), i=m+1,...,m+n,
n

so that
m—+n

Z (tr Ag))E;.

i=m+1

The submanifold M is said to be a minimal submanifold of N (for the given isomet-
ric immersion) if the mean curvature normal H vanishes at each point.

Definitions 6.35 Let (M g, J) be an almost Hermitian manifold with metric g
and almost complex structure J. An isometrically immersed real submanifold M of
M is said to be a complex submanifold (resp., a totally real submanifold) of M if
each tangent space to M is mapped into itself (resp., into the subspace normal with
respect to g) by the almost complex structure J.

Let @ be an isometric immersion of the Riemannian manifold M into the Rie-
mannian manifold M. Then M is said to be an invariant submanifold of M if for
all X,Y € TM, the map R(®.X, &.Y), where R denotes the Riemann curvature
tensor on M, leaves the tangent space to @ (M) invariant.

A Kihler manifold is called a complex space form if it has constant holomorphic
sectional curvature.

Theorem 6.36 An invariant submanifold M of a complex manifold M is either a
complex or a totally real submanifold. If M is a complex submanifold, then it is a
minimal submanifold.

Theorem 6.37 Lerx;: U CR?2— S; andxp: U C R? — S, be two parametrisa-
tions of the surfaces S, S> in R3. If the metrics inherited on Sy and S» by the usual
metric of R are proportional with constant of proportionality ) > 0, then the map
X7 0 xf] : X1 (U) — 87 is locally conformal.

Definition 6.38 A pseudo-Riemannian submanifold N of a pseudo-Riemannian

manifold (M, g) is a submanifold such that the metric tensor inherited by g on N is
non-degenerate.

6.2 Riemannian Manifolds

Problem 6.39 Prove that on any differentiable manifold M there exists some Rie-
mannian metric.

Hint The manifold M is paracompact (see Definitions 1.1).
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Solution Consider some atlas on M consisting of coordinate systems {(U,, ¢y) :
a € A} satisfying the following property: For all o € A the image ¢, (U, ) is an open
unit ball in R” and the closure U, is compact. Since the manifold M is paracompact
there exists a locally finite covering {Vg}gep which is a refinement of {Uy}yea.
Each \_/ﬂ is compact as closed subset of some U, .

By the axiom of choice there exists a function c: B — A such that foreach 8 € B
one has Vg C U.(g). The standard Riemannian structure on R" and the map ¢, | Vg,
a = c¢(B), determine a Riemannian metric gg on each open set Vg. By the Partition
of Unity Theorem 1.2, one has a partition of unity ) g ¥p =1, where the support
of g lies in V. The formula

g=) Vpep
5

determines a well-defined metric g on M because each g > 0.

Problem 6.40 Let (M, g) be a Riemannian n-manifold. Prove:

(i) Given o, B € T;‘M and an orthonormal basis {¢;}, i =1,...,n, of T,M, and
denoting by g~ the contravariant metric associated to g, one has

gl @.p)=) ale)ple).

(ii) For X € T, M, one has
g_l(ot, Xb) =a(X)= g(ozﬁ, X),
where
b:TpM—>T;M, X" =g(X,), ﬁ:T;M—>TpM,
of =g (a, ),

are the musical isomorphisms (named “flat” and “sharp”, respectively) associ-
ated to g.

Solution

(i) In general, if (g;;(p)) is the matrix of g with respect to {¢;}, then (g (p)) =
(g,-j(p))’l is the matrix of g’l with respect to the dual basis {6'} to {e;} in
T;M. In this case, (g;;(p)) = (d;;) with respect to {e;}, so

gl B =) gVaipi=) sVaip; =) aifi=) ale)ple).
i,j i i

iJ
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(i)
g (@ X) =) eV (paigy (p) X" = Zskal xk = Za,X' =a(X),
i,j,k
g X) =Y gij(pg (P X! =) S X =) a; X/ =a(X).
ij.k Jj.k i

Problem 6.41 Let X| and X be the coordinate vector fields for a set of orthogonal
coordinates on a surface. Prove that there are isothermal coordinates (also called
conformal coordinates) with the same domain of definition and the same coordinate
curves (as images) if and only if

X2 Xy <10g &> =0,
822

where g = Zijzl gij dx’ ® dx/ is the metric.

Solution We have orthogonal coordinates x!, x? with coordinate fields X; =

d/0x!', X, =3/0x2. Since g(X1, X2) = 0, the metric is
_ 1 1 2 2
g=gndx ®dx +gndx”® dx°.

If there exist coordinates y!, y2 with the same coordinate curves (as images) it must
be that

E ax2 oyl ay

8y2_8—yl ax2  ax!
and thus
o  ax' d d  x? 9
TR TRTa TR T e *

If the coordinates are isothermal, there exists v such that
g=v(dy' ®dy' +dy* ®dy?).

That is, g11 = g22 = v, where g;; are the components of g in the new coordinate
system; but the change of metric is

~ ayk 8y
axt oxJ’

that is,

ayl oyl _ By ay? ay! 2 1\~
= | — =A y
g g118 o0 T 825 15T < )gn (xHzu
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~oytay! . 0y?oy? 32\ ()7
— 4 —_—— = — = X .
822 =811 9x2 9x2 822 9x2 9x2 92 822 = H{X7)822

VR g _ axh
Since g11 = gy it follows that 2 = uad)"

g11 are positive, hence A > 0, and similarly p > 0. Thus rach/u(x?) > 0. Taking
logarithms, we have

Since g is positive definite, g1; and

ERE
ax2 oxl 8 g»

Conversely, if X, X (log %) =0, then

log £ = p(x") =y (x?).

822
. @
for some functions @, v, thus £l = e 5. We define
82 T evd)
1 1
Y = —Xi, Y=

X )
\V e‘/f(xz) ?

=Y, or equivalently,

w/efﬂ(xl)

and coordinates y!, y? such that 337 =Y, %

ay?
dy! =verth dx!, dy? =Ve? () dx?.
The change of coordinates is possible, as the determinant of the Jacobian matrix is

a(x!, x%) 1
T2y #0
A, y)  Jer@hH+y(x?)

In the new coordinates, the metric g is given by

~  ox!ax! N ax? 0x* 1
811 —gllayl oy 822 dy! 9yl _g“eco(x‘)’
~ ax! ax! n dx? dx? _ 1
g12=821=0.

Hence

g1 gu eV () _
o gwerth

Thus y1 , y2 are isothermal coordinates, with the same coordinate curves (as images)

as x1, x2.
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Problem 6.42 Write the line element of R3 \ {0} in spherical coordinates, and iden-
tify R3 \ {0} as a warped product.

Solution With the parametrisation (see Remark 1.4) in the spherical coordinates
x =rsinfcosg,
y=rsinfsing, re€ RT, 6 € (0, ), ¢ €(0,2m),
z=rcoso,
we get
ds? = dx? + dy? 4 dz2 = (d(r sin0 cos 9))” + (d(r sin0 sin))” + (d(r cos 0))°
= dr? +r?(d6? + sin 0 de?).
Moreover, we have the diffeomorphism
R3\ {0} > RT x 2,  vi> (|v|, ﬁ)
v

and since for r = 1, ds? furnishes the line element on S2, we have, with the notation
as in Definition 6.2,
R3\ {0} =R x, §2,

where =, means “isometric to.”
Problem 6.43 (The Round Metric on S*) Let ¢, : [—%, %]"’1 x [-m, 7] — R
be the map defined by the equations:

x! =sing!,
xl = ([T cos0)sing’, i=2,....n, (%)

xn+] — 1—1?21 COSOj,

with =2 <60'<%,i=2,...,n; -7 <0" <.
Prove:
(i) img, = S".
(i1) The restriction of ¢, to (—%, 7)" is a diffeomorphism onto an open subset of
the sphere.

(ii) If g™ =@ ((dx")? 4 - + (dx"*1)?), then

n i—

1
g<n>=Z< coszef)(dei)z, vn>1,
j=1

i=1

with ]_[];:1 cos?0/ =1 fork < 1.
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Solution

(i) Let g, = ((p,ll, ey ga,’;“) be the components of ¢,. From the very definition of
this map it follows that

¢Z:¢27], i:l,...,n—l,
@, =, _;sinf", (%)
gl =g | coso".

These formulas show, by induction on #n, that im ¢, = S”, taking into account
that for n = 1 we have ¢ (61) = (sin!, cos01) and hence the statement holds
obviously in this case.

(i) From the formulas (x) we obtain

cosf! 0 o - 0
* cos@lcos®? 0 0
1 n
8(x,...,x)= x * 0
O, ..., 6m)
* * * oo [Tz cos6/
n .
=cosf!. (cosG1 00592) (l_[ COSGJ)
j=1
—cos" ' -cos" 192 ... . cosO”".

Hence on the open subset (-7, %)”_1 X (=, =P U (=%, F)U(F,m)) we
have
axl, ..., x™

3(91,...,911)7&0‘

Moreover, g, is injective on (-7, %)”’1 x (—m, ), for ¢, (0) = ¢,(0"), with
0=, ...,0M),0 =©®",...,0™), means according to (x*):

go,i(@):gofl(e/), i=1,...,n—1, )
@' (0)sing" =" (6)sin6", ()
90;’11—1(9)(:059” :(/)Z_l(g/) COS@M. (TTT)

Asll_(8) >0,¢_,(0") > 0, from equations (1)—(i 1) we obtain ¢! _, () =
@n_,(0"); hence 6" = 6™, and proceeding by recurrence on 7, from equations
(*) we conclude that § =6’.

(iii) We have g(l) = (do")? obviously. Hence the formula in the statement of (iii)
holds true in the case n = 1. Assume n > 2. We have
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g™ = (dg})? + -+ (i1 + (dgr)” + (dgp )

or) o (A T]) + (sin6" dgl!_ | + !l cos6" do")’

) toet (d¢z:11)2 + (d‘PZ—l)z + (‘/’Z—l)z(den)2
H((@xh) o (@x)) + (o) (d0m)?
=gV 4 (gp_,)*(d0")’

fz(n cos 91> do') <]—[ cos 9’)((19")

j=1

(de
=(d
—i—(cos@”d(pn | go,’j_lsinendé?”)2
= (d,
(p

(by the induction hypothesis)

_ ;(J]j] cos? 9/’) (do')?

6.3 Riemannian Connections

Problem 6.44 Let M be an n-dimensional Riemannian manifold, and Y a vector
field defined along a curve y (¢) in M. The covariant derivative DY (t)/dt of Y (¢) =
Yy (1) is defined by

where V denotes the Levi-Civita connection of the metric. If Y is given by
Y(1) = Y'(1)(3/0x")y ) in local coordinates x' and y(t) is given by y (1) =
' (@), ..., y" (1)), then

dy S v 0
dr dr  oxi

=

and

DY dy? o dy/ 9
(r) Z( ® Z ri, thm Yk(t)>@, )
i=1 J.k=1

where F}k are the Christoffel symbols of V with respect to that local coordinate
frame, given by

drl 8x] Z i 3xk
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Let U be an open neighbourhood of (g, vg) in R? with coordinates (u, v) and let
f: U — M be a C* map. Consider the two tangent vector fields df/du and 9f/dv
to the curves v = const and u = const, respectively, and let DX /du, DX/dv be the
covariant derivatives of any vector field X along these respective curves.

(i) Using the previous expression (x) for DY /dt, prove by direct computation that
Daof Daf
dv du  du dv’
(i) Which property of the Levi-Civita connection does the equality in (i) corre-
spond to?

The relevant theory is developed, for instance, in Hicks [16].

Solution
(i) We have
of 0 of 0
T e
and
D a
— —f = covariant derivative along ¢ — f(u,t) of —
v du ou’
D a
— —f = covariant derivative along ¢ — f (¢, v) of —
ou v v’
Let

) R neGee)

i=

= E )\, [e]
% ax!
i=1

where A', u! are functions on U.

Then,
D af - B] Ny i YR
[ A V 1 - — _ Fl JA.k
dvou <31°f) 2\ 5y T 2 (Mo f)w o o
i= i=1 j.k=1
Similarly,
2g=i a“i_i_i([‘? of)kjuk iof
dudv “—\ ou Jk dxi '
i=1 Jj.k=1
But since

2 (s s) e )
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. i
we have ! = W Hence

oA 9r(x'of)  ou

dv  dvdu  du

Thus, as F;k = Fij, the claim proceeds.
(i1) The property used is that V is tors10nless The converse is immediate from the

D df
above local expressions of 3~ and 2 5 81)

Problem 6.45 Let (M, g) be a Riemannian manifold. Prove that for X € X(M) one
has

ILxgl> =2|VX>+2t(VX o VX) € C®M,
with respect to the extension of g to a metric on T*M ® T*M, where:

(a) |Lxg| denotes the length of the Lie derivative Ly g.

(b) V denotes the Levi-Civita connection of g.

(©) VX |2 Z g(Ve; X, Ve, X), where (e;) is a g-orthonormal frame on a neigh-
bourhood of p € M.

(d r(VXoVX)=3"; 8(Vy, x X, ei).

The relevant theory is developed, for instance, in Poor [28, Chap. 5].
Solution The extension of g to a metric on the fibre bundle 7*M ® T*M is the
map
() (RT*M) ® (®°T*M) - R
defined by

(M ® o, 11 @ pa) =g (15 1) g (5, 145), Mo pur, o € T*M.

Given a g-orthonormal basis {e;} at p € M, wehave g(X,Y) = Zi g(X,e)g(Y,e;).
Hence for any ny ® np € T*M ® T*M we have

(m ®m2,m @n2) = Zg(nf, ei)zg(ﬂgy ej)2 = Z (e ma(e;)?
— Py
= ((n ®@m)ei.ep)’.
ij

so that forany h € T*M ® T*M one has (h, h) Z”(h(e,,ej))2
In particular, the length of the Lie derivative of g with respect to a local orthonor-
mal frame (e;) in a neighbourhood of p € M is given by

|Lxgl* = Z((Lxg)(ei, ej))z.

i,J
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Hence
ILxgP = ((Lxg)(eie))’ =D (Lxsglei.ep) — g(Lxei ej) — glei, Lye)’
_ -~

LJ

2

=) (X8 — g(Vxei.ej) +8(Ve, X, ej) — glei. Vxe;) + glei. Ve, X))
i,J

2
= (8(Ve;X. €j) + glei. Ve, X))
i,J

=2 (8(Ve; X. )g(Ve, X. ) + 8(Ve, X, /)8 (Ve, X 1))

i,J
=2 Z(Zg(ve_,x, 8(Ve; X, €)ei) + 8(Vy ¢(v, X.epe; X e»)

i J
=2 (§(Ve, X. Ve, X) + g(Vy, x X, ¢)) =2(|VX])” + 2tr(VX 0 VX).

1

Problem 6.46 Let g be a Hermitian metric on an almost complex manifold (M, J),
i.e. a Riemannian metric satisfying

gUX,JY)=g(X,Y), X,YeX(M).
We define a tensor field F of type (0, 2) on M by
F(X,Y)=g(X,JY), X,YeXM).

Prove:

(i) F is skew-symmetric (thus it is a 2-form on M, called the fundamental 2-form
of the almost Hermitian manifold (M, g, J)).
(ii) F isinvariant by J, thatis, F(JX,JY)=F(X,Y).
Suppose, moreover, that V is any linear connection such that Vg = 0. Then
prove:
(i) (VxF)(Y, Z) =g, (VxJ)Z).
(iv) g((Vx )Y, Z)+g(¥,(VxJ)Z) =0.

Solution
)
F(Y,X)=gY,JX)=g(JY, JZX) =—g(JY,X)=—g(X,JY)
=—F(X.,Y).
(ii)
FUX,JY)=g(JX,J?Y)=—g(JX,Y)=—g(J?X,JY) =g(X,JY)
=F(X,Y).
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(iii)
VxF(Y,Z)=(VxF)(Y,Z)+ F(VxY,Z)+ F(Y,VxZ),
Vxg(Y,JZ)=(Vxg)(Y,JZ)+ g(VxY,JZ) + g(Y,VxJZ)
=g(VxY,JZ)+g(Y,(Vx))Z) + (Y, JVx Z)
=F(VxY,Z)+ (Y, (VxJ)Z) + F(Y,Vx Z).

Thus, (Vx F)(Y, Z) = g(Y, (Vx J)Z).
(iv) Since F is skew-symmetric, Vx F' is also skew-symmetric. In fact,

(VxF)(Y,Z2)=VxF(Y,Z)—-F(VxY,Z)— F(Y,VxZ)
=—VxF(Z,Y)+ F(Z,VxY)+ F(VxZ,Y)
=—(VxF)(Z,Y).

Thus, by (i),
g((Vx Y, Z) =g(Z,(Vx))Y) = (VxF)(Z,Y) = —(Vx F)(Y, Z)

=—g(Y, (Vx))Z).

Problem 6.47 The complex tangent space T, lf M of a manifold M at p is the com-
plexification of the tangent space T, M, i.e.

T,M=T,M ®r C.
The complex conjugation in 7y M is the real linear endomorphism defined by
Z=X+i¥Y—>Z=X-i¥, X, YeT,M.

Let J be an almost complex structure on a manifold M of dimension 2n. Then J
can be uniquely extended to a complex linear endomorphism of each complex space
Tz(; M, p € M, and the extended map, also denoted by J, satisfies the equation

JEP=—1I.
Set
T)'M={Z2eTiM:JZ=iz}, T)'M={ZeTM:JZ=—iZ}.
Prove that for any p € M:
(i) There exist elements X1, ..., X, € T, M such that
(X1, X IX1, o T X

is a basis of T, M.
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(>i1) T;’OM @ TS Ay = Tlf M (complex vector space direct sum).

(iii)

T)'M ={X —iJX,X € T,M}, T)'M ={X +iJX,X € T,M}.

(iv) The complex conjugation in 7;M defines a real linear isomorphism between
Ty'M and T)"' M.

Solution

(i) As we showed above (see the proof of Problem 5.52), the linear map
Jp: TyM — T, M defines a complex structure in the 2n-dimensional (real)
vector space TpM. Let Xy,..., X, be a basis of T,M as a complex vector
space. Then the set

{X1,..., X0, JX1,..., J X}
is a basis for T, M as a real vector space.

(i1) By definition, the set {X1,..., X, JX1,..., JX,} is a basis of the complex

space TpcM . Therefore, the two sets of vectors
(X1 —iJXq,..., X, —1J Xy}, {(X14+iJXy,..., X, +1JXn}, 0
form a basis of T;M .

(iii) Denote by V!9 and V! the (complex) subspaces of T;M spanned by the sets
in (x). By definition J 3 = —1I. The eigenvalues of J, are therefore i and —i. Itis
easy to verify that V10 ¢ T;’OM and V! Tl(,)’lM. But V. 0g vl = T,M
and by definition T,"’M N Ty''M =0, So that V0 = 7)°M and V0! =
3! M. Then (iii) follows noting that
X —-iJX;)=JX;-iJ(JX;), IXj+iJX))=(=JX))+iJ(=JX;).

(iv) It is now evident.

Problem 6.48 Let .7 be a smooth complex distribution on a manifold M, i.e. %, C
Tl‘j M, such that

Fp+ Fp=TsM,  F,NF,=0, peM.

Prove that there exists a unique almost complex structure J on M such that

Fp=T)'M={X+iJX; X € T,M)

foreach p e M.

Solution From the formula TyM = .7, & F, it follows that

dim¢ .Z), =dimc .#, = (dimc TS M) /2 =n.
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Let {Zy,..., Z,} be a basis of the complex space %), C T[fM, with Z; = X; +
i¥;, X;,Y; € T,M. Since T;M =7,® F,, the vectors {(X;,¥;},j=1,...,m,
span the complex space T, M. These vectors form a basis of T, M because 2n =
dim¢ TlfM. It is easy to verify that the map J such that J(X;) =Y; and J(Y;) =

— X j defines an almost complex structure on M with the space TS M=z P

Problem 6.49 Let (M, §2) be an almost symplectic manifold and let .# be a com-
plex distribution on M. Suppose that for each p € M:

@ Fp+Fp=TM.

b F,NZF,=0.

(©) 2(Fp, Fp) =0.

d) —iR(Z,2)>0,Z e Z,\{0}.

Prove:

1. There exists a unique almost Hermitian structure (J, g) on M, where J is an
almost complex structure and g is a Riemannian metric, such that

F=T""M

and £2 is the fundamental form of g.
2. If, in addition, the form §2 is closed and the complex distribution .% is involutive,
ie.

X,Y1e #, X, YeZ,
then (J, g) is a Kihler structure on M.

Solution

1. By (a) and (b), there exists an almost complex structure J: TM — T M such
that #, = {X +1JX, X € T, M} (see Problem 6.48). Put by definition

gX,Y)=R2UX,Y)
forany X,Y € T,M. But by (¢c), 2(X +1iJX, Y +1JY) = 0. Therefore,
[2(X.Y) - 2UX, IV]+i[R2X,JY)+2UX,Y)]|=0, X, YeT,M,
and, consequently,
gX,Y)=g(JX,JY) and g(X,Y)=g(,X)

because the form £2 is skew-symmetric. Let us prove that the symmetric tensor
g is positive definite. Indeed, by (d),

QX +iJX, X —iJX)=2R2(UX,X)=2¢(X,X)>0 if X £0.

By definition the form £2 is the fundamental form of (J, g).
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2. It is sufficient to note that according to Newlander—Nirenberg’s Theorem the
almost complex structure is a complex structure if and only if the distribution
TO1M of (0, 1)-vectors is involutive. In this case, by definition, (J, g) is a Kdhler
structure if d§2 = 0 (see Definitions 5.10). Remark that it can be proved that this
is equivalent to VJ = 0, where V denotes the Levi-Civita connection of g.

Problem 6.50 Let (M, J, g) be an almost Hermitian manifold with fundamental
form £2. Let .Z be the distribution T%! M of (0, 1)-vectors of J.
Prove that for each p € M:

(i) Fp+Fp=TyM.
(i) FpNFp=0.
(iil) 2(F,. F,)=0.
(iv) —if2(Z,Z) > Oforall Z € %, \ {0}.

Solution Since J is an almost complex structure, the distribution .# = 791 M sat-

isfies conditions (i) and (ii) (see Problem 6.47(ii) and (iv)).

(iii) By definition £2(X,Y) =g(X,JY), X,Y € T, M. But g is a Hermitian met-
ric, i.e. g(X,Y) =g(JX,JY). Since J? = —1I, we obtain that g(JX,Y)=
—g(X, JY). In particular, g(J X, X) = 0 because g is symmetric. Therefore,
QX +iJX,Y+iJY)=g(X+iJX,JY —iY)

=[eX, IV +gUX, ] +i[g(JX,JY) — g(X, V)]
=0.

@iv) Similarly,
286X, X)=[g(X. X)+g(UX, JX)] —i[¢(X,JX) — g(JX, X)]
=—ig(X +iJX,JX +iX)
=—iQX+iJX,X—iJX)>0 if X #0.

Problem 6.51 Denote by (xl, ..., X", yl, ..., y") the usual Cartesian coordinates
of the vector (x, y) of the space M =R” x R", on which we consider:

(a) The 2-form 2 =3""7_, dy/ Adx/.
(b) Three smooth operator-functions R, S and J given by

R: M — Aut(R"), p+> R, S: M — End(R"), p— S,

—R'S —R!
J: M —End(R" xR"), pr>J,,  Jp= P ")
Ry +SpR;'S, SpR,
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Prove:

1. The map p — Jp,, p € M, where each endomorphism J), is considered as an
endomorphism of the tangent space 7, M = R" x R", defines an almost complex
structure (denoted again by) J on M.

2. The almost complex structure J is an almost Hermitian structure with fundamen-
tal form £2 if and only if for all p € M the endomorphisms R, S, are symmet-
ric and the endomorphism R, is positive definite (with respect to the canonical
scalar product (-, -) in R").

Hint Show that the complex distribution generated by the vector fields
Xn:(vji.—i—ii:(R +1iS )~kvki.) (v1 v")e(C"
j=1 0x/ k=1 ’ Py ) o ’

is the distribution of (0, 1)-vectors of J.

Solution

1. Itis easy to verify that J 1% = —1 foreach p € M. In fact, with an obvious notation
we have:

(

J5)
(/)1 =R,'SpR," = R,'S,R,' =0,
J3)

(

(15)22 =—(Rp+ SPR;ISp)R;] + SPR;ISpR;I =1,

-1 -1 -1 -1
11=Rp SPRp SP_Rp (RP+SpRp Sp)z—ln,

1 =—(Rp+ S,,R;ISP)RjS,, + SPR;I (R, + S,,R;lsp) =0,

The structure J is smooth because so is the map p — J),.

2. Let us describe the distribution of (0, 1)-vectors of the almost complex struc-
ture J. To simplify the notation denote by v X +wY, where v = (v1 LU, w=
(w!, ..., w") e C", the vector

. i d i 0 c
4 Ox! 8y’ 14
i=1
The space T[(,)’IM is the set
{WX +wY)+i[(-R;'S,v— R, 'w)X

+ (va + SPR;IS[,U + SpR;lw)Y] v, wE R"}.
Since this complex space is n-dimensional, the vectors (with v = 0)

{wY +i[—(R;1w)X + (S,,R;lw)Y] cweC"}

={wX +i(Ryw +iSpw)Y :w e C"}
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span this space. Now to prove part 2, it is sufficient to show that -Q(T;S) Iy,

T)'M) =0 and —i2(Z,Z) > 0 for all Z € Ty"' M \ {0} (see Problems 6.49
and 6.50).
Note that by definition

2vX +wY,v'X + w’Y) = (w, v’) — (v, w’),

where for v, w € C" we put (w, v) = Z?:l w’ v/, Denote by P, the operator
R, +iS,. Then let a be defined by

(. 1) = (WX +i(Pyw) Y, w X +i(Pyw')Y) = [(Byw). w) . (P
The function a vanishes for all w, w’ € C" if and only if the operators R, and
Sp are symmetric. Similarly, if b is the function defined, for arbitrary vectors
w, w’ € R", by
b(w, w’) = —i.Q((w + iw’)X + i(Pp (w + iw/))Y, (w — iw’)X
—i(Pp(w —iw))Y)
=i(w +iw’, —iPy (w — iw')) —i(w — iw', iP, (w + iw’))
= (((Pp + Pp)w, w) +{(Pp + Pp)uw’, w'))
—i(((Py = Ppyw, w') = ((Pp — Pp)w', w))
= ((2R,,w, w) + (2R,,w’, w’)) - i((ziSpW w’) - (ZiSpw/’ w))

then, since the operator S, is symmetric, the function b(w, w’) is positive if and
only if the symmetric operator R, is positive, i.e. (R,w, w) > 0, w € R" \ {0}.

Problem 6.52 Let (M, §2) be an almost symplectic manifold. An almost complex
structure J on the manifold M is called compatible with the almost symplectic
structure £2, if g(X,Y) = £2(J X, Y) is an Hermitian metric on M, i.e.

(a) £2(JX, X) > 0 for any non-zero tangent vector X € T,M, p € M.
(b) 2(JX,Y)+ $2(X, JY) =0 for any tangent vectors X,Y € T,M, p e M.

Prove that on any almost symplectic manifold (M, §2) there exists an almost
complex structure J which is compatible with £2.

The relevant theory is developed, for instance, in Gromov [14] and Aebisher et
al. [1].

Solution Let us choose an arbitrary (smooth) Riemannian metric go on the man-
ifold M (see Problem 6.39). Define linear endomorphisms A,: T,M — T,M,
p €M, by

(X, A,Y)=2(X,Y), X,YeT,M.
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Then each A, is skew-symmetric with respect to the metric go. Therefore, —A% is
symmetric (and non-degenerate) and

go(X, —Af,x) =0R(X,—A,X)=2(A,X,X)=g0(ApX,ApX) >0

provided X # 0. Thus —A?, is a symmetric positive definite operator. Define
B, = /—A% to be the symmetric positive definite square-root of —A%. Since the

domain D = C \ (—o0, 0] contains the spectra of all operators —A%, pEM, and
each of these spectra is compact, this can be done canonically and smoothly by us-
ing the Cauchy integral. Indeed, choosing the positive determination of F', that is,
the branch F(z) of the square root in D with F (1) = 1, we can define a real-analytic
function F: ST — ST on the set of all symmetric positive definite matrices by

~ 1 _
F:A,— %/FF({)({Id—Ap) d¢,

where I' is a contour in D enclosing the spectrum of A,. Clearly, each B is
invertible and commutes with A,. Put J, = B;IA p- Then Jg = —Id,, where

Id,: T,M — T, M stands for the identity map. The operator J, is antisymmetric
with respect to the metric go:

g0(JpX.Y) =go(B, A, X.Y)=go(A,X.B,'Y) =g0(X.—A,B,'Y)
= —go(X., J,Y).
Moreover,
QWX X)=2(B,"A,X.X) =go(B,'ApX. A,X) >0, X eT,M\ {0},

because B;l is also symmetric and positive definite. Now to prove that the (1, 1)-
tensor field J is compatible with £2 it is sufficient to remark that

QWpX.Y)=go(JpX, ApY)=go(B, ' ApX. A,Y) = —go(X, A,B, ' ApY)
=—Q(X, J,Y).

Thus the formula g(X, Y) = £2(J X, Y) defines an Hermitian metric g on M. Re-
mark also that this construction of such an almost complex structure J on M de-
pends on a choice of an arbitrary start-up Riemannian metric gop on M. After this
choice the construction of J becomes canonical.

6.4 Geodesics

Problem 6.53 Consider M = R?\ {(0, 0)} with the usual metric g = dx>+dy? and
consider the distance function d, given by
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d(,ﬁ,:MxM—)R+

1
(p,q) = dg(p,q) = inf/O\/g(V’(t), y/(1))dt,

where y denotes a piecewise C* curve with y(0) = p and y (1) =q.

(i) Compute the distance between p = (—1,0) and ¢ = (1, 0).

(i1) Is there a geodesic minimizing the distance between p and ¢g?

(iii) Is the topological metric space (M, dg) complete?

(iv) A Riemannian manifold is said to be geodesically complete if every geodesic
y (t) is defined for every real value of the parameter ¢. Is in the present case M
geodesically complete?

(v) Find an open neighbourhood U, for each point p € M, such that forall g € U,
the distance d, (p, q) be achieved by a geodesic.

Solution

(i) Let y, be the piecewise C°° curve obtained as the union of the line segment
from (—1, 0) to (0, @) and the line segment from (0, a) to (1, 0). Since

dg((—l, 0), (0, a)) =dg((0,a), (1, O)) =+v1+a?,
we have

dg((—1,0), (1,0)) < inf0{2 1+a%}=2.

On the other hand, as M is an open subset of R2, if dg> stands for the
Euclidean distance, we have

de((—1,0), (1,0)) > dga ((—1,0), (1,0)) =2,

thus dg(p, g) =2.

(ii) Since M is an open subset of R?, the geodesics of M are the ones of R? in-
tersecting with M. There is only one geodesic yp2 in R? joining p and g,
but y = yr2 N M is not connected, and so the distance is not achieved by a
geodesic.

(iii) (M, dg) is not complete. It is enough to give a counterexample: The sequence
{(1/n,1/n)}en is a Cauchy sequence in (M, dg) which is not convergent.

(iv) (M,dg) is not geodesically complete, because none of the lines passing (in
RR?) through the origin is a complete geodesic for the Levi-Civita connection.
In fact, the geodesics x = at, y = bt do define, for ¢+ = 0, no point of M.

(v) Given p € M, take as U, the open ball B(p, |p|).

Problem 6.54

(i) Find an example of a connected Riemannian manifold (M, g) to show that the
property “Any p,q € M can be joined by a geodesic whose arc length equals
the distance dg(p, q)” (see Problem 6.53) does not imply that M is complete.
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ii) Find an example of a connected Riemannian manifold to show that a minimal
p
geodesic between two points need not be unique; in fact, there may be infinitely
many.

Solution

(i) The open ball
M=BO,1)={xeR":|x| <1} c (R"g),

where g denotes the usual flat metric, and M is equipped with the inherited
metric.

(i1) The sphere (8", g), g being the usual metric. There exist infinitely many mini-
mal geodesics joining two antipodal points.

Problem 6.55 Consider on R? the metric
g=(1+x?)dx? +dy* +e*dz?.

(i) Compute the Christoffel symbols of the Levi-Civita connection of g.
(i) Write and solve the differential equations of the geodesics.
(iii) Consider the curve y (¢) with equations x =¢, y = ¢, z = t. Obtain the parallel
transport of the vector (a, b, ¢)(0,0,0) along y.
(iv) Is y a geodesic?
(v) Calculate two parallel vector fields defined on y, X (¢) and Y (¢), such that
g(X (1), Y(t)) is constant.
(vi) Are there two parallel vector fields defined on y, Z(r) and W(¢), such that
g(Z(t), W(t)) is not constant?

Solution
(i) We have
1+x2 0 0 1/(l+x*) 0 0
¢=|l o 1 o], g '= 0 1 0
0 0 e 0 0 e¢

Taking x! = x, x> = y, x> = z, the only non-vanishing Christoffel symbols are

X 3

1
=1 =7 *)

(i1) The differential equations of the geodesics are, by (x),

@) d2x + X dx\2 0 ®) d?y 0
a —_— —_— — =0, — =0,
dr2  1+4+x2\dr dr?
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2z 1/dz)\?
2 () =o.
© @2t 2<dt)

The solutions are:
(a) We can write

3

7+1+x2_

hence logx’ + Llog(1 + x2) =log A, or equivalently, x' = _l/irxz. We
have +/1 4+ x?dx = Adr and

/Adt:At+B=/\/1+x2dx=%(x\/1+x2+log(x+\/1~|—x2)).

(b) y=Ct+D.

(©) Lez:t p =d g—f. Then we have %—’l’ + %2 = 0, from which % = % + % Thus
— 4z

TIF = dr> soone has

z=2log(t+ E) 4 2log F =log(Ft + G)%.

(iii) The equations of parallel transport of the vector X = (a!, %, a3) along a curve
y are V,, X =0, that is,

da’ dxd
d_Cl,”LZthg"h:Ov i=1,2,3.
j.h

In this case, we have the equations:

@ da! n x dx 0 ) da? 0
a _— —a =0V, — =0,
dt  1+x%dr dr
da3 1 dZ 3
— 4y -4 =o,
© T Taa
along the curve x =t, y =t, z =1, that is, the previous equations are reduced
to:
da? t | da? da® 1
—+——a'=0, b) — =0, — 4+ -a’=0.
@ e ® 5 © g T3¢

Integrating we have:
(@) loga! = —%log(l + 1) 4+ log A, thus one has a' = A/+/1 412, with
a'(0)=a,soa' =a//1+12.
(b) a? = A, with a2(0) = A; thus a% = b.
(c) a® = Ae /2, with a*(0) = ¢ = A; thus a® = ce™"/2.
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(iv) The curve must verify the equations of the geodesics obtained in (ii). Since
x(@)=t,yt)=t,z(t) =t, we have

d2x+ X dx 2_ t £0
dr2 " 14x2\dr ) 14122

unless ¢ = 0, so it is not a geodesic.
(v) We have obtained in (iii) the vector field obtained by parallel transport from
(a,b, C)((),(),()), that is,

a(r) = (\/la—z’ b, ce_’/z).
+1t

Taking X (0) = (1,0, 0), Y(0) = (0, 1, 0), one obtains under parallel transport
the vector fields

1
Xt)= ——,0,0], Y()=(,1,0),
® (m ) ©=0.10

that satisfy g(X(¢), Y (¢)) =0.

(vi) No. In fact, consider the vectors Z(0) = (a, b, ¢), W(0) = (A, u, v). Then the
vector fields Z(t), W (t) obtained by parallel transport of the vectors along y,
satisfy

ai
1+12

cv
g(z), W) = (1+17) +bp+e' — =ak+bu+cv,
which is a constant function.

This can be obtained directly considering that V is the Levi-Civita connec-
tion of g, and for all the Riemannian connections the parallel transport pre-
serves the length and the angle.

Problem 6.56 Prove with an example that there exist Riemannian manifolds on
which the distance between points is bounded, that is, d(p, q) < a, for a > 0 fixed,
but on which there is a geodesic with infinite length but that does not intersect itself.

Solution The flat torus 72 is endowed with the flat metric obtained from the metric
of R? by the usual identification T2 = R?/Z?. It is thus clear that the maximum
distance is +/2/2.

Nevertheless, the image curve of a straight line through the origin of R? with
irrational slope is a geodesic of infinite length which does not intersect itself in 72
(see Problem 4.52).

Problem 6.57 Give an example of a Riemannian manifold diffeomorphic to R" but
such that none of its geodesics can be indefinitely extended.
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Fig. 6.1 The vertical lines of Y
the Poincaré upper half-plane
are geodesics

Solution The open cube (—1, 1)" C R”, with center at (0, ...,0) € R", is diffeo-
morphic to R” by the map

¢:R"— (-1, 1", (yl,...,y") [ (tanhyl,...,tanhy").

In fact, ¢ is one-to-one and C°°, and its inverse map on each component is also C*°.

Take now on (—1, 1)" the flat metric, restriction of g = Z?:l dx’ ® dx' on R".
It is obvious that none of the geodesics which are the connected open segments of
straight lines of R” in (—1, 1)" can be indefinitely extended.

Problem 6.58 Prove that the vertical lines x = const in the Poincaré upper half-
plane H? are complete geodesics.

Solution We have the Riemannian manifold (M, g), where

dx? 4 dy?
M:{(x,y)eRZ:y>O}, :LZy
y

(see Fig. 6.1). That is, g;j = (1/y*)8;; and g"/ = y2§'/, i, j = 1,2. Taking x! = x,

x2 =y, the non-vanishing Christoffel symbols are

1 1 2 2
Ipy=r, =-If=I%h=-1/y,

so the differential equations of the geodesics are

d2x 2drdy d2y+l dx\%> 1/dy 2_0
2 ydrdr dr2 oy \dr y\dr )] 7

Suppose x(0) = xg, y(0) = yo, dx/dr =0, dy/dr = 1, that is, one considers the
vertical line through (xo, yo). The previous equations are satisfied, and one has the
equations

d2x_0 dzy_l dy 2
2 2 y\dt /)~

The conditions x(0) = xg, y(0) = yg, (dx/dt)o = 0, (dy/dt)g = 1, determine a
unique geodesic. Integrating, we have x = Az + B; and, from y”/y’ = y’/y, one
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has log y' =logy + C, or equivalently, y = e¢/*?_ By the previous conditions, it
follows that

x=x0, y=yoe,
which proves t € (—oo, +00), that is, the given geodesic is complete.

Problem 6.59 Consider R? with the usual flat metric g = dx? + dy?. Is the curve
y(t) given by x =13, y =13, a geodesic?

Remark The fact that a curve is a geodesic depends both on its shape and its
parametrisation, as it is shown by the curve o () = (¢,¢) in R? and the curve above.

Solution Write y (f) = (>, 1°). Then

d 0 0
Y320 1322
dr ax ay

As d—Dl = % on (R?, g), we have

Dd d 0
Y — <3t2—

9 9 9
il 32— )| =6t— + 61— #£0,
dr dt  dr + ) + dy 7

ax ay dax

hence y (¢) is not a geodesic.
Another solution is as follows: Since y is a geodesic curve, one should have
|y’ (t)| = const, but actually |y’ (t)| = 3v/2¢2.

Problem 6.60 Let (M, g) be a connected Riemannian manifold. Let H: M — R
be a smooth function on M with gradient vector field grad H, i.e.

dH(Z)=g(gradH,Z), ZeX(M),
and let
D={peM:|grad H|(p) #0},

where

|grad H| = \/g(grad H,grad H).

Suppose that there exists a smooth function @« € C*°(H (D)) such that
|gradH| =00 H

on the subset D C M.
Prove that the unit vector field
_ gradH
o | grad H |

is a geodesic vector field on the subset D, that is, its integral curves are geodesics
of the metric g.
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Solution Put 8 = 1/« on the interior of the set H(D) C R (where o > 0). Then
U =pB(H)-grad H and

UH=dHU)=g(grad H,U) = B(H)| grad H|* = | grad H| = a(H).

To prove that Vy U = 0 consider the Koszul formula (6.4) for the Levi-Civita con-
nection,

2¢(VyU, Z)=2Ug(U, Z) — Zg(U,U) +2g([Z, U1, U).
Taking the definition of the vector field grad H into account, we obtain that
Ug(U,Z)+g(Z,Ul,U)=Ug(B(H)grad H, Z) + g(B(H) grad H,[Z, U])
=U(B(H)-dH(Z))+ B(H)dH ([Z,U])
=B (H)-UH-ZH+B(H)-U(ZH)
+ B(H)(Z(UH) — U(ZH))

=B (H)a(H)-ZH + B(H)o'(H) - ZH
=(B)(H)-ZH =0.

Thus VyU =0on D C M because |U| = 1.

Problem 6.61 We retain the hypotheses and notation of Problem 6.60. Suppose in
addition that:

(@) H(M) =0, +00).
(b) grad H(p) =0 if and only if H(p) =0, and
(c) For each number ¢ € R the subset {p € M : H(p) < c} is compact.

Prove:

1. One has that lim;_, 4 a(7r) = 0 and the improper integral

fld_f
0 a(r)

converges.
2. The metric dg on M is complete if and only if the improper integral
/+oo dr
o o)
diverges.

Solution Using the unit geodesic vector field

_ gradH
B | grad H |
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we shall calculate the distance between the level sets {H = ¢o} and {H =c}in M
with respect to the distance function (metric) d, induced by the metric tensor g.

Recall that by definition |grad H|(p) = a«(H(p)) > 0 if H(p) > 0, that is,
a(t) > 0 for all T > 0. Consider some level set {H = ¢} with positive ¢ > 0. By
compactness of this set, there exists a local one-parametric group ¢; of U defined
on some neighbourhood of {H = ¢} for all 7 € [0, #9] with #9 > O (the vector field U
is smooth on the set D = {H > 0} C M). But

fo

H (g () = H(p) + fo o(H(¢1(p))) dt > H(p) )

because the function
UH=|gradH|=aoH

is a positive constant on the set { H = c}. Then, again by the compactness of { H = c}
one has
,nin  H (¢10(p)) > c.

In other words, for each ¢ > 0 there exists §(c) > 0 such that any point p € {H = c}
is connected by an integral curve of U with some point of the level set {H = d},
where ¢ < d < ¢ + 8(c). Therefore, for arbitrary 0 < cp < ¢ < 400 and any point
po € {H = co}, there is an integral curve y (¢), t € [0, ty], of the vector field U with
initial point pg € {H = co} such that H(p) = ¢, where p = y (ty).

Let y(¢), t € [0, fo], be the integral curve of the vector field U with initial point
po € {H = co}, co > 0. There exists a smooth function % : (0, +00) — R such that
the function 2(H (y (¢))) is linear in ¢. It is easy to verify that

e [
h(s)_a(s) and h(s)_/l v

because a(t) > 0 for all T > 0 and
d
Sh(H(0)) = (H (@) dH (@) = (H(r©) -a(H (@) = 1.

Let p = y(ty) and H(p) = c. As we showed above, ¢ > cq (see (x)). However, the
curve y () is a geodesic. Therefore, the length of the curve y (¢), ¢ € [0, #y], from pg
to pis

to=h(H(p)) — h(H (po)) = h(c) = h(co).

For any other curve A(¢), t € [0, fy], with |A'(¢)| = 1, starting from a point pg €
{H = co}, ended at a point p € {H = ¢} and belonging to the set { H > 0}, we have

d
ah(H(A(z))) =h'(H(A®))-dH (X (1)) =h'(H(*(®))) - g((grad H)s(), ' (1))

N

K (H(A®)) - |grad HI(A(1)) - |V ()] = [V ()] = 1.
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Thus h(H (A(t))) — h(H (po)) <t and, consequently,
h(H (1)) < h(co) + <hleo) + 10 <h(e). 1 €[0.1].
Since £ is an increasing function and H (A(¢)) > 0, we have
H(A1)) <c forall0<r<ty, and H(A(10)) <c.

Therefore, 7y > ty and the length of the curve A(¢) from pg to p is not smaller than
the length of the geodesic curve y (t), t € [0, #p]. So the distance between the level
sets {H =co} and {H =}, 0 < co < c,is (h(c) — h(cg)). We have

Iim a(r) =0
>0+

because all level sets { H = 1}, T > 0, are compact and the functions H, | grad H| are
continuous on the manifold M. Moreover, since the distance between the compact
level sets {H =0} and {H = c}, ¢ > 0, is finite and each smooth curve connecting
these two sets intersects all sets {H = cg}, where 0 < ¢ < ¢, this distance is equal
to the converging improper integral

C A e - hO
fom— (©) = h(0).

2. Taking into account that all level surfaces {H = c}, ¢ > 0, are compact sets,
the metric d, on M is complete if and only if the metric on the set [0, +00) induced
by the function 4 is complete, that is, if and only if

oo gy
— = +o0.
/o a(r)

Problem 6.62 Consider the standard linear action of the Lie group SO(n) on R”
with standard global coordinates x = (x!, ..., x™). Let g be an SO(n)-invariant Rie-
mannian metric on R”.

Prove:

(i) There exist unique smooth positive even functions a, b: R — R, a(0) = b(0),
such that g(x) = (g;;(x)), i, j =1,...,n, where

ixj +b(r)8,-j,

—-b
a0 = “O SO,

(*)

r=r =y () 4 (60),

(i1) For each pair a, b of smooth positive even functions on R, the relations (x)
determine an SO(n)-invariant metric on R”.
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(iii) The metric d; on R" is complete if and only if the improper integral

/+°° (/o)
0 T

diverges.

Solution

(i) Denote by P, the matrix with entries

d a
axi |, oxJ

gij(x)=g< > i,j=1,....n.

X
Since the action of the group K = SO(n) on R” is linear and A’ = A~! for
each A € SO(n), the metric g is SO(n)-invariant if and only if

Po=A""Ps-A, xeR", AcSO®).
In particular,
A-P,=P,-A forallelementsin K,={AeK:Ax=x}C K. (x*)

If x is a nonzero vector, then R” = (x) @ (x), where (x) is a one-dimensional
trivial K,-module generated by the vector x and (x)= is the irreducible K-
module of all vectors orthogonal to x (as is well known, the group K, =
SO(n — 1) acts transitively on the set of all vectors of constant length in (x)1).
Since (x) and (x)* are irreducible modules (over R) of the group K, and the
matrix P, is symmetric (always has an eigenvector belonging to (x)1), from
condition (xx) above it follows that for each vector y € R" its two components
corresponding to the decomposition R” = (x) @ (x)* are eigenvectors of P,
with eigenvalues «(x) and S(x), respectively:

poy = L P (inyi)x +B(x)y.

rz(x) i=1

Moreover, Pyy = apy for some ag > 0 because, by condition (%), the sym-
metric matrix Py commutes with all elements of the isotropy group Ko = K =
SO(n) acting transitively on the set of all vectors of constant length in R”. Now
taking into account that

PsxA=AP,, xeR" AeKk,

we obtain that «(Ax) = a(x) and B(Ax) = B(x) for all such x and A. There-
fore, there exist uniquely defined functions

a,b: [0,400) = R, alx) = a(r(x)), B(x) = b(r(x)).
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Denote by @ and b the even extensions of these functions to the whole line R.

Let us prove that the functions a and b are smooth and a(0) = b(0). Indeed,
fix two non-zero vectors x Ly in R” such that r (x) = r(y) = 1. Since the metric
g is smooth, we obtain that the two vector-functions

A= Pyx=a(l) - x, A Py =>b(A) -y,

are smooth functions of the parameter A € R and, moreover, Ppx = a(0)x and
Poy = b(0)y. Thus a and b are smooth even functions on R and a(0) = »(0) =
agp.

(i) Now it is easy to see that relations (x) define a smooth SO(#n)-invariant metric
on R” (with a smooth extension to the zero point). To prove the last part of the
problem consider the smooth function H (x) = r2(x) on R”. It is clear that

grad H (x) = %x.
Then
2™, HO
a(r(x)) a(VH®X))

that is, | grad H|(x) = «(H (x)) on the subset { H > 0} with a smooth function
a: (0,400) — R.
(iii) By Problem 6.61, the metric d, on R" is complete if and only if the improper

|grad H|(x) =

integral
/ e
0 T
diverges.

Problem 6.63 Let (M, g) be a Riemannian manifold and let 7 : T*M — M be the
canonical projection of the cotangent bundle 7* M onto the manifold M. The metric
g determines a natural isomorphism

Yg: TM — T*M.

Denote by H the real-valued function on 7*M such that

1
H@) =38 @), v (@) (r(@).

The Hamiltonian flow on T*M generated by the Hamiltonian vector field X i of H
with respect to canonical symplectic form £2 on T*M, where, recall,

ix, 2 =—dH,

is said to be the geodesic flow of g.
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Prove:

(i) The projection y () = (o (t)) of any integral curve o (¢), t € (a,b) C R, of
the vector field X i is a geodesic of the Levi-Civita connection of the metric g.
(i1) For any geodesic y (t), t € (a,b) C R, on (M, g) the curve

o()=ve(y' 1)) CT*M

is an integral curve of the vector field X 5.
(iii) For any integral curve o (¢) of Xy we have

o (1) =Yg (M (1),

where A(¢) = (o (t)) is a geodesic on (M, g); moreover, the Riemannian man-
ifold (M, g) is geodesically complete if and only if the Hamiltonian vector field
X g is complete.

Solution

(i) It is sufficient to prove it locally. Let ¢ = (¢!, ..., ¢") denote local coordi-
nates on M. They induce local coordinates (¢, p) = (q',...,q", p1...., Pn)
on T*M putting w, =Y _; pi(wx) dg'|, for w, € T*M, x € M, and local coor-
dinates (g, y) = (ql, gty yl, ..., ¥y")on T M letting

. d
UxZZyl(Ux)a—qi , U eTM.
i X

Then the isomorphisms ¥, ¥, I and the function H have the following form
in local coordinates:

9 o
Vg (Zy’—,.> =Y gij(q)y dg’,
i aq i,j
_ . y 9
1/fg1<2pidq’>=2g”(q)pja—¢,
i ij
[
H(q,p)zizg @ Pip-
L]

g(q) = X ; &j(q)dq’ dg’ being the metric tensor in the local coordinates
and Y 2ij(9)¢"* (q) = 8% by definition. Since £2 = 3", dp; A dg' (see Prob-
lem 5.59), the vector field X g is described by the relation

agl

. 1 9
Xug.p)=) &9@Qpi——=Y —(@pipj—-
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Therefore, its integral curve o (¢) is a solution of the following equations:

q : dpr 108"
=Y @, = =-3> < @pip; (*)
r 4 dr T 24

Putting yk(t) = (qu /dt)(t), we rewrite the first relation above as yk =
> j g p jand ), gk ye=p ;. Differentiating this (first) relation, we obtain
that

dy* 9g" dg' 1 4p)
dr _2/:<Z aql ar 1T
gk’
—Z( ,ylp,——ng’—p,pz>

Let us show that the relations

dyk g i, 1 ;08"
?_;(81&7 —58 a—]Psz
E)g .1 084
= Z g —=&"—=1)pipj, (x%)
¥y 2° aq!

where p; =3, gjk y*, are equivalent to the equations of the geodesics:

n

. 1 d9gjs . 0gji  0g
_ kylys kj JS Jt S I.,s
Y ho=-3 > ¢ < T+ 905 8qj>yy,

d
l,s=1 J.l.s=1 q

where F/; are the Christoffel symbols of the Levi-Civita connection of the met-
ric g. Indeed,

dyk n 8gkj n a il
- Z Wyll’j Z gl FPip
Ji.I=1 q ljl 1

1 n il

n
8g S0g
=y > lylgjsy 5 2 g9 amy sy
Jil.s=1 i,j,l,m,s=1 q

Taking into account that ), g/ g;; = 8%, we obtain that

83' 9815\
Z(B 7 ~|—gi1@) =0
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(i)

and, consequently,

. i (08" . 0815
> g’(a ]gzs>gimy’”ys=— > g(gme") "y’
i,j,l,m,s=1 q i,j,l,m,s=1 q
n
381
- _ Z gk1 s l s
J.ls=1

. . . d k
NOW, we can rewrite the previous expression for % as

dyf (gl 1 1081\
DA + = J o7 s
dr N§1< agl 8T8 i )Y

n

1 k'agls k'agjs i
— E: 2 ki O8I ki s
(28 g7 8 3ql yy

jls=1

I < ki 08js | 98j1  081s\ ;s ¢ ko l.s
=—§Zg —l+8qs_w Y)’:_ZFZA)’)’

3
Jils=1 g ]

because ) ¢ g’f ylys = Do af;v] y'yS. In other words, the curve y (1) =

(o (1)),
v =(q"'@®,....qa"0)

is a geodesic in the Riemannian manifold (M, g).

Consider a geodesic y(t) = (' (0),...,¢"(@)) and put y’(¢) = Olo),...,
y(1)), where y¥ (1) = dg¥(r) /dz. Then {y* (1)} satisfy the relations (x«), where
pi=> 4 8ik(@y* (and y* = > g% p;). We remark here that, by the relations
for the isomorphism

Ve: TM — T*M,

these functions {g* ()} and {p j (1)} are the coordinates of the curve ¥, (y' (1)) C
T*M. Now using (x*) and differentiating the relations p,, =), gmk Yk, we
obtain that

amk

dpm . <38kj i 1 wog j) 0 1.k
- = gmk| 78 — 58 pipj+ ) =Yy
dt i,j%:=1 "\ gl 2° agl )7 k’;::l g’

n kj ij mk

agh . 1 agl  dg

= > (em—78" = sems 5 + —&"&" | pip;.
T dq 2 dq' ' dq
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But ), gmk gt = (an and, consequently, D ", aiq’ (gmk&") =0 and

dp 8g”
a :__ Z A mPilj-
1] 1

So that
o) =(q(), p(0))

satisfies the relations (x), and therefore this curve is an integral curve of Xy
k . ..
(Y1) =y (1) =Y, 84 (q(1)) p; (1) by definition).
(iii) As it follows from the proofs of (i) and (ii), for any integral curve o (¢) of Xy
we have

o)=Y, (A ®), A =m(c®).

Now to complete the proof of (iii) it is sufficient to note that for any point
x € M the map y — v, (y’) determines a one-to-one correspondence between
the set of all geodesics on (M, g) through the point x and the set of all the
integral curves of the vector field Xy through the points of the space 7;"M.
Therefore, every maximal geodesic y (¢) on (M, g) is defined for every real
value of the parameter 7 if and only if so is the maximal integral curve o (t) =

Ve (y'(1)) of Xp.

6.5 The Exponential Map

Problem 6.64 Consider on R" with the Euclidean metric the geodesic y (¢)

through p with unit initial velocity v,, and let (ei,...,e,) be an orthonormal
frame along y such that e; = y/(r). Compute the Fermi coordinates (xl, .., x™
on (R", y) relative to (ey, ..., e,) and p.

The relevant theory is developed, for instance, in Hicks [16].

Solution The geodesic y () through p € R" with the initial velocity vector v;, €
T,R" is the straight line y (t) = p + tv,,. Thus

exp,: TpR" - R”
vy o(l)=p+up,

)) =x! (y(t) +thej
140) Jj=2
y(t)))

hence

n
| .
x (eXPym (Z tlej
j=2
n
X (eXPy(z) (Z te;
j=2

) =t’
y ()

Il
)
VA
VA
3
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Fig. 6.2 A simple example
of Fermi coordinates

Since exp, is a global diffeomorphism, we have a new set of coordinates on R". The
first coordinate is the distance from the origin p along y and the other coordinates
are the orthogonal coordinates relative to ey, ..., e, (see Fig. 6.2).

Problem 6.65 Let M be an n-dimensional complete Riemannian manifold and let
g € M. Identify T, M with R" as a manifold by choosing an orthonormal basis at g.
Then

exp,: TyM — M
is a C° map of R" onto M, mapping O to g.

(i) Suppose M = S”", the unit sphere with its usual metric. Prove that
rank(equ)*xq <n if [ X4l =km, k=1,2,...,

without using Jacobi fields.

(i1) Find (expy)s«x(e1) and (expy)«x(e2) for two orthonormal vectors eq,e; €
Tx TNSz, and X = Aey, e € TNS2. In particular, find the values of the two
above vectors if A =0, 7/2,or .

Solution

(i) The geodesic through g with initial vector X, is (see Problem 6.101) the great
circle

X
y (1) = (cos|Xy4lt)q + (sianth)ﬁ,
q

hence (see Fig. 6.3)

X
equ(Xq) =y() = (cos |Xq|)q + (sin|Xq|)ﬁ.
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2_ 2
Y;S‘R

2. =
X eTs%X]=m)

S Exp, (X))

Fig. 6.3 The exponential map on S2 at g

We can take, without loss of generality,
g=,...,0,1)=N e S" cR".
Thus, the map exp,, is given by
expy: TyS" — S"

sin | X | sin | X |
1s e
1X1 1X]

XZ(XI”X)’!)'_)< Xn,—COS|X|)

(where we have simplified Xy to X) and has Jacobian matrix (expy ). given by

sin | X x? cos|X| 2 sin| X[\ X1 X
(= ) + R X (cos|X| = ) 7
. . 2
_sin] X[\ X1 Xo sin|X| 1 _ X3 cos|X| v2
(COS|X| |X| ) |X|2 |X| (1 ‘X‘2)+ |X|2 X2

_sin|X]\ X1 X,
(COS|X| ‘X‘ ) |X|2
sin | X |
X1 X1

(COS|X| _ sianl)XIXn

X1 7 |x 2
__sin| X[\ X0 X,
(COS|X| ‘X‘ ) |X|2
sin|X| 4 X2 cos | X| v2
Y a \X\2)+ X X
_s1n|X|Xn

Y
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Suppose | X|=km,k=1,2,..., then

1k 1k 1k
tf SEhxt Shxixy o Bhxx,
(eXpy)sx = : '
—1 k —1 k —1 k
(kzn)z Xan (kzn)z XZXn o (kzn)z X;21
0 0
Since
1 ... 1
(—DF 1vr waf CDRY | .
det(kz—ﬂzX,X] =X1X2Xn k2712 det . : =0,
1 1

we obtain rank(expy)«x < 1.
(i) We have X = (X1, X») = (1, 0) = re; € Ty S2, hence

COS A _0
(EXpp)sne; = 0 %
—sin A 0
In particular,
1 0 0O 0
(expy)soe, =0 1], (eXpN)*%el =10 % )
00 -1 0
-1 0
(eXpN)*nel = 0o 0],
0 0
hence
€l if A= O,
(eXpy)ure; (€1) =cosde; —sindez =1 —ez ifA= %’
—e; ifA=m,
. e ifA=0,
sin A ) ) -
(eXPN)*Ael (e2) = Tez =3 e if A= >
if A= T,

where the vectors in parentheses eq, e € T, (Tn $2) (see Fig. 6.4).

Problem 6.66 Show that if a Riemannian manifold (M, g) is complete and contains
a point which has no conjugate points, then M is covered by R”.
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TyS?

e \rys? (EXD W sy e,

(EXpN )*(ﬂ/z) 5‘51

(Exp e

i

Fig. 6.4 The differential of the exponential map on S at the north pole

Solution Let p € M be a point without conjugate points. As M is complete, the
exponential map

exp,: TyM - M

is everywhere defined on the tangent space and it is surjective. Moreover, as is well
known (see Definitions 6.6), exp,, X is conjugate to p if and only if exp,, is critical
at X. Hence, by virtue of the hypothesis, exp,, has no critical point. Accordingly,
exp,, is a surjective local diffeomorphism. Endow T, M with the metric expj‘) g in-
duced by exp,,. Then it is clear that

exp,: (TpM, expy g) = (M, g)

is a local isometry. Since it applies each ray ¢ — tv to the geodesic curve y,,, one
deduces that these rays are geodesics, so that the manifold T), M is complete at O.
The result thus follows from Theorem 6.20.

Problem 6.67 Compute the cut locus on:

(i) The sphere S" with the round metric.

(i1) The real projective space RP" with the constant curvature metric.
(iii) The square torus T2 = R2/7? with the flat metric.
(iv) The Klein bottle K with the flat metric.

The relevant theory is developed, for instance, in Kobayashi and Nomizu [19, vol. 2,
VIIL7].

Solution

(i) All the geodesics are minimizing up to distance 7 (see Fig. 6.5(a)). For a point
p € 8", we have that exp is a diffeomorphism on

U, =B(p,7) CT,s"
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Fig. 6.5 (a) The cut locus on P p
the sphere S”. (b) The cut RP"
locus on the real projective §n
space RP”
w o (p) ) RP’H
Cut(p)
(a) (b)
and that
exp, (Up) = S"\ {—p}.
Hence

(i)

(iii)

(iv)

Cut(p) =exp(0Up) = {—p},

that is, the cut locus reduces to the antipodal point of p.

The round metric on §” induces under the projection pr: §" — RP"~! the
metric of constant curvature on RP". Let p € RP? correspond to the north and
south poles in $”, p = {N, S}. All the geodesics are minimizing up to distance
/2 (see Fig. 6.5(b)) so exp is a diffeomorphism on

U, = B(p, %) C T, (RP").

Thus, denoting the equator of $” simply by $”~!, we have that
exp,(Up) = ]RP"\{pr(S"_l)},
hence
Cut(p) = exp(dU,,) = pr(s" ') = RP" !,

a naturally imbedded real projective space RP"~ .

Consider the usual identifications on the closed square [0, 1] x [0, 1] € R2 (see
Fig. 6.6). The flat metric on RR? induces the flat metric on 7'2. Let p = (%, %). It
is immediate (see Fig. 6.6) that the cut locus of p € T? consists of two closed
curves which form a basis of the first integer homology group Hi(T?,7Z) =
YAV

Consider the usual identifications on the closed square [0, 1] x [0, 1] € R2 (see
Fig. 6.7). The flat metric on R? induces the flat metric on K. Let p= (%, %). It
is immediate (see Fig. 6.7) that the cut locus of p € K consists of two closed
curves which form a basis of the first integer homology group Hi(K,Z) =
YASYLR
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Fig. 6.6 The cut locus on the
2-torus

Fig. 6.7 The cut locus on the
Klein bottle

6.6 Gauss’ Lemma for Covariant Symmetric Tensors

The problems in this section have as common aim proving the Gauss Lemma for
general covariant symmetric tensor fields of finite order. The explicit statement is
given in Problem 6.72.

Problem 6.68 Let M be a differentiable manifold of dimension n, V a linear con-
nection on M, and p € M. Let exp denote the restriction of the exponential map to
T, M. There exists a star-shaped open neighbourhood V of 0 in 7, M and an open
neighbourhood U of p in M such thatexpV = U and exp: V — U is a diffeomor-
phism. A fixed basis (u1, ..., u,) of T, M defines an isomorphism u: R" — T, M.
Let A=u"'(V) C R". Then (see Definition 5.8) the map ¢ = u~' oexp~! is called
a system of normal coordinates at p (related to the connection V), and the maps
xi=rio o, 7 being the coordinate functions ri: R" — R, are called the coordinate
functions of ¢; we thus have the diagram

1

exp~
M>U — VCT,M

Sl N L

R <«— ACR".

Consider now the functions F}k : A — R defined by

. . 0
F}k:(dxl<vaajw))ocp_l, i,j,k=1,...,n.

Prove that if V is torsionless, then

r;k(O) =0.
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Hint Let¢ =(¢',...,¢") € A and denote v = u(¢). Consider the geodesic

vo: [0,1] = M
with y'(0) =v e T,M.

The reader can find the relevant theory developed, for instance, in O’Neill [26,
Chap. 5].

Solution For ¢ € [0, 1] we have

(@oy)(t) = (" oexp™") (exptv)) =~ (u(15)) =

Hence, the components of y,, in the chart ¢ are
vo @) =o' (@) =1¢,

SO

axt

Y1) = :
i Yo (1)

Notice that if ¢ = ¢;, where (eq, ..., e,) is the canonical basis of R”, then v = u;,
so y, = % o yy. Thus, taking values at t = 0, we have u; = %u. The curve y,

must satisfy the equations of the geodesics. Hence, we have

0=dx'(V,,y)) = ( (Z;J—oyv»=dxi<é;-/vyé<%oyu>)

—ZCC L oPoY).

Jj.k=1
So,

> riaogict=o.

Jk=1

Taking ¢t = 0, we obtain that
) + 10 =0, i, jk=1,...,n
hence f}k(O) =0 if V is torsionless.
Problem 6.69 With the definitions and notations of Problem 6.68, and V being a

torsionless connection, consider now an r times (» > 1) covariant symmetric tensor
S ..
Tp € @ Ty M. We can write it as

Ty= T (&), @@ (dx") . Ti i €R.
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If v=u(¢) € TyM, then clearly

Ty,...,0) =Y T; ;¢ g7
From this tensor we can define a (0, r) tensor field T on U by
T = Z Ti i, dx' @ - @dx'r

which has constant components. Let p € X(U) be the vector field vector radius
given by

nooog
0= leﬁ'
i=1
We define the function f € C*°U by
f=T,....,p)= ZTil...i,xil e xtr,
Letv=u(¢)anda=T,(v,...,v) € R. Then
x (expv) =i (p(expv)) = ¢".
Hence
f(exp(v)) ZT,1 X" (exp() - - x' (exp(v))
= ZTil...irfil -~~§i’ =Ty(v,...,v)=a.
We now define open subsets B, BT, B~ C U, letting
B ={p1eU: f(p) >0},
B~ ={pieU: f(p1) <0}, B=BTUB™.

It is clear that if { € ¢(B) then ¢ € ¢(B) for all ¢ € (0, 1]. We moreover define the
levels of the function v € Ty,M + Ty (v, ..., v) € R and those of f as

Haz{veV:Tp(v,...,v)za}, ﬁa={p1€U:f(p1)=a},
so that obviously
ﬁa:exp(Ha).

For instance, if g is a Rlemanman metric on M and T, = gp, then H, would be the
sphere of radius a in T, M and H the geodesic sphere of radius a centred at p.

We define on B the d1fferent1able functions h and &€/, i =1, ..., n, and the vector
field & € X(B) as follows:

h=Iflr, =T g p= Zsaxl
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So,
_NC g g N i i
TG,....6)=) T i,§" - &r=h""Y T jx" - x"r= ik
Hence,
1 ifEe BT,
TE,...,8 )=
¢ 2 -1 iféeB™.
The function 4 is semi-homogeneous of degree 1, in the sense that
h(exp(tv)) = th(exp(v)), t >0,
and each function &' is semi-homogeneous of degree zero, that is,
&' (exp(tv)) = &' (exp(v)).
Hence £ (&%) = p(&') = 0 and p(h) = h, that is,
E(E)=de'&) =0, E=dnE) =1
Then:
(i) Prove that
Ve€ =0.
Now consider, for each i =1, ..., n, the vector field X; € X(U) obtained

under radial parallel transport of u; and let xi eAU,i=1,..., n, be the
differentiable 1-forms dual to the vector fields X;. Then, the forms x' are also
parallel along the curves

t> ¢ lv), rel0,1], veV.

We thus have on B that

Xip=wi=7=5| o VeXi=VpX; =0,
P
Xl(X/):(Sl’ (Xl)p:(dxl)p’ vpxlzv&'xlz()
Denote
o' =x' —&'dhe A'(B).
Then:
(i1) Prove that foreachi =1, ..., n, one has

¢'E) =0,  x'E=¢".
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Hint (to (ii)) Compute the limit of
- 3
Pcgy — Jyi %
x (&) jEZIS X5

when one goes to p along a radius.

Solution
(i) We have
. . 1 <N
A (Veb) = (&) 7 D [jew/x* =0,
Juk=1
that is,
Veg =0.

(ii) In fact, we have
¢ €)= x"€) — & dnE) = x'(¢) — &,
but
E(x'@) — &) = (Vex) &) + x' (Veb) —£(¢') =0,

so it follows that x’(£) — &' is constant along the radiuses. Let us see the limit
of

i . i O
X (S)=;$’x (@)

when one goes to p along a radius. Since the functions &/ are constant along a
radius because £(£7) = 0, we get that this limit is equal to
0

& (dx"),,<@ ,,> =¢"

So the limit of x (£) — & when one goes to p along a radius is zero. Since that
function is constant along radiuses, we conclude.

Problem 6.70 With the definitions and notations of Problems 6.68 and 6.69, sup-
pose now that V is torsionless and that 7}, is the value at p of an r times covariant
symmetric tensor field T such that

~

VT =0.

We restrict ourselves to BT for the sake of simplicity, as the treatment for B~ is
similar.
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Since T is parallel, its value at a point exp(v) of U can be obtained by parallel
transport from 7', along the curve ¢ — exp(tv). As

1= T (@), © -0 () p= YTt ©- @ 1l
we have
T=> T ix"® -&x"
Let B8 be a differential 1-form on B such that
B(€) =0, g df =0,

where (¢ denotes the interior product by &.
Then prove that either § =0 or

lim B(x)
xX—p
does not exist.

Solution Put g = > iBi dx’. Since p and £ are proportional on B, we have 8(p) =
> Bix' =0, from which

> (x"dpi + i dx') =0.
i
We also have that ¢, dg =0, so

n

,dB = Lpz dpi Adx') =) "(p(Bi) dx’ — x' dB;)

i=1 i=1
n n

¥ =3 ( 58+ ax <o

t/l i=1 j=1

Hence, foreachi =1, ..., n, we have that

Bi
Zax/ ¥ ==h

j=1

This implies that §; is semi-homogeneous of degree —1, that is, for any ¢ € ¢(B™)
and any ¢ > 0 we have

1
Bile ™ (1)) = — B (7 '(©),

so that either B; (¢~ (¢)) = 0 or lim;_. B; (¢~ (¢£)) does not exist.
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Problem 6.71 With the definitions and notations of Problems 6.68, 6.69 and 6.70,
consider now the differential 1-form x € A'(B*) defined by

K=ZT(E,...,§', %)(p".

i

Then prove:
)
k=0.
(i)
Vedh =V,dh =0.
Solution

(i) Putting to be short
TED,Y)=T( 2,8 7),
where Y stands for any vector field on BT, on the one hand, we have

n

> T(E(’), %)gi dh =T (", &) dh =dh,

i=1

so that

n
0 .
K:ZT(E(’), E)x">xl —dh.

i=1
Differentiating now the expression /" = Y T;, ; x'!---xr we have, because
of the symmetry of T, that

rhr—l dh=r ZT‘ilmirxil . _xirfl dxir — rhr—l Z Y‘l’]“.irgil .. _%-l'ril dxir

n
9 .
=rk’ YT <g<’>, —) dx’.
= ox!

Hence

n

3\, - 9 .
) _ )
T(E ", M-)S’dh— ElT(S ", axi)dX’,
1=

i=1
and consequently,

n

9 . .
K :ZT<$(r)’ ﬁ)(xl —dx').

i=1
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We deduce that

n

9 . .
K(Xp=)] T(‘fmv @)(5} —dx'(X)))
i=1
goes to zero when we approximate to p, that is, k goes to zero when we ap-

proach p.
On the other hand, we have

n n

ad ; B .
w(§) = ZT(E(“, a—ﬂ>9’(p) —dh(p) = ZT(&“% aTi)fl —h=0.

i=1 i=1
According to the result in Problem 6.70, it suffices to prove that 1 d« = 0. To
this end, we shall prove that d« (§, X ;) =0.

We have
- r . r 0 i
de(§,X;) =g<lz; (5( ) _)9 (X )) j<i:1 T(g( ), 8xi>9 (p))
—x([€. X;1)
. r r 0 i
=§s< (s“ —)x (X))-T (s< %5)5 dh(}g))
—x([€. X ;1)

“+(r (s 57) ) -2

=

(0 i) i .
+;T(e L5 JE dn(lE X))
3 - 3\
—s( (s“ W))—s(xj<h>)+ZT<s<’>,ﬁ)x%vxg)
i=1

+E(Xj(h) — X;(E)

=s(T<s<’>, —)) - fr@” —)x (Vx;€)

i=1

P .
T(é“% §>x'([s,xj1)
1

(since T(§, )., §) =1,&(h) =1, and [§, X;] = Ve X — Vx £ = —Vx,§).
Now,

9 4 .
T(S(r)v ﬁ) - Z le.l.ul'r—]jéll o -Elr71

=Y Thax"® X OX XN =T(E, X)),
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so that
d ~ ~
s(r(s<”, @)) =(VeD)(ED, X;)+ ¢ — DT (7, Vg, X))
+T (D, VeX;)=0.

Finally, we have

n 8 ) n - . -
> T(é“% —)x'(vx_,s> =) TV, X)x'(Vx,6) =T (", V)

axt
i=1 i=1

1 ~ 1 ~
=;VXJ.(T(E,...,§))=;Xj(T(éj,...,S))
—EX- =0
=- (1 =0.
So indeed x = 0.
(i1)) We have
K(X-):T(é(r) i _ S T(g(r) i)éjdh(X)
' " Oxt P " oxJ l

=T (V. X;) - dh(X;) =0,
so that
Ve(T (7. Xi) — dh(X)) = —(Ve d)(X1) =0,

and one immediately concludes.

Problem 6.72 Here we follow the definitions and notations of Problems 6.68, 6.69,
6.70 and 6.71.
Prove thatif g € H,, a #0, and X € T, M is tangent to H,, then

where v € T; M is tangent to the geodesic in U through p passing by g.

Remark Note that this result, when T is a Riemannian metric on M and V the
Levi-Civita connection, is the classical Gauss Lemma.

The reader can find the relevant theory developed, for instance, in O’Neill [26,
Chap. 5].
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Solution We have that g € ﬁa if and only if f(p) =a. Thus X(f) =0, and from
this, dh(X) = 0. Hence

9 . .
0=rg(X)=T, (s“% >(x’(X) — &' dh(X))

axt
=T, (. Xi,) X' (X) =T, (€0, X).

As &, is tangent at g to the geodesic in B with origin p through ¢, we conclude.

Problem 6.73 With the definitions and notations of Problems 6.68, 6.69, 6.70, 6.71
and 6.72, prove that, as a consequence of the result in Problem 6.72, one has

G Ifr=1,

T =dh on BT,
T=—dh onB~.

(i) If r =2,
F_ |dh@dity T;;6" ® 67 ~on BT,
—dh @ dh + Zi,j T;;6' ®6/ onB™.
(iii) If 7 is a pseudo-Riemannian metric, and the basis u determining a normal
coordinate system is orthonormal, that is,
T (i, u;) =6 €{—1,1}, T(uiuj) =0, i#}J,
then we have on B that
n
T=dh@dh+) 6 @6,
i=1
and on B~ that
n
T=—dh@dh+) &6'®0".
i=1
Solution
(i) We have
T = D Tix' =) (T:6' + T;&' dh) = T(¢) dh + k = T (£) dh.
i i
Notice that in the case » = 1 we could have taken & = f instead of & = | f|, so

we had obtained T = dh. This result is consistent with the fact that, T being
parallel with respect to a torsionless connection V, we have

dT)(X,Y) = (VxT)(Y) — (VyT)(X) =0,
that is, dT = 0.
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(i1) One similarly has

n n
T=>Tix'®x' =) T;0 +&dn)® (07 +& dh)

i,j=1 i,j=1

n
=T &dh@dh+ Y (T;;0' @07 + T;;&' dh @ 07 + T;;6" @ £/ dh)
ij=1

n n
. . 9 .

i,j=1 j=1

+Z (é —)9! ® dh

n
=T Hdhed+ ) T6 @6/,
i,j=1

T( ) =x=0.
" ax/

since

~.
I

(iii) Immediate.

6.7 Curvature and Ricci Tensors

Problem 6.74 Find the Riemann—Christoffel curvature tensor of the Riemannian
manifold (U, g), where U denotes the unit open disk of the plane R2 and

1
T-2-2 2 (d)c2 + dyz).

-1_ 1—x2—y? 0
8 = 0 1_x2_y2 .

So, taking x = x!, y= x2, the Christoffel symbols are

g:

Solution We have

1 2 2 1
F11:F12=F21=_F22:m,
Yy

2 1 1 2
—F11=F12=F21=F22=m~



6.7 Curvature and Ricci Tensors 401

Therefore,

a 9 a9 0 a 9\o0 0 2
R et et Brent el Bel S R A oAl o) -
dx dy dx dy dx 3y /) dy ox (1-x2— y2)2

Problem 6.75 Consider on R3 the metric

g = e (dx? +dy* +dz?).
Compute R(%, 3%, %, 3%), where R denotes the Riemann—Christoffel curvature
tensor.

Solution
e 0 0
g_1 = 0 e 0
0 0 eX

2

So, taking x = x!, y=x",z= x3, the only non-vanishing Christoffel symbols are

| 2 3 3 3
Iy=Ia=—-I7=-I5=I53=1

o 9 a9 0 o d0\od 0
Rl = — = ) =g R( = = )52 o= ) =0
dx dz dx 0z dox dz/)dz Ox
Problem 6.76 Let (M, g) be a Riemannian n-manifold. Consider an orthonormal

basis {e1,...,e,—1, X} of T,M, p € M. Let P; be the plane section generated by
e; and X; K (P;) the sectional curvature of P;; and r the Ricci tensor. Prove that

Therefore,

n—1
r(X.X)=Y K(P).
i=1
Solution For R(X, ¢;)e; and R(X, ¢;, X, ¢;) as in Definition 6.5, we have
R(X,ei, X, e;) _ g(R(X, e)ei, X)
g(X, X)g(ei,ei) —g(X,e)?  g(X,X)g(ei,e) —g(X, e)?
=g(R(X, e, X).

K(P) =

On the other hand, with respect to the given orthonormal basis we have

n—1

r(X. X)=Y_ g(Rei. X)X, ;).

i=1

Therefore, r(X, X) = Y 7_! K(P)).



402 6 Riemannian Geometry

Problem 6.77 Prove the following consequence of the second Bianchi identity on
a Riemannian manifold (M, g):

ds =2divr,

where r and s denote the Ricci tensor and the scalar curvature of the Levi-Civita
connection.
The relevant theory is developed, for instance, in O’Neill [26, Chap. 3].

Solution Let us fix a point p € M and consider the normal coordinates with origin
p, associated to an orthonormal basis {¢;} of T), M. We can get a local orthonormal
moving frame (e;) by parallel transport of {¢;} along radial geodesics, so ¢;|, = ¢,
and Ve; =0, along a radial geodesic; in particular, (Ve;), =0, where V stands for
the Levi-Civita connection.

Further, recall that (R(X, Y)Z)(p), the curvature tensor field at any point p,
depends only on the values of the vector fields X, Y, Z at p, so that if either X, or
Yy, or Z is zero, then (R(X, Y)Z)(p) =0.

On the other hand, since V is torsionless, the second Bianchi identity can be
written as

(VxR (Y, Z)W,U) + g((VyR)(Z, X)W, U) + g((VZR)(X,Y)W,U) =0,

X, Y, Z,W,U € X(M). Interchanging X and Y in the third summand and then con-
tracting all the summands with respect to X and U, we have

S e (Vo R, W, &) +g((Vy RNZ. e W, &) — g (V2R (Y. e W, ¢;)} =O0.

' )

For the second summand in (%), we have

> (V¥ R)(Z.e)W. &) (p)

1

=Y {2(Vr(R(Z.enW). &) — g(R(Vy Z,e) W, ei)

—8(R(Z,Vye)W, ei) — g(R(Z,e)Vy W, i) }(p)

= {Z Y(g(R(Zﬂ ei)W7 ei)) - r(VYZ7 W) - r(Z7 V}’W)}(p)
={Y(r(Z,W)) —x(VyZ, W) —x(Z, Vy W) }(p) = (Vyr)(Z, W)(p).
Similarly, for the third summand in (%), we have

=Y 2((VZR)(Y,e)W, &) (p) = —(Vzr)(Y, W)(p).

1
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So, at the point p we can write (x) as
{Z (Ve RV(Y, Z)W, ¢;) + (Vyr)(Z, W) — (Vzr)(Y, W) } (P)=0. ()
i
Contracting (*x) with respect to Y and W, we obtain
Z{g((veiR)(ej, Z)ej,ei) + (Ve,0)(Z, €j) — (Vzr)(ej, ) }(p) =0,
ij
or equivalently,
0= {Z{g(ve,. (R(ej. Z)ej). ei) — g(R(Verej, Z)ej, i)
ij

— g(R(ej, VeiZ)ej,e,-) —g(R(ej, Z)Veiej,ei)} + (divr)Z

_Z r(e],e]) r(Vzej,ej)—r(ej,Vzej)}}(p)

- {Z{ei (r(Z,e) — g(R(ej, Z)ej, Vesei) —¥(Ve, Z, )} + (dive) Z — ZS}(p)

i

= {Z(Veir)(e,-, Z)+ (dive)Z — ZS}(p) ={2(dive)Z — Zs}(p),

for every p € M, thatis, ((2divr —ds)Z)(p) =0forall Ze X(M) and all p e M.

6.8 Characteristic Classes

Problem 6.78  Consider the complex projective space CP! equipped with the
Hermitian metric

g =h(z)(dz ®dz + dz ® dz),

where

h(z) = ()

1
(1+1z1)%
If w = 1/z is the coordinate at infinity, then the metric is given by

g=h(w)(dw @ dw + dw ® dw).

Prove that the Chern class of the tangent bundle 7CP' is nonzero.
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Solution Since the Chern classes of a complex vector bundle do not depend on the
particular connection chosen to define them, we choose here the canonical Hermi-
tian connection, which, for a given % defined by

Z())

is the connection with connection form and curvature form relatives to the holomor-
phic moving frame 9/9dz, given by

0

h(zp) = h(&

ad
zo’ 9z

~ — o _
O =in="24,
0z

- ah
o=h"'oh=n"1—dz,
0z

respectively. Then we have, for the metric % in (x), the Chern form

. i - |
2 2 9 h(z) 2w 8((1+|Z| ) a(1 +|Z|2)2>

x Ady.

2
ANdz=———d
TR+ P2

= d
T+ 122

By taking polar coordinates, it is easily seen that

/ c1(TCP', &) =2.
Cp!

By Stokes’ Theorem, the Chern form ¢ (T(CPI, ) cannot be exact. Thus the Chern
class is ¢;(TCP') = 2« # 0, where o denotes the standard generator of the co-
homology group H2(CP',7Z) = Z; and TCP! is thus a non-trivial complex line
bundle.

Problem 6.79 Prove that the Pontrjagin forms of a space M of constant curvature
K vanish.
The relevant theory is developed, for instance, in Spivak [32].

Solution The curvature forms .Q; of the Levi-Civita connection on the bundle of

orthonormal frames are given in terms of the components 6% of the canonical form
on the bundle of orthonormal frames (which is the restriction of the canonical form
on the bundle of linear frames) by

Q}:K@i/\ef.

Hence, by the formula on p. 576, the rth Pontrjagin form, denoted here by p,, is
given, forr =1, ...,dim M /4, by

* _ § J1---J2r ol . r
p (pr) - (27.[)21‘ (2”)' 8i1..4l’2r Q]] A A Qer
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Jlseess J2r

where p denotes the projection map of the bundle of orthonormal frames.

The §’s vanish unless ji, ..., jo is a permutation of iy, ..., i>-, but then the
wedge product of 6’s has repeated factors, so p*(p,) vanishes. As p* is injective,
pr also vanishes.

Problem 6.80 Let M be a 4-dimensional compact oriented C* manifold. Let £2 ;.,
i,j=1,...,4, be the curvature forms of a linear connection on M, and let 5; be

given by .Ql] = o*ﬁ}, the curvature forms relative to any fixed orthonormal moving
frame o on M. Prove that the signature t(M) can be expressed by

1 I
_ J
I(M)_—24n2/M§ 2ing.

i<j

Hint Use Hirzebruch’s formula in Theorem 6.16.

Solution To apply the Hirzebruch Theorem, we need to compute a representative
form of the first Pontrjagin class of M, that is, of the first Pontrjagin class of the
tangent bundle 7M. The principal GL(4, R)-bundle corresponding to 7'M is the
frame bundle (F M, p, M), where the given connection is defined. Now, by Weil’s
Theorem, the characteristic class does not depend on the chosen connection. Thus,
as we can always reduce the structure group to the orthogonal group O(4) (here,
even to SO(4), since M is oriented) or, equivalently, take a Riemannian metric on
M, the matrix of curvature 2-forms of the connection is skew-symmetric, as it takes
values in the Lie algebra so(4). We shall compute the Pontrjagin form pj(M) in
terms of the curvature forms of the metric connection in two related ways, which is
perhaps instructive. The form p;(M) is given by

1
P’ (Pl(M)) = term of det(l - 2—!2) quadratic in the £2’s
i1

1 1 2 1 3 1 4 2 3
=m(—92/\91 — 23 NR2) — Q24 AR — 25 A 25

— 27N 25 — 27 A $23)

1 1

We can also directly use the formula on p. 576, as follows. Let' (.i 1,12) be an
ordered subset of {1, 2, 3,4}, (ji, j2) a permutation of (i1, i2), and 5{111/22 the sign of
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the permutation. Then

pH(p1(M)) = Z(S/”Z Q” /\.le

i1in

@2n )22’

1
= — (-2 AR -3 AR -2 A2 - QA2

— QN QNN - 2323
— A2 - QP A2 — 23 A2F— 2 A 2))

1

Furthermore, since for any given invariant polynomial in the curvature, the cor-
responding differential form on the base space (see, for instance, [24, p. 295], [29,
vol. IV, L. 22]) does not depend on the chosen orthonormal moving frame, by ap-
plying the Hirzebruch formula, we can write:

1 ~
t(M):S/ p1(M) = /871229!/\52{,

as stated.

Problem 6.81 Let M be a differentiable manifold and let F C T'M be an involutive
sub-bundle of 7M. A linear connection V on the quotient bundle 7 M/ F is said to
be a basic connection if the following property holds:

Vx(Y(mod F)) =[X,Yl(mod F), X eI'(F),YeX(M).

Prove:

(i) Basic connections exist.
(ii) For any basic connection V, one has

RY(X,Y)=0, X,YeIl(F).
Suppose that the normal vector bundle
E=TM|/F,

has rank ¢ (that is, the dimension of the fiber equals g).

Let Pont*(E) be the vector subspace of the cohomology group H* (M, R)
consisting of the homogeneous polynomials of degree k in the Pontrjagin
classes p;(E) € H¥ (M, R).

(iii) Prove the Bott Theorem on Pontrjagin classes of foliated manifolds, namely

Pont*(E) =0, k> 2gq.
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Remark The basic connections are also called adapted linear connections. The rel-
evant theory is developed, for instance, in Bott [3], Heitsch [15], and Moscovici
[25].

Solution

(i) If g is a Riemannian metric on M, then TM = F @ F* and every X € X(M)
decomposes uniquely as X = X’ + X", with X’ € I'(F), X" € I'(F1). We
define

Vx(Y(mod F)) =[X',Y](mod F), X.,Y eX(M),
and the definition makes sense, as for all Z € I"(F) one has
Vx(Y + Z(mod F)) =[X',Y + Z](mod F) = ([X', Y]+ [X', Z])(mod F)
=[X', Y](mod F) = Vx (Y (mod F))

because [X’, Z] belongs to I"(F), the sub-bundle F being involutive. Next we
check the properties of a connection for V.
If f € C®(M), then (fX)' = fX’ and one has

Vix(Y(mod F))=[fX',Y](mod F) = (f[X',Y] - (Y)X')(mod F)

= f[X',Y](mod F) = f Vx (Y (mod F)),
as (Yf)X' € I'(F). Finally,

Vx(fY(mod F)) =[X', fY](mod F) = ((X'f)Y + f[X',Y])(mod F)

= (X'f)(Y(mod F)) + fVx(Y (mod F)).
(i) If X, Y € I'(F), then from the definition of V one obtains
RV (X, Y)(Z(mod F)) = (VxVy — VyVx — Vix,y))(Z(mod F))
= ([Xx. 1Y, Z]] - [Y.[X. Z]] - [[X. Y], Z])(mod F)

=([Xx. v, Z]] +[Y.[Z, X]] +[Z, X, Y]])(mod F)
0.

(iii) Since by the Weil Theorem the characteristic classes do not depend on the
chosen connection, we compute the Pontrjagin forms in terms of the curvature
forms of a basic connection V. Let {ef, ..., e,} be a local frame field and let
{01, ...,0"} be its dual basis of differential 1-forms. The curvature 2-form £2
of V is locally given by

9:29;9%0/,

i<j



408 6 Riemannian Geometry
and the kth Pontrjagin form py (§2) is furnished by the term of
det(l — L,(2)
2
of order 2k in the £2’s, so it is given (up to a coefficient) by
pr(2) =t(2 A SN 2)= Ztr([zl[: o 9;2) N NN L N Ll
If k > 2g, at least one pair belongs to F. From (ii) above one gets
O A A =0,

Problem 6.82 Let g be the bi-invariant metric on SO(3). Calculate the Chern—
Simons invariant J(SO(3), g).

Remark For the related definitions and results, see Definition 6.17. The relevant
theory is developed, for instance, in Chern and Simons [8].

Solution Let X, X5, X3 be the standard basis of T S3, that is,

2 9x0 ax! dx2 dx3
1 9 ) ) )
Xy o2 ® 3%y 09 L9
2 2( 0 Ve T gt s
1 9 9 9 9
Xom o3 % 4 2% % L0 %
3 2( ax0 T ot Tt a2 T a3

From Problem 4.90, it follows that X, X5, X3 are left-invariant vector fields, and
as the Lie groups $3 and SO(3) have the same Lie algebra, X, X2, X3 can be con-
sidered as left-invariant vector fields on SO(3).
We have
[X1, X2]= X3, [X2, X3] = X1, [X3, X1]= X>.
Let a; = —aij ,1, j =1, 2,3, be the Maurer—Cartan forms on SO(3), determined by

@ (X)) =8, (X)) =8y,  af(X;) =0,

so that the structure equations of the Lie group, are

3
dot =) "af nak, i j=1.23. (%)
k=1
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The bi-invariant metric on SO(3) is given by
g:a% ®a% —i—a% ®a§ +a§®a§.

By writing these equations, one has chosen a basis of the Lie algebra of SO(3) and
hence, by right translations, a frame field on the manifold SO(3). It is convenient to
choose the notation so that the equations remain invariant under a cyclic permutation
of 1,2, 3. Setting " = o il J» k = cyclic permutation of 1, 2, 3, the invariant metric
becomes

g=0'0'+6°®06%+06°®6°.

The connection and curvature forms a)’] = —wij s .Q; = —.Ql.j , are determined by the
Cartan structure equations

_ i j i i k i
ij/\Q , da)J— Za)k/\wj—i—ﬂj.
J k

Comparing these equations with the structure equations () of the Lie group, one
finds

: 1 . 1 . )
oh = =0%, Ri=—20"n0/.
2 J 4
Hence
1 i 1 2 3
ETPl(.Q)—— Z a) N 2" —8—(1)2/\(1)3/\(1)1
1<i<j<3
=—L91A92A93 (%)
1672

Let us compute the total volume of SO(3) with its bi-invariant metric. We have
volg (SO(3)) = vol, (RP?) = %volg(S3).
Hence we only need to calculate vol, (S 3). Write
' AO2 A 0% = pdx® Adx! Adx?
By calculation we obtain

(0" A0% AO7) (X1, X2, X3) =det(0' (X)) = —

and
| 2 3 3
(dx Adx' Adx?) (X1, X2, X3) = o det[ 20 —x3 X2 | =-F
8 3 0 1 8
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Hence p = 3. By considering the parametrisation of S° (see Remark 1.4) given b
p=3-bBY g p g y
0 _ o 1 _ . 2 .
X’ =sinu, X =cosusinv, X“ =cosucosvsinw,

x3 = COSucCosvcosw,

withu,v € (-7 /2,7 /2), w € (—m, ), we compute

5 3 /2 ) /2 b4 5
/ ' A B /\9*:8([ cos udu)(/ cosvdv)(/ dw>:16n .
s3 -7/2 —7/2 -

Therefore,
volg (SO(3)) =872,

and from (»*) we conclude

1
J(S0@3),g) = 3

Remark The reader can check that the metric g is really bi-invariant by proving
that the forms 6* are also right-invariant. This readily follows from formula (xx) in
Problem 4.71.

6.9 Isometries

Problem 6.83 Let (M, g) be the Poincaré upper half-plane. We define an action of
SL(2,R) on M as follows: Identifying R? with C as usual, let z = x + iy. Given
s=(“") eSL(.R), we define

_az+b
T cz+d’

w =Sz

(i) Prove that SL(2,R) is a group of isometries of (M, g) (called the group of
fractional linear transformations of the Poincaré upper half-plane).

(ii) Prove that under these isometries the half-circles with centre at the x-axis are
transformed either in the same type of half-circles or in vertical lines.

Hint One can obtain an Iwasawa decomposition of SL(2,R), writing each s €
SL(2, R) as the product of a matrix of SO(2) by a diagonal matrix with determinant
equal to 1 by an upper triangular matrix with the elements of the diagonal equal
to 1.

Solution

(i) Given z=x +iy € M we have y =Imz > 0. We also have Imw > 0. In fact,
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(ii)
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az+b Imz
= >0,
cz+d |cz+d?

Imw =1Im

and thus w € M.
Moreover, s2(s1z) = (s251)z. In fact, putting

a b a b
S1=\e a) 2=\ a)

(da+bcyz+ab+bd
$2(812) = (at+dcyz+cbt+dd (s251)2.

we have

The metric g can be written on {z € C: Imz > 0} as

_1dz® dz+dz®dz
§73 (Imz)2

Moreover, it is easy to compute that

dw ® dw + dw ® dw o dz®dz +dz ®dz
(Imw)? B (Imz)?

As the expression of g is preserved in the new coordinates, the action of s is an
isometry. Thus SL(2, R) acts on M as a group of isometries.

From the Iwasawa decomposition of SL(2, R) in the hint, we can write each
element s € SL(2, R) uniquely as a product

cos@ —sinf\ (1A O 1 a
S=<sin0 cos@)(O 1/A>(O 1)’ »#0.

Considering the previous property s2(s1z) = (s251)z, in order to study the
action of SL(2, R) on a half-circle of M with centre at the x-axis, it suffices to
see the consecutive action of the elements of the previous decomposition. The
action

az+b
cz+d

=

la
01

half-circle by the vector a + 01, a € R (see Fig. 6.8(a)).

The action by an element of the type (3 1(/),\)’ A € R\ {0}, is z — A%z. That
is, a homothety of ratio A2 eRY (see Fig. 6.8(b)).

From these results, it follows that to study the whole action it suffices to
consider the unit half-circle C with centre at (0, 0).

We can parametrise that half-circle as

by an element of the type ( ) is z — z + a. That is, the translation of the

(x,y)=(cosB,sinf), Be(0,m).
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(-tan 26, -1/cos 26)
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(1)
(-tan 26,0) (1,0) 20 e (0,n/2)
(c) (d)

/
™ (7

20=m/2 20 e (n/2,m)
(e) )

Fig. 6.8 Variations of the image of the half-circle C

The action of an element s = (i?;g 72222) €S0(2) is

zcosf —sinf X cos 26 y
zsinf +cos®  \ 14 xsin20’ 14 xsin26 /)

The limits when y — 0, that is when x — =£1, are

cos 26 0 cos 260 0
1—sin20 )’ 14+sin20" )’

respectively. So the centre of the half-circle image is at the point of the x-axis
with abscissa

cos 260

1
=2 (1 —sin20 — 1 —sin26) = —tan 26.
21 —sin“26
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Moreover, from
+ )’2 _ 2
(1 + x sin26)2

’

X cos 20
1+ xsin260

2
—+ tan 20)

one has r =1/ cos26. The image of C is thus the half-circle of centre — tan20
and radius 1/ cos 20, if cos 20 # 0. The image of (0, 1) is (0, 1) (see Fig. 6.8(c)).

Let us now see how the image of C changes as a function of 6 € [0, 2r].

If 6 = 0, we have the identity C — C.

For the interval 26 € (0, w/2) we obtain as images a family of half-circles of
the previous type, and (0, 1) is preserved (see Fig. 6.8(d)).

For 20 = 7% the image is {(0, \/% )}, so the part at the first quadrant goes
to the vertical segment from (0, 0) to (0, 1), and the part at the second quadrant
into the vertical half-line {(0, y) : y € (1, 00)}. Thus C is transformed in the
half-line {(0, y) : y € (0, 00)} (see Fig. 6.8(e)).

For the interval 260 € (/2, m) we have the images obtained by reflection
in the y-axis of the ones corresponding to the interval (0, 7 /2) because cos 26
changes its sign, but sin26 does not (see Fig. 6.8(f)).

For 20 = & the image is (—x, y), that is g(C) = C by reflection on the y-
axis.

For the interval 20 € (7, 377 /2), the values of cos 26 and sin26 change their
sign with respect to their values when 26 € (0, 7/2). Therefore, changing the
sign of x, the values of x sin 20 and x cos 26 are preserved and if the value of y
does not change, we obtain that the image sets are the reflections with regard to
the y-axis of the ones corresponding to the interval (0, 7/2) (see Fig. 6.9(g)).

For 20 = 37 /2 one has
1
(e3> (o,,/ “),
1—x

that is, again the half-line {(0, y) : y > 0}, but obtained from C in a different
way, as we can see in Fig. 6.9(h).

For the interval 20 € (37 /2, 2m), we have that sin20 changes its sign with
respect to 20 € (0, w/2) and cos 26 preserves it. Changing x by —x, we have
the symmetric situation with respect to the y-axis (see Fig. 6.9(1)).

For 26 = 27 we have (x, y) — (x, ¥); again the identity.

Summarising, from a half-circle of radius r with centre at the x-axis we can
obtain all the half-circles with centre at the x-axis and any radius, and all the
vertical lines (see Fig. 6.9(j)).

Problem 6.84

(i) Prove that the isometry group I (S") of S” with the round metric, is O(n + 1).
(ii) Prove that the isometry group of the hyperbolic space H", equipped with the
canonical metric of negative constant curvature, is the proper Lorentz group
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A A

20 € (n,3n/2) 26 =3n/2
(9) (h)

) A

20  (3n/2,27)
(2) ()

Fig. 6.9 Variations of the image of the half-circle C

O, (1, n), which is the group of all linear transformations of R"*! which leave
invariant the Lorentz product (-, -) on Rt defined by

n
<(x0,x1, ...,x”), (yo,yl, . ..,y")): —xoyo + inyi

Hint Apply Theorem 6.22.

Solution

(i) Let (-,-) denote the Euclidean metric on R”*!. The round metric on S” is de-
fined by letting the embedding of $” into R"*! be isometric, i.e.

{(puw), (P, V) gu = (P, 1), (p, ) = (u, v) (*)

for p € 8" and (p, u), (p,v) € TS". The group O(n + 1) acts on S” by isome-
tries. In fact,

<a*(p, u),ax(p, U)> = ((GP, au), (ap, av))sn (a €O+ 1))
= (au, av) (by (»))
= (u, v)
=((p.w). (p. V)5 (by (%)).
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Now let a € I(S"). Fix p =ep € §" and the orthonormal basis {(p, e;)} for
T,S". Let (q,€;) = a«(p,e;) € T,8" for g = a(p). Let b € O(n + 1) take p
to g and e; to €;, j > 1. Since O(n + 1) acts on §" by isometries we have
b € I(S"). As moreover by, = a4, applying Theorem 6.22, we obtaina =b €
Omn+1).
(ii) The proof is similar to that of (i) since the hyperbolic space H" can be viewed
as the component

n
(xo,x], .. .,x") e R*!: —(x0)2 + z:()c")2 =—1,x">0
i=1

of the hyperboloid (-, -) =1 (=1).

Problem 6.85 Let f: (M, g) — (M’, g’) be an isometry of Riemannian manifolds.
Prove that f preserves the Riemann—Christoffel curvature tensor field and the sec-
tional curvature.

Solution An isometry is a diffeomorphism that preserves the metric, that is,
1 _ * _/ -1 _ -1
§U- X, f-V=(f)X. Vo f =g(X,Y)o [, (*)

then it is an affine map for the Levi-Civita connection, i.e. f - VxY = V}_ xf -

Y, where V and V’ denote the Levi-Civita connections of g and g’, respectively.
Hence, we conclude as in Problem 5.43 that for the respective Riemann—Christoffel
curvature tensors one has that

R(f-X.f-Y.f-Z,f-W)=R(X,Y,Z, W)o f\. (%)

Put p' = f(p). If {Xp, Y} is a basis of the 2-plane P of T, M, then {(f«X),,
(f«Y)p} is a basis of the 2-plane P = f, P of T,y M’. Then, according to Defini-
tion 6.5, from (x) and (%) above we obtain for the sectional curvature

_ R((fX)ps (e Y) s (X)) s (f5Y)p)

8 X) s (X)) (fX) s () p) = &' ((fX) pry (i) pr)?
_ R(Xp,Yp, Xp,Yp)

g(va Xp)g(Yp, Yp) - g(va Yp)2

K'(P)

= K(P).

Problem 6.86 Let (M, g) be a Riemannian manifold.

(i) Prove thatif f is an isometry of (M, g) and V denotes the Levi-Civita connec-
tion, then we have

Ve B=Vjr,, f*B, BeA'M,

where (e;) stands for a local orthonormal frame.
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(ii) Prove that the codifferential §, defined by

8ﬂ=—divﬂ=—2iek%kﬂ, BeA*M, (%)
k

{ex} being an orthonormal basis, commutes with isometries.

The relevant theory is developed, for instance, in Poor [28, Chap. 4].

Solution

(1) As f is anisometry, f preserves the Levi-Civita connection, thatis, f - VxY =
Vexf-Y,sothat Ve, (f - X)=f- foyer. Moreover, we recall that we

have (f*w)(X)o f~' =w(f - X) for every w € A' M, as it is readily checked.
Letting = V,; B, we obtain that
(f*Ve,B)(X) o f7' = (Ve, B)(f - X) = Ve, (B(Sf - X)) — B(Ve, (f - X))
=¢j((f*B) 0 f7) = B(f - Vi1, X)
{7 e)((FB)X) = (F*B)(V o1, X0} o f 7
={Vy10, (FB)X) = (f*B)(Vym1.0,X)} o 7!
={(Vyre, f*B) O} o f 71

(ii)
f*6B=—f*div B (by definition of div, and locally)
==Y [*(ie;Ve; ) (by ()
j
== g1y, [V, B
j
== ig1,Vy1,, /"B (by part (i) of this problem)

J

— —div f*B = 8f*B.

6.10 Left-Invariant Metrics on Lie Groups

Problem 6.87 Let G be a Lie group equipped with a left-invariant Riemannian
metric g. Prove that the scalar curvature is constant.
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Solution Let ¢ denote the identity element of G. Since the left translations by
elements a € G are isometries, they preserve (see Problem 6.85) the Riemann—
Christoffel curvature tensor

R(La*Xl s Lagx X, Lys X3, La*X4) = R(Xl, X5, X3, X4)» X; e Te(G)-

As (Lg4)e sends an orthonormal basis {e;} at e to an orthonormal basis, the scalar
curvature

S=ZR(€i,€j,€i,€j)
i,j

satisfies s(a) = s(e) for all a € G, that is, s is a constant function.

Problem 6.88 Consider the Heisenberg group H (see Problem 4.42) equipped with
the left-invariant metric

g =dx?+ (dy — xdz)? + dz>.

1. Find the Levi-Civita connection, the Riemann—Christoffel curvature tensor, the
Ricci tensor and the scalar curvature of (H, g):
(a) In terms of the coordinate frame

Y—8 Y—a Y—a
]_8)(’ 2_ay5 3_8Z ’

by using direct calculation.
(b) With respect to the orthonormal moving frame

X a X ad X a n a
o = = —, = —, =X— —
R T ay 3 ay 0z

dual to the orthonormal moving coframe
(' =dx, 6% =dy — xdz, 6° = dz), (%)

by using the Koszul formula.
(c) With respect to the moving frame in (b), by using Cartan’s structure equa-
tions.
2. Is (H, g) a space of constant curvature?
3. Is (H, g) a space of constant scalar curvature?

Hint (to 1(c)) Since one considers an orthonormal moving frame and the Levi-
Civita connection is torsionless, one should consider Cartan’s structure equations
for orthonormal moving frames (in Riemannian signature), that we can write (see
p.- 597) as

1

' =" A0/, @ +a! =0,
J
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L i ~j ~k
.Qj _dcuj + Za)k N ;.
k

Solution 1(a) The matrices of g and its inverse g~

dinate frame by

are given in terms of the coor-

1 0 1 0 0
g=10 1 -x |, g '=0 14+x2 x
0 —x 1+4x2 0 x 1

From this we have that the non-zero Christoffel symbols
;1 (081 | 98k 98k
i =— (e, Ze TSR
Jk ZXI:g <8xk + oxJ  ox!
are easily computed to be

1
2 2 1 1 3 3
F12:F21:—F23:—F32:—F13:—F31:—Ex,

1 1
3_ 3 i | 2 _ 2 2 |
My=Ty=-Ty=-Tp=—3  T3=T=50"-1), Ih=-x

The non-vanishing components of the curvature tensor

ari  ari
R}kl:W_W+Z(U;FIér_FkZ'I—};)

are then given by

1

1 1 2 2 3 3
Ryjp=—Ry = —Rijp, =Ry = —Ry3=Ry3 = T

1 1 1 1 1 1 2 2
Ry13=—Ry31 = R31p = —R3; = Ryp3 = Ry3p = Ryp3 = — Ry

1
3 3
=Ry =—R3pn= VRS
1

1 1 2 2 2
R313 = —R33 :Z(x _3)’ Rij3 =—Ri3 =x,
R2,,=—R? —1(2+1) R =R, =>

323 = 327y X ’ 13 = 1317 3

so the nonzero components of the Riemann—Christoffel curvature tensor

Riji = Z 8in R?kl
h
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are given by

Ri212 = —Ri221 = —R2112 = R2121 = R2323 = —R2332 = —R3003 = Ryopp =

’

I N .

R1213 = —Rj1231 = Ri312 = —Ri321 = R1223 = R1232 = —Ro113 = Ro31 = —— x,

[
R1313 = —Ri1331 = —R3113 = R3131 = Z(x -3).

From the components of either the curvature tensor or the Riemann—Christoffel cur-
vature tensor we get that the non-null components of the Ricci tensor

k ki
rij = ZRikj = Zg Rikji
% ki

are

1
2
r=-rn=-7, I3 =TI3p=—73X, r33=§(x - 1),

and thus the scalar curvature

s= Y gVe"Ruji=Y " e"r;

i,jk.l iJ
is
1
s=——.
2
1(b). This time, the matrices of g and its inverse g~! are obviously given in terms

of the frame by
g=diag(1,1,1), g '=diag,1,1).
The Levi-Civita connection of g is given by the Koszul formula
28(VxY, Z)=g([X. Y1, Z) — g(IY. Z1. X) + g(IZ. X1.Y), X.Y.Zeg.

Now, since (X1, X7, X3) is a basis of h, to determine V we only have to know
Vx; X j. The nonzero brackets [X;, X;], fori, j = 1,2, 3, are

[X1, X3] =—[X3, X1] = X>.

Hence,

g(Vx, X1,X;)=0,i=1,2,3,s0 Vx, X; =0. Similarly, Vx, X, = Vx, X3 =0;
8(Vx, X2, X1)=0,8(Vx, X2, X2) =0and 2g(Vx, X2, X3) = —1, thus Vx, X» =
—%X3. So, as V is torsionless, it follows that Vx, X1 = —%Xg;

g(Vx, X3,X1) =0, 2g(Vx,X3,X3) =1 and g(Vx, X3, X3) = 0, therefore
Vx, X3 = %Xz, and Vx, X| = —%Xz;
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2g(Vx,X3,X1) =1, g(Vx,X3,X3) =0 and g(Vx,X3,X3) =0, so Vx, X3 =
1Xy and Vx, X, = 1 X1,

That is, we have that
1 1
Vx, X1 =0, VX1X2=VX2X1=—§X3, VX1X3:_VX3X1=§X27

1
Vx, X2 =0, VX2X3=VX3X2=§X1, Vx,X3=0.

The Riemann—Christoffel curvature tensor has thus components computed as, for
instance,

Ri212 =g(R(X1, X2) X2, X1) = 8(Vx, Vx, X2 — Vx, Vx, X2 — Vix, x,1X2, X1)
Lo xs x = Lok xy = 2
- 2g X2 35 1 _4g 17 1 _47

giving that the nonzero components are

1
Ri212 = Ry3p3 = —, Rizz=—-.
1212 BB = 1313 I

Hence, the non-null components of the Ricci tensor r;; = Zk Rirjk are

1 1

rll:r33=_§s 1'2225,

and the scalar curvature s = Zi r;; is

SZ—E.

1(c). The Levi-Civita connection forms 5’] relative to o satisfy Cartan’s first
structure equation

46 ==Y A, (+5)
J
From (*) we have
d6' =do* =0,  d6%=-6'AG"%
Thus (xx) reduces to
0=—&}) A (dy —xdz) — @) Adz,
—dx Adz =~} Adx — @3 Adz,

0=—a& Adx — @ A (dy — x d2).
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The second equation is satisfied taking 5% = —% dz, 5% = % dx, and we have from

the other equations that
Oz—idz/\ (dy —xdz) — w3 Adz, 0=—w] Adx + de A (dy — xdz),

which are satisfied i (7)% = %(dy — xdz). Since the forms §' determine uniquely a
set of connection forms 2233., we have that

1 -~
~1 3 ~1 2 ~2
W)= =0 w ) w3 =

nl
2 372 o

N =

From Cartan’s structure equation 5; = dcﬁ; +> cﬁ}c A 5’; , we thus get the curvature
forms relative to o':

Q1= %9‘ NS o2 =—%91 AO3, 2= %9%93.
Hence, from
Gl = RY0" MG+ RY 301 AGP + RL,07 A 6P,
Gl = RI0" AG2 + RY0" A G+ RL07 A G,
G2 = R2,0" NG+ R2300 A 6P+ 2,307 AP,

we deduce that the non-vanishing components of the Riemann—Christoffel curvature
tensor are

3
R1212 = Rozpz = —, Riziz=—-,
1212 2323= 7 1313 1
as in part 1(b), so concluding that the scalar curvature is given by
1
s=——.
2

2. From the previous results it follows that (H, g) is not a space of constant
curvature.
3. Yes. (Note that this is an instance of the result in Problem 6.87).
Problem 6.89 Let
G=HxR

be the direct product of the three-dimensional Heisenberg group with R. Write any
element of G as

(x,y,2,1), (x,y,2)€H, tekR.
The group law is given by

oyt (X ) =(x+x y+y +x 2+ 2+ 1),
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Let I" C G be the integral lattice

r={(x,y,z10:x,y,z,t€Z}.

(i) Prove that the subgroup I" of G is not normal.

The Kodaira—Thurston manifold is defined as the compact quotient
M =T\G.
Prove:

(i) M is symplectic.
(iii) M is a symplectic 2-torus bundle over a 2-torus.
(iv) M is not a Kdhler manifold.

Hint (to (ii)) Consider the 2-form
w=dx A(dy —xdz) +dz Adt

on G.
Hint (to (iii)) Take the base space of the bundle given by x, y and the fiber by z, 7.

Hint (to (iv)) The odd cohomology groups H 2r+1(M, 7) of a Kahler manifold M
vanish. Compute the first Betti number of M, recalling that, 71 (M) denoting the
first homotopy group of M, the integer homology group of degree one is given by

Hi(M.,Z) =y (M) [ [11 (M), 11 (M) ].
Remark This was the first known example of a symplectic non-Kéhler manifold.
Solution
(i) In fact, given (a, b, ¢, d) € I', one has (see, for instance, Problem 4.42(ii))

(-x’ v, Z, t)((l, b,C,d)(_x,xZ - yV,—3 _t)
=@&4a,y+b+xc,z4+c,t+d)(—x,xz—y,—z7,—1)

=(a,b+xc—az,c,d)¢ " forsomex,zeR.
(ii)) We know (see, e.g. Problem 6.88) that
o] =dx, oy =dy — xdz, a3 =dz, oy =dt

is a left G-invariant orthonormal coframe on G. Then it is immediate that the
differential 2-forms

w; =dx A (dy — xdz) +dz A dt, wy =dz Ady +dx Adt
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are symplectic left G-invariant forms on G (w; is invariant because dz A (dy —
xdz) = dz A dy). In particular, these symplectic forms are (left) I"-invariant.
Hence the quotient space I"\ G also is a symplectic manifold with the symplec-
tic structure w| (resp., ) induced by the form w; (resp., wz).

(iii)) We now prove that (M, a)’l) is a symplectic 2-torus bundle over a 2-torus. In
fact, take the fiber of the bundle given by x, y and the base space by z, ¢t. The
bundle with projection map

m(x, Y, 2, ) (g, 1)

is trivial (a product) along the ¢-direction, but non-trivial (only a local product)
along the z-direction.

The left G-invariant symplectic form | is compatible with the bundle struc-
ture. This means that ] is the sum of two forms. It is clear that the restriction of
the form dx A (dy — x dz) to every fiber is non-degenerate, and the form dz A dr
is the pull-back under 7 of the symplectic form on the base space.

To prove that (M, o)) is a symplectic 2-torus bundle over a 2-torus note that
the action of the group I" is generated by the four maps

T (x,y,2,0) > (1,0,0,0) - (x, y,z, ) =(x + 1,y + 2,2, 1),
n:(x,y,2,t)~ (0,1,0,0) - (x,y,z,) =(x,y+ 1,2,1),
30 (x,y,2,0) > (0,0,1,0) - (x, y,z, 1) = (x, y, 2+ 1, 1),

3 (x,y,2,t) = (0,0,0,1)- (x,y,z,6) =(x,y,2,t + 1).
In this case, consider the bundle with projection map
(X, y,2,0) = (x,1),

taking the fiber of the bundle given by y, z and the base space by x, 7.
Moreover, we can write the manifold M as a torus bundle over a torus,
putting

M =R?x, T2,
where the action of Z2 on R? is the usual one, and that on T2 is
7? x T? — T?
((m,n), (y,2)) — (y+mz,2).
Therefore,
M=RxT"xT?/~,
where

x,t,y,2)~(x+m,t,y+mz,z), meZ.
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(iv) M cannot admit any Kéhler structure because its first Betti number is
bi(M)=3%#0.
In fact, the subgroup of I" generated by the transformations 1, 73, 74 iS com-

mutative, [t1, T2] = 11727, 11:2_ '~ 1 and the only non-trivial element [z;, 7;]
is

11
[z, l=t1m37] T3 =10,

hence,
Hi(M,Z) =m(M)/[m1 (M), w1 (M)]| =T/[T, r=r/n) =7

Problem 6.90

(i) Let G be a compact Lie group equipped with a bi-invariant metric g and let g
be its Lie algebra. If X and Y are left-invariant vector fields on G and V is the
Levi-Civita connection of g, prove that

1
Vx¥ = S[X. Y],

(i) Compute R(X,Y)Z, X, Y, Z € g.
(iii) Show that the sectional curvature of g is non-negative.

Hint (to (i) and (iii)) If a metric is bi-invariant, each ady, X € g, is skew-symmetric
with respect to g (see [28, p. 114]).

Solution

(i) By the result quoted in the hint, the Koszul formula reduces to
1 1
8(VxY, Z) =2 (2(IX, Y1, Z) +g(adz ¥, X) +g(adz X, V) = 2¢([X, Y1, Z).

That is, we have VxY = 3[X, Y.
(i) From (i) one has for the curvature,

R(X,Y)Z=VxVyZ—VyVxZ —Vix.1|Z
1 1 1
= Z[X, Y, z1] - Z[Y, (X, Z]] - E[[X, Y1, Z]
1 1
=—z(glx.11.2]) -5 [x. 1. 7]

1
= —Z[[X, Y], Z] (by Jacobi identity).
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(iii) Let X, Y € g be orthonormal. Then, again by the result in the hint, we have for
the sectional curvature at e, hence at all points:

1 1
KX, Y) =g(RX, )Y, X) = —2g([[X, Y], Y], X) = 7¢(ady[X. Y], X)
1 1 1
=—28@KYLmHX)=Zg@KYLMZﬂ)=ZHXJﬂ2>O

Problem 6.91 Consider the Lie group

G:{(i S):x,yeR,y>O}.

(i) Prove that its Lie algebrais g = (yd/dx, yd/dy).
(i) Write the left-invariant metric g on G built with the dual basis to that in (i).
(iii)) Determine the Levi-Civita connection V of g.
(iv) Is (G, g) a space of constant curvature?
(v) Prove (without using (iv)) that (G, g) is an Einstein manifold.

Solution

(1) G is aLie group with the product of matrices and with only one chart,

@ 1 0
G.9)  GHU, Q QH“”*
where U denotes the open subset {(x, y) € R?: y > 0} of R2, hence dim G = 2.
Thus dim g = 2, and so to prove that g is generated by X1 = yd/dx, Xo = yd/dy,
we shall only have to prove that X, X, are linearly independent and left-
invariant. They are linearly independent, as y > 0. To prove that they are left-
invariant vector fields, we have to prove that for all A € G, one has

(La)«B(Xilp) = Xilap, BeG,i=12. (*)
10 1 0 . . .
Let A= (i 2), B = (x0 yo)' As AB = (aerxO byo)’ the right-hand side of () is
0 0
Xilap =byo—| . Xalap =byo—| .
0x |4 9y lan

To determine the left-hand side of (x), we compute the Jacobian matrix of L4
using the diagram

¢ -, ¢
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with
0 La 0
()lc y) (a+lbx by)
goL gop™!

(x,y) ————— (a +bx, by).

It follows that the Jacobian matrix of ¢ o L4 o ¢! is (g 2), hence
_ (b 0\ (y) _ d _
(LA)*BX1|B=<O b)<0>=bYOa AB—XllAB,
b 0 0 0
L Xolp = =byy— =X .
(La)xBX2|B <0 b) (y()) Y0 55|18 2lAB

(i) The dual basis {81, B2} to {X1, X2} is {1 =dx/y, B2 =dy/y}. Therefore, the
left-invariant metric on G we are looking for is g = (1/y%)(dx? + dy?).

(iii) From the formula for the Levi-Civita connection of a left-invariant metric g on
a Lie group and from

[X1, X1]1=[X2, X3]=0, [X1, Xo] =—[X3, X1] =X,

we have:

g(Vx, X1, X1) =0,2¢(Vx, X1, X2) =2; thus Vx, X1 = Xp;

2g(Vx, X2, X1) = =2, g(Vx, X2, X2) =0; so Vx, Xo = —X. As V is tor-
sionless, one has Vy, X1 =0;

g(Vx, X2, X1) = g(Vx, X2, X3) =0; that is, Vx, X =0.

(iv)
R(X1, X2, X1, X2) =g(Vx, Vx, X2 — Vx,Vx, Xo — Vix, x,1 X2, X1)
=—g(X1,X))=—-1

Thus G is a space of constant curvature —1.
(v) Let X, Y € X(G), X = fiX1+ f2X2, Y =h1 X1 + h2X5. Thus,

r(X,Y)=R(X1,Y,X1,X)+ R(X2, Y, X2, X)
= R(X1, h2 X2, X1, f2X2) + R(X2, h1 X1, X2, f1X1)
= (fil1 + L) R(X1, X2, X1, X2) = =(fih1 + frh2) = —g(X,Y).

Therefore, G is an Einstein manifold.

Remark In Problem 6.107 below, it is proved that every Riemannian manifold
(M, g) of dimension n and constant curvature K is an Einstein manifold, with Ricci
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tensor r(X,Y) = K(n — 1)g(X, Y). Here we have a verification of this formula in
this example.

Problem 6.92 Let G be a Lie group and let I" be a discrete co-compact subgroup
of G which acts on the left on G. Denote by I"\ G the quotient space of right cosets

'\G={rg:gegG}.

(1) Compute the de Rham cohomology of the compact quotient I"\H of the
Heisenberg group

I x vy
H= 0 1 z|,x,y,zeR
0 0 1
by its discrete subgroup
1 a b
Ir= 01 cl|,a,b,ceZ
0 0 1

Consider now (see Definition 6.26) the generalised Heisenberg group
H (2, 1), that is, the group of real matrices of the form

1 x1 x2 vy
0O 1 0 z

H2,1)= 0 0 1 Z; , X1,X2,9,22,22€R ¢ |
0 0 0 1

which is a five-dimensional connected, simply connected nilpotent Lie group,
and its discrete subgroup

,ai,ax,b,cr,c0€Z

(i) Compute the cohomology of the compact quotient
I'\H(2,1).

Hint Apply Stokes’ Theorem 3.3 and the definition of the de Rham cohomology
groups (see, for instance, Definitions 3.7).

Remark The given quotient manifolds are two examples of a nilmanifold, that is,
the quotient of a nilpotent Lie group by a closed subgroup.



428 6 Riemannian Geometry

Solution

(i) We know (see, for instance, Problem 6.88) that
{dx, dy — xdz, dz}

is a basis of left-invariant differential 1-forms on H. In particular, they are pre-
served by I', and so they descend to 1-forms «, £, y on the nilmanifold '\ H,
that is, if = denotes the canonical projection map

n: H— I'\H,
then
7*a = dx, 7*B =dy — xdz, 7ty =dz. (%)
From (x) we have
da =dy =0, df=—-aAy. (%)

In fact, we have, for instance, 7*(da) = d(*a) = 0. Moreover,

dl@np)=dl@ry)=dBAry)=0,
dlanBAy)=0.

(Fekx)

From (xx) and (»x%) we have that o A y is closed but also exact. Hence the coho-
mology classes [a] and [y ] generate the first cohomology group H (]} r(C\H,R).
Actually, they are a basis of that group. In fact, because of the definition of I,
the manifold "\ H contains the 2-torus product of

Ci={ymodZ =0, z mod Z =0}

and
Cr={xmod Z =0, y mod Z = 0},

so that the variable is x mod Z on C; and z mod Z on C;.
Suppose that

rla] +s[B1=0, ()

for certain r, s € R. Since the submanifolds C; and C, of I'\H are closed
manifolds, i.e. 9C; =@ and 0 C, = ¢, then from (¢) and Stokes’ Theorem 3.3
we have that

1 1
0= (ro:—f-sy):/ (rn*a—f-sn*y):/ (rdx +sdz) =r,
Cq x=0 x=0

and similarly for C» and s. Thus r =s =0.
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Analogously, [« A 8] and [B A y ] generate HjR (I'\H, R). Suppose now
that
rla nBl+s[BAy]=0, (00)

for certain r, s. As the submanifold C; x C, of I'\ H is a closed manifold, then
from (¢¢) and again by Stokes’ Theorem 3.3 one has

1 1
O:/ (roz/\ﬂ—i—sﬁ/\y):/ / (rn*(oz/\ﬂ)+s7‘[*(,3/\y))
C1xCr x=0Jz=0

1 1
1
:/ / (r(dx/\dy—xdx/\dz)—i—sdy/\dz):——r.
x=0Jz=0 2

Consider now the surface S in I"\ H defined by
S = {x mod Z = 0}

(whose coordinates are y mod Z and z mod Z), which is a closed submanifold
of '\ H. Then, since

(B Ay)=dy Adz,

1 1
/,3/\)/:/ dyf dz=1.
S 0 0

On account of (¢¢) and Stokes’” Theorem 3.3, this also implies that s = 0.

Let us prove that the 3-form o« A 8 A y is not exact. The manifold I"\ H is
oriented because the form o A B A y is nowhere vanishing on this manifold.
This manifold is closed because the manifold R?> = H is closed and the natural
projection 7: H — '\ H is a local homeomorphism. On account of Stokes’
Theorem 3.3, it is sufficient to show that

we get

/ (@A B AY)£O.
I'\H

To this end consider the open subset
U={(x,y.2)€H:x,y,2€(0, 1)}

in H=R3 and its closure U = [0, 1] x [0, 1] x [0,1] C H. It is easy to ver-
ify that the map n|y: U — n(U) C I'\H is a diffeomorphism. Moreover,
7(U) = I'\H and the difference (I'\H) \ {mw(U)} is a set of zero measure,
as it is the union of a finite number of k-dimensional compact submanifolds
with k =0, 1, 2. Therefore, since our 3-form on I"\ H is smooth, we have

[ (aAﬂAy)=/ (@nBAY),
I'\H 7 (U)
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and since

7 (@ ABAY)=dx Ady Adz,

1 1 1
/ (a/\ﬂ/\y):f dx/ dy/ dz=1.
7 (U) 0 0 0

Hence, the de Rham cohomology groups of I"\ H are

we get

HYp(P\H,R)=([11),  Hjz(I'\H,R) =([a],[y]),
Hip(P\H,R)=(la ABL[BAY]),  HJx(M\H,R)={lAB Ayl

The set (xl,xz, v, 7!, zz) is a global system of coordinates on H (2, 1). More-
over, the differential 1-forms

dxl, dx2, dy—xldzl—xzdzz, dzl, dzz,

are a basis of left-invariant 1-forms on H (2, 1). In fact, denoting (xl, x2, v, z!,
) simply by (x, y, z), we have for a fixed (xg, yg, zo) that

1 xy 1 xo yo\ (1 x y
01 Z)l=10 1 z]l0 1 2
0O 0 1 0O 0 1 0 0 1
1 x4+x0 y+x0z+ Yo
= 0 1 Z+ZO 5
0 0 1
that is,
x' =x + xo, y =y + x0z + Yo, 7 =z +z0,
SO

dx’:dx, dy’—x’dz’:dy—xdz, d7 =dz.
Hence, these forms are preserved by I, so they descend to 1-forms
a, o, BV v,

respectively, on the nilmanifold I"\ H (2, 1). That is, if 7 denotes the canonical
projection map

w: H2,1)—> I'\H(2,1),

we have that

¥ =dx’, n*ﬂ:dy—xldz]—xzdzz, n*y; =d7, i=1,2.
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As in (i) above, from (1) we have
do; =dy; =0, df=—a1Ay1—o2 Ay, i=12.
Moreover,
d(o; ANaj) =d(a; Ayj) =d(yi Ayj) =0,
d(a1 AB) = —a1 Ao Ay, dlaa AB)=ai ANaz Ay,
diyi AB) =2 Ay1 Aya, d(y2 AB) = —a1 Ay1 A y2,
dla; Aaj Ay =dlai Ay Av) =0, 0, j,k=1,2,
dlag Aaa AB)=d(ag Aya AB)=d(a2 Ay AB)
=dyiAy2AB)=0,
dlai Ayt AB)=dlaa Aya AB)=a1 Aaa Ayi Ays,
dlai hax Ay Ay) =dlar Aaa Aya A B) =d(ar Ayi Aya A B)
=d(ar Ao Ay AP)
=dlaxAyiAy2AB)=0,
dlag Aaa Ay1 Aya AB) =0 (as the form is of maximal rank).

Proceeding analogously to part (i) above, one gets that the cohomology
classes of the given differential forms are a basis of the de Rham cohomology
groups of I'\H (2, 1), that is,

HO(M\H(2,1),R) =([1]),

H'(M\H(2.1).R) = ([a1]. [ea]. [11]. [12]).

H*(M\H(2,1),R) = ([a1 A, [e1 A y1 — 2 A yal. [o1 A pal,
[z Ayil, [y1 A p2l),

H3(M\H(2,1),R) = (a1 Aoz A B, [(e1 Ayt — a2 Ay2) A B,
la1 Aya A Bl [aa Ayt ABL v Ava A BI),

HY(M\H(2,1),R) = ([a1 Aoz A1 A Bl [o1 Aoz Aya ABLL
[a1 Ayi Aya ABL [aa Ayt Aya A Bl

H>(P\H(2,1),R) =(la1 Aoa Ay1 A ya ABI).

Notice that this is consistent with (the corresponding particular cases of) the
formula

, 4 4
d1mH’(F\H(2,1),R):(r>—< 2), r=0,1,2,

r —

given in [31] and then, by Poincaré duality, with the other present cases.
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6.11 Homogeneous Riemannian Manifolds and Riemannian
Symmetric Spaces

Problem 6.93 Let (M, g) be a Riemannian manifold. Prove that if a Lie group G
of isometries of M acts transitively on M, then the metric g is complete.

Solution Consider an arbitrary point p € M. There is ¢ > 0 such that for each
direction at this point, i.e. for each v € T, M, g(v, v) = 1, there exists a geodesic
segment of length ¢ in this direction with initial point p. Since G acts transitively
on M, this value ¢ is independent of p € M. This implies that each geodesic can be
continued indefinitely in any direction.

Indeed, for any T > 0, the chain of geodesic e-segments y,(t), t € [0, €], such
that

T
Vn—l(S)ZVn(O), 7/,;71(8)=)/,;(0)7 ne{1,2,...,k}, kzl:;i|a

defines a unique geodesic y: [0, T] — M, with
y(en+1t)=y,(t), tel0,¢e],n=0,1,...,k,

such that y (0) = y(0) and y'(0) = y;(0).

Problem 6.94 Let (M = G/H, g) be a homogeneous Riemannian space where
the metric g is G-invariant (see Definition 6.10). Prove that the scalar curvature is
constant.

Solution Let e be the identity element of G and let o denote the base point 0 = e H
of G/H. Since the translations by elements a € G are isometries, they preserve (see
Problem 6.85) the Riemann—Christoffel curvature tensor,

R(a*X17a*X27a*X37a*X4)=R(X17X27X39X4)7 XlETUM’ i=17"'74'

Since a, sends an orthonormal basis {e¢;} at o to an orthonormal basis, the scalar
curvature

S=ZR(€i,€j,€i,€j)
i,j

satisfies s(a(0)) = s(0). As the action of G is transitive, s is a constant function.

Problem 6.95 Let G be a connected closed subgroup of the Lie group E(n) of
all the motions (i.e. isometries of the Euclidean metric) of R", acting transitively
on R”.

Must G contain the full group of translations?
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Solution G need not contain the full group of translations, as the following coun-
terexample shows. Let n = 3, and let @; be the rotation around the z-axis through
an angle . Let X;, Yy, Z; be the translations by (¢, 0, 0), (0,¢,0) and (0,0, t), re-
spectively. Let

(I/[ZZIO(p[,

so ¥, is a screw motion around the z-axis. Then, the group generated by the ¥;, X,,
and Y;, as ¢ varies over R, acts simply transitively on R but does not contain the
translation in the z-direction.

Problem 6.96 Consider the action of the orthogonal group O(n) on the Riemannian
manifold (R”, g), where g denotes the Euclidean metric.

(1) Is (R", g) a homogeneous Riemannian manifold with respect to that action?
(ii) Describe the possible isotropy groups H.

Solution

(1) No, because the action is not transitive. In fact, the origin is a fixed point (take
the origin O as one of the points p, g of R” such that there might exist o € O(n)
with o (p) = q).

(i) Hy =O(n) and H), are mutually conjugate subgroups isomorphic to O(n — 1)
for every p # 0.

Problem 6.97 Define a product on
E(n)={(a,A):aeR", AcO(n)}

by
(a,A)-(b,B)=(a+ Ab, AB).
Prove:

1. (E(n),-)is aLie group (in fact, this is a semi-direct product of the Abelian group
(R", 4+) and O(n), and it is called the group of Euclidean motions, or simply the
Euclidean group of R™).

2. The subgroup of translations 7'(n) = {(a, I) : a € R"} is a normal subgroup of
En).

Let E(n) act on R" by setting (a, A) - x =a + Ax. Then:

3. Prove that the map x — (a, A) - x is an isometry of the Euclidean metric.

4. Compute the isotropy of a point x € R”. Are all these groups isomorphic? And
conjugated in E(n)?

5. Prove that E(n)/O(n) = R".

Let p: E(n) — R" be the map p(a, A) = a. Prove:
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6. The map p is the projection map of a principal O(n)-bundle with respect to the
action of O(n) on E (n) given by (a, A) - B = (a, AB).
7. The bundle above can be identified to the bundle of orthonormal frames over R”
with respect to the Euclidean metric.
Solution
1(a) Associativity:
((a, A)- (b, B)) - (¢,C) = (a + Ab, AB) - (¢, C)
= (a+ Ab+ (AB)c, (AB)C),
(a,A)-((b,B)-(c,C))=(a,A)- (b+ Bc, BC) = (a+ A(b+ Bc), A(BC))
= (a+ Ab+ (AB)c, (AB)C).

1(b) Identity element: (a, A) - (0,1) = (0,1) - (a, A) = (a, A).
1(c) Inverse element: (a, A) "' = (—A~'a, A7)).

We endow E (n) with the differentiable structure corresponding to E (n) = R" x
O(n). As O(n) is a Lie group, it follows from part 1(c) and the very definition of the
product law in E (n) that E(n) is also a Lie group.

2. We have
@A) -, D)@, A =@+Ab,A) - (A7 a, A7)
= (a + Ab + A(—A_l a), I)
= (Ab,I) e T(n).
3. Trivial.

4. The isotropy group E(n), of a point x € R” is defined by
En), ={(a,A) € E(n): (a, A) - x =x}.
So, (a, A) € E(n), if and only if a + Ax = x, or equivalently, (I — A)x =a.In
particular,
E(n)o=0(n) = {(0, A):Ae O(n)}.

For every A € O(n), we have
., D) (0,4) - (x, D" = (I — A)x, A) € E(n)y.

Hence the map ¥: E(n)g — E(n), is an isomorphism and all the isotropy
groups are conjugated in E(n), thus isomorphic.
. We have a diffeomorphism x — (x, 1) mod O(n).
6. For every B € O(n) we have p((a, A) - B) = p(a, AB) = a. Hence (a, A) -
O(n) = p_l(a). Moreover, as (a, A) - B = (a, A) implies B = I, the O(n)-action
is free. Thus, p: E(n) — R" is a principal O(n)-bundle.

9,1
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7. Let
n: O(R") > R"

be the orthonormal frame bundle over R” for the metric g = dx! @ dx! +--- +
dx" ® dx". Define amap ¢: E(n) — O(R") by setting

(@A) a a A
a,A)=—|.,..., — -A.
¢ axt|, x|,
It is immediate that 7w o ¢ = p. Moreover, we have
((a,A)- B)=g¢(a, AB) = 9 9 -(AB)
A - C\axt|, T A,
a d
=\|—.,....,— -A)-B=gp(a,A)- B.
axl], x|,

Finally, ¢(a, A) = ¢(b, B) means

9 a=(2 ‘B
ax! 4 ax! b

This implies a = b and A = B, thus proving that ¢ is a principal bundle isomor-
phism.

0
ax"

0
S A

ey

9
a

Problem 6.98 Let H be a Lie group acting freely on a Riemannian manifold
(M, g). Suppose that each diffeomorphism 4 € H is an isometry, i.e. preserves the
metric g. Suppose that on the quotient space M=M /H there exists a structure of
manifold such that the canonical projection 7 : M — M is a submersion. Then there
is an induced metric g on M defined by

g(”*xvx’ Taxlty) = g(Vx, Ux),

where vy, uy € Ty M are vectors orthogonal to the subspace kerm,, C Tx M.
Prove:

(i) For each geodesic y(¢) on (M, g) such that g(y’(0), ker 774, (0)) = O (it is or-
thogonal to the sub-bundle kerm, C T M at the initial point) its direction y’(¢)
is orthogonal to the space ker 7y, (1) C Ty ()M for all £.

(i) The metric g is well-defined and smooth. If each geodesic on (M, g) with a
direction orthogonal to ker 7, C 7 M at the initial point can be continued indef-
initely, the metric g is complete.

Hinr Use the fact that the image of the curve (y (t), y’(¢)) C T M under the natural
isomorphism T M — T*M induced by the metric is an integral curve of the geodesic
flow on T*M (see Problem 6.63).
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Solution

(i) It is sufficient to prove it locally. Let g = (¢, ..., g") denote local coordinates
on some open subset U C M. Since the natural projectionm: M - M =M/H
is a submersion we can suppose that § = (!, ..., §™), m <n, are local coordi-

nates on the open subset U= n(U) C M such that the restriction |y is given
in these coordinates by Jr(ql,qz, gt = (ql,qz, ...,q™). These local co-
ordinates on M induce local coordinates (g, p) = (ql, ey q",P1,---, pp) ON
T*M putting wy =Y, pi(wy) dg'|, for wx € T*M, x € M, and local coordi-
nates (¢,y) = (¢',...,¢", y',...,y") on T M putting

n
Vx = Z y' (vy)
i=1

, veeTM.

0
aq' |,
Similarly, the local coordinates ¢ on M induce local coordinates q,p) =

((}1, ey @™, P1y .oy Pm) ON T*M and local coordinates @q,y) = (511, o q™,
il, ..., y™ on TM.

The metric g on M induces the natural isomorphism ¥g: TM — T*M. The
maps Vg, ’ﬁ; ! have the following form in local coordinates,

9 o
Ve <Zyla—q,> = Zgij(CI)y' dg’,
i i
~ . y 3
v, ]<ZP1‘ dq’) = 7@p, 3
i i

g(g) = Zi’ ;i 8ij(q) dg’ dg/ being the metric tensor in the local coordinates and
", 8ij(9)g7*(g) = 8} by definition.

Note also that the kernel of the map |y is generated by the n — m vector
fields 8/8qk, k=m+1,...,n,and that it is tangent to the orbits

H-x={hx:heH}CM, xeU,

of the group H. Since the metric g is H-invariant, the local functions g;;(g),
i,j=1,...,n, are independent of the variables q’”“, ...,q" (g is invariant
with respect to the one-parameter groups

(ql,...,qk,...,q”)r—> (g ,...,qk—l—t,...,q"), m+1<k<n,

generated by the vector fields 8/9g%, m + 1 <k <n).

Recall now that by Problem 6.63, the curve y (t) = q(t) = (' (0),....q" @)
is a geodesic on (M, g) if and only if the curve (p(¢), g(¢)), for some smooth
map ¢ — p(t), is an integral curve of the vector field Xy described by the



6.11 Homogeneous Riemannian Manifolds and Riemannian Symmetric Spaces 437

relation

19g9

5 W (@) pi (*)

. 3
Xu(q.p)= Zg"’(q)pj@ -2

Pj
ik ijk Ik

(see Solution of Problem 6.63). Then p;(t) = y'(t)gi;(q(t)), where y'(t) =

dq(;t(t) . This vector field X g is the Hamiltonian vector field of the function

1 L.
H(g,p)=75) &7 @pip;
i

with respect to the canonical symplectic form on T*M.
Lety(t) = (ql(t), ...,q"(t)) be a geodesic in (M, g) and let ¥, (y (1), y'(1))
= (p(1), q(t)) be the corresponding curve on T*M. Put y' (t) = %. If

g(0'(0), ker myq0)) =0

then y (0)g;x(0(0)) =0 forallk =m + 1, ..., n, because ker |y is generated
by 3/0gk . k=m+1,... n. Taking into account that p; (1) =), yi(t)gij (1)),
j=1,...,n, to prove (i) it is sufficient to show that pi(r) = 0 for all ¢
if pr(0) =0 with k =m + 1,...,n. But as we remarked above the curve
(p(®),q(1)) is an integral curve of the vector field Xg. So we only need to
prove that X g is tangent to the submanifold

Xo={(p.q) €T*U : pu31=0,..., p, =0}

of T*U C T*M. This fact follows immediately from the expression (x) for X g

and the independence of the functions g;;(g) on the variables q’”+1, o qt.

(i) The metric g is well-defined because the metric g is H -invariant and 7 is a
submersion. Indeed, the restriction map 7y, : Vy — T ()M of the orthogonal
complement V, to kerm,, in 7x M is an isomorphism and for v, € T, M and
Vnx € ThxM, h € H, we have 1, vx = Ty if and only if vy = hy vy (as
moh=mand h: M — M is a diffeomorphism). Therefore,

8(ax Uy, Maxlty) = g(Ux, Uy) = g(Nux Vx, Pyxtty) = g(Vhx, Upx)

= 8 (Muhx Vhx, TxhxUhx)-

To prove the second assertion of (ii) it is sufficient to show that for each
geodesic y (t) on (M, g) with directions y’(¢) orthogonal to kerm, C TM its
image m(y(t)) is a geodesic of the metric g. It is enough to prove this fact
locally.

Let g(g) = Za’b Zabr(§)dg®dg®, a,b =1,...,m, be the metric tensor g
in local coordinates, with ), Zab ()8 §) = 85 by definition. Let y(t) =
@' (1),...,@" (1)) be some smooth curve on M. The curve y (1) is a geodesic
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of g if and only if there exists a map ¢ — p(¢) such that the curve (p(¢), g(¢))
is an integral curve of the vector field

X = ~ab ~\ ~
i ;}:g @ o 3 %5

a1 g 9
=2 A Z F(CI)PanT,
,b,c q
i.e. if and only if
dqu ab e dﬁc 1 8gab o
- —Xb:g @by, = 2;; age (@) Pab

(see Problem 6.63). In this case py(1) = Y, 3*(1)8up(G (1)), Where y*(r) =
dge @

dt
But w(¢',...,q") = (q',...,¢"™) and any geodesic of (M, g) lying in the
submanifold Xo C T*U satisfies the following relations (as it is an integral
curve of X pglx,):

dg“

dg’ ; .
=2 @, =) " @p, j=mAln,
b b

dp¢ 1 8gab
i@ - 2 Z W(Q)Paph,
a,b q

where 1 < a, b, ¢ < m. Therefore,

(@' O g O, p1O) o ®), (GO, G, PO, (D)),

where g% (t) = ¢“(¢t) and p“(t) = p®(¢t) are simultaneously the solutions of the
corresponding relations if g“b(ql, g™ = g“b(ql, e q™, q’”'H, )
(the matrix g;;(q) is independent of g™t ..., q"). Let us prove this fact.

Fix some point x € U C M with coordinates (ql, ey g™, .0, q") and its
image 7 (x) with coordinates (¢',...,¢™). Put e; = 3/3¢', i =1,...,n. Let
(2 ) be the matrix g;;(x) = g(ei. e;), where A and D are respectively m x m
and (n —m) x (n —m) symmetric matrices and ‘B = C. For each tangent vector
eq, a=1,...,m, there exists a unique vector v, = ZZ:mH vggep such that
gleq +v4,e8) =0, where B =m + 1,...,n. Then by definition g, (7 (x)) =
gleq + vg, ep + vp). Put A= (gap). It is easy to verify that the m x (n — m)-
matrix V = (veg) equals —BD !and

A=A+VC+B'V+VD'V=A—-BD'C.

In particular, the metric g is smooth because the matrix-functions A(q), B(q),
C(q) and D(q) are smooth.
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Let (é: gi) be the matrix '/ (x), where A’ and D’ are respectively m x m

and (n — m) x (n_— m) matrices. We need to prove that (A)’] = A’. Indeed,
since Zj qij (x)g*(x) = 8;‘, we have

AA'+ BC' =1d,, CA'+DC' =0, AB'+BD' =0,
CB '+ DD =1d,_.

Therefore,
AA'=(A-BD'C)A'=AA' -BD'(CA') = AA'—BD™'(-DC') =1d,,.
Problem 6.99 Identify as usual the sphere S° and the Lie group SU(2) by the map

$PcC?— SuE)

(z,w) —> <—Zw Z’)

Consider the basis { X, X2, X3} of the Lie algebra su(2) of SU(2) given by
i0 01 01
n=5) m=(G0) =)

[X1, Xo] =2X3, [X2, X3]1=2X;, [X3, X1]1=2X>.

Then

The one-parameter family

{8e 16> 0}

of left-invariant Riemannian metrics on §3 = SU(2) given at the identity, with re-
spect to the basis of left-invariant vector fields X1, X», X3, by

0
1
0

S O™
— O O

are called the Berger metrics on $3: if ¢ = 1 we have the canonical (bi-invariant)
metric. The Berger spheres are the simply connected complete Riemannian mani-
folds

S2=(5%g), e>o0.
Then:
(i) Compute the curvature tensor field, the Ricci tensor and the scalar curvature of

Berger 3-spheres.
(i) Prove that for ¢ # 1, a Berger 3-sphere is not a Riemannian symmetric space.
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The relevant theory is developed, for instance, in Petersen [27].

Solution

(i) The Koszul formula for the Levi-Civita connection of g,
28:(VxY,2) = ga([Xa Y], Z) - gs([Ya Z], X) + gs([Z9 X1, Y)a

forall X, Y, Z € su(2), gives us that the non-zero covariant derivatives between
generators are given (omitting the ¢ in V# for the sake of simplicity) by

Vx, X2 =2 —¢)X3, Vx, X3 = (¢ —2) X2, Vx, X1 =—¢X3,
Vx, X3 = X1, Vx; X1 =¢Xo, Vx; X2 = —X1.

The nonzero components of the curvature tensor field R, that is,
R(X,Y)Z=VxVyZ—VyVxZ—Vixv1Z, X.,Y,ZeZX(S3),
are thus given by

R(X1, X2)X1=—¢"X2,  R(X1, X2)X2 =eX|,
R(X1,X3)X1 =—¢>X3,  R(X1,X3)X3=¢X|,
R(X2, X3)X2 = (e —4)X3,  R(X2,X3)X3=(4—3e)Xz.

We can obtain the nonzero components of the Riemann—Christoffel tensor
R(X.Y,Z,W)=g.(R(Z, W)Y, X),

given in terms of the orthonormal basis

1
(X, X», X3} = {—Xl,Xz,X3}

JE
by
R(X, X2, X, X2) =R(X, X3, X, X3) =¢, R(X2, X3, X2, X3) =4 — 3e.
The non-zero components of the Ricci tensor are thus given by
r(X, X) =2e, r(Xa, X2) =r(X3, X3) =4 — 2¢,
and the scalar curvature by

s=r(X, X) +r(X2, X2) +r(X3, X3) =24 —¢).
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(ii) It suffices to find some vectors fields X, Y, Z, W, U satisfying
(VxR)(Y,Z,W,U) #0.
Now, for instance, we have

(Vx,R)(X1, X2, X2, X3)
= X2(R(X1, X2, X2, X3))
— R(Vx, X1, X2, X2, X3) — R(X1, Vx, X2, X2, X3)
— R(X1, X2, Vx, X2, X3) — R(X1, X2, X2, Vx, X3)
= —R(Vx, X1, X2, X2, X3) — R(X1, X2, X2, Vx, X3)
= —¢R(X2, X3, X2, X3) + R(X1, X2, X1, X2)
=—c@d—-3e)+e=3¢(e—1),
which only vanishes for ¢ = 1, that is, for the canonical bi-invariant metric.

Hence a Berger sphere different from the canonical one, is not a Riemannian
symmetric space.

Problem 6.100 Consider the Riemannian manifold (M, g) given by
M=R?  g=A(dx’>+dy?)+ (dz+Bxdy—ydx))’, A>0, B>0.

Prove:

(i) The Lie algebra of the isometry group I (M, g) of (M, g) is the vector space
. a a ]
iM,g)=13(ay+b)—+(c—ax)— +(B(cx —by)—i—d)— ta,b,c,deRy;.
0x ay 0z

(i) The manifold (M, g) is not a space of constant curvature.
(iii)) The manifold (M, g) is not a Riemannian symmetric space.

Hint Let I1(M, g) denote the isometry group of (M, g). Since n = 3, according to
Theorem 6.33, we have dim I (M, g) # 5. Moreover, for dimension n = 3, if (M, g)
is not a space of constant curvature, then dim 7 (M, g) < 4.

The reader can find the relevant theory developed in E. Cartan [6, Chap. XII].

Solution
(i) As a direct calculation shows, the vector fields

9 d 0 B d d +B 0 d
__x_7 P _3 ~ ‘x_’ _7
yax ay ox yaz ay 9z 9z
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Fig. 6.10 For a reductive
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homogeneous space one -
identifies m =T, M A be

(i)

are R-linearly independent Killing vector fields. Since dimi(M, g) < 4 it fol-
lows that

in_—
p

dimi(M, g) =4.

Let 0o = (0,0,0). In order to apply the results in [19, Chap. X, §3], let us
check that this homogeneous space is actually a naturally reductive space (see
Fig. 6.10 for the general case of a reductive homogeneous space), that is, that
the Lie algebra g = i(M, g) decomposes into the direct sum of hh = (K) and
m=(X,Y, Z), with m being Ad(H )-invariant, satisfying

(U W, V]n)+ (W, Ulm,V)=0, U, V,Wemn,

where (-, -) is the positive definite, Ad(H )-invariant, symmetric bilinear form
on m, given by (U, V) =g(U, V),.
Let us denote 9; = d/9dx, d» = d/dy, 93 = d/9z and take the decomposition

g=hom, b=(K), m=(X,Y,Z),
with

K =yd; —x 03, X =01 —Byos, Y =0,+ Bx 93, Z=03+AK,

(*)
A € R being a parameter to be determined so that the decomposition be natu-
rally reductive. Calculating the brackets, we get

[K,X]=Y, [K,Y]=-X, [K,Z]=0,

(x%)
[X,Y]=2B(Z — AK), [X,Z]=—-M\Y, [Y,Z]1=A1X.
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From (xx) we deduce that m is Ad(H )-invariant. Using these formulas, we
have, for U, V € m, that

[U,V1=2B(U'V? - U*V')(Z - 1K) = A(U'V? - UV")Y
+1(UV? - UPV)X,
so that
[U,Vlm =2B(U'V*-U*V")Z-A(U'V? -U* V)Y +0(U*V? - U’ V?)X.
If U, V,W € m then
(U, IW, Vi) =2BU? (W'V? = W2V —2AU*(W'V? — wiV))
+AAUN W2V — w3 V2, (3x)
hence
(W, Ulm, V)=2BV}(W'U? = W?U") —2AV(W'U? — WU")
+2AVI (WP - WiU?). h
Summing up equalities (++#) and (1), one has
(U W, V]n)+(W,Uln, V)
= Q2B —2A)(UVW!' - UVIW? +UrvIw! —Uutviw?),
so if
=2

A

the previous decomposition g = h @ m is naturally reductive.
Let R denote the Riemann—Christoffel curvature tensor of (M, g). Accord-
ing to [19, Chap. X, Proposition 3.4], the sectional curvature is given by

1
RWU,V,U,V), = Z<[U’ Vi, [U, VIm) = {[[U, V]y, V].U) (D)

for U, V € m. From the polarization formula

1
RWU,W,V,W) = 5{R(U +V,W.U+V,W)—RWU,W,U, W)
—R(V,W,V,W)},

it is clear that we can know the tensor R only calculating the three next possi-
bilities, obtained by using (7),

B
R(X,Y,X,Y),=-3B%>  R(X,Z,X,Z),= -
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B2
R(Y.Z.Y.Z)o=—.

Since the sectional curvatures do not coincide, the manifold does not have con-
stant curvature.

(iii) By using the aforementioned results in [19], we now compute the covariant
derivative of the previous curvature tensor. We should calculate

(VR)(U17 R US)() = (VUl R)(U29 T US)()’

where Uy = X, Y, Z and (U,, ..., Us) denotes any of the previous quadruples
X, Y, X,Y),(X,Z,X,Z) and (Y, Z,Y, Z), so that we have 9 values to con-
sider. Let us calculate, for instance,

(VxR)(X,Y,Z,X), = X(R(X, Y, Z, X))D —R(X,VxY, Z, X),
—R(X,Y,VxZ,X),.

Then, denoting again by R the curvature tensor of type (1, 3), we have on the
one hand that

X(R(X,Y.Z,X))=X(R(Z,X.X,Y))=X(g(R(X, V)X, Z))

()

2 3
= —£X<—4ix(x2 +y2)>

A A
12B°
= (0 - Byds) (x(x* +y?))
5
— —IZAIZ; (3x2 + 2),
from which we have that
X(R(X, Y,Z,X))0=O. i1

On the other hand, one has that

1
R(X5 VXYa Za X)O = ER(X5 [Xa Y]m, Za X)U = BR(Xa Z’ Z? X)O

B3
=—-—— ke
2 (©)
1 B
R(Xa Y’ VXZa X)() = ER(Xa Ya [Xa Z]m, X)O = _ZR(X’ Y7 Ya X)()
3B3
=——. (©0)

A
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Fig. 6.11 The symmetry of te
$2 at a point 0

Using now (717), (¢) and (¢¢), we obtain that

4B3
(VXR)(Xv Y7 Z7 X)O = Ta

which being nonzero permits us to conclude that M is not a symmetric space.

Problem 6.101 As the unit sphere in R §" ~SO(n+1)/SO(n) is a symmetric
space, with symmetry ¢ at o = (1,0, ..., 0) given (see Fig. 6.11) by

R L T (L L

For the symmetric space S”, find:

(i) The involutive automorphism o of SO(n + 1) such that
SO(n + 1)§ € SO(n) C SO(n + 1)?,

where SO(n + 1)? denotes the closed subgroup of SO(n + 1) of fixed points
of o, and SO(n + 1) its identity component.
(i) The subspace
m={Xeso(n+1):0.X =—X}.

(iii) The Ad(SO(n))-invariant inner product on m.
(iv) The geodesics.
(v) The isomorphism p,: m = 7,S".
(vi) The linear isotropy action.
(vii) The curvature.

The relevant theory is developed, for instance, in O’Neill [26, Chap. 11].

Solution
(i) As¢ =diag(l,—1,...,—1),for A € SO(n + 1) we have (see [26, Lemma 28,

p. 315]):
0(A)=CAL
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(i)

(iii)

(iv)

6 Riemannian Geometry

ago |—aor1 -+ —aon

—aio

=| . @ , 1<i,j<n
: ij

—ano

So SO(m + 1)? is S(O(1) x O(n)), and SO(n + 1)J is the isotropy group
1 x SO(n) =SO(n).

As ¢ =¢~!, we have 0 (A) = {A¢ ™!, so that o is conjugation by ¢. Thus, o,
is also conjugation by ¢ on the Lie algebra so(n + 1). Hence

el )

where x denotes any column vector, regarded as an element of R". Write
X <> x for the resulting correspondence between m and R”.
Under X <> x, the dot product x - y on R” corresponds to

1 1
BX,Y)=—xtuXY==-X.Y
2 2

on m, where X - Y denotes the scalar product in R@+D? Bisthusa multiple of
the Killing form on so(n + 1) (see table in p. 557). One has SO(rn) C SO(n+1)
and the Killing form is Ad(SO(n + 1))-invariant. It follows from (v) below that
the corresponding metric tensor on S” is the usual one. In fact,

0 —tx 0 —ty _n ii_
P00 W) gy

Let y be a geodesic of S” starting at 0. Since S” is symmetric, we have (see
[26, Proposition 31, p. 317])

y (1) =exp(rX)o

for some X € m.
It is easily seen that

1—§x-x+-~- * cos | x|t *
exptX = 5 =, . x )
tx_%(x.x)x+... * (Sln|x|t)m *
where (::) stands for an ((n + 1) x n)-matrix which does not matter for our

purpose. Thus,

. X
(exptX)o=(exptX) | . | =(cos|x|r)o + (sin |x|t)m.
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Hence y is the great circle parametrisation

(Cos |x|t)0 + (sin |x|t)i,

x|

where X < x.

In (iii), R" is assumed to be identified with the last n coordinate subspace
of R"*!. Hence the canonical isomorphism identifies 7,S" with R”. Then,
according to (iv), x = y’(0). But X is the initial velocity vector of the 1-
parameter subgroup projecting to y. Hence, the isomorphism p,: m = 7,5"
is X < x.

Ifh=(}9)eH=S0() and X €m, then

1 0\/0 —x\(1l O 0 —xA™!
AdhX_(o A)(x 0)(0 A—1>_<Ax 0 )

(which is skew-symmetric since ‘A = A~"). Thus the linear isotropy action of
H on T,S" is, via the identifications, the usual action of SO(n) on R”, i.e.
(A, x)—~ Ax.
In terms of the subspace m, we have

R(X.V)Z=-[[X.Y].Z].

If x, y, z denote the corresponding vectors in R” = T,5", we obtain

0 0 0 0
(X, ¥]= <0 —(xtyd —xjyi)) - <0 —X) ’

where (Zz.) = (xiyj — xjyi), SO
0 0 0 -z

SO e 0 (0 —@
z 0 0 —(x'y/ —x/yh))  \Az 0 ’
Thus, under the identification, R(X, Y)Z corresponds to Xz, that is, to

y-2)x —(x-2)y.

Hence S” has constant curvature 1.

Problem 6.102 The complex projective space

CP" Z U(n + 1)/U(1) x U(n) = SU(n + 1)/S(U(1) x U(n))

is a compact simply connected Hermitian symmetric space of dimension 27. Find:
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(i) The involutive automorphism o of U(n + 1) such that
U(n+1)g cU1) xUm) cUm+ 1)°,

U(n + 1)? being the closed subgroup of U(n + 1) of fixed points of o and
U(n + 1)g its identity component.
(i) The subspace

m={Xeun+1:0.X=-X}.

(iii) The Ad(U(1) x U(n))-invariant inner product on m.

(iv) The linear isotropy action.

Moreover, prove:

(v) The scalar multiplication by i on C" = m gives a corresponding complex struc-
ture Jp on m, which is Ad(U(1) x U(n))-invariant, and so determines an almost
complex structure J on CP" making it a Kéhler manifold.

(vi) CP”" has constant holomorphic sectional curvature.

The relevant theory is developed, for instance, in O’Neill [26, Chap. 11].

Solution

(i) Let ¢ =diag(—1,1,...,1). The conjugation
o: A ;‘A{‘l

is an involutive automorphism of U(n 4 1) whose fixed point set is U(1) x
U(n), thus having

S(UM) x Um) =Um + 1§ cU@m+ D7 =U(1) x Un).

(i) The (—1)-eigenspace m of o, consists of all the elements in u(n + 1) of the

15 . .
form X = (2 " ), where x is an n x 1 complex matrix.

(iii) The inner product
1 1 -
BX,Y)=—tuXY==-X-Y
2 2

is a multiple of the Killing form on u(n + 1) (see table on p. 557), and hence it
is Ad(U(1) x U(n))-invariant. Because of the factor %, B|m corresponds under
the identification m = C” to the real part of the natural Hermitian product x - y
in C".

(iv) We have

_ 0 —%\ 0 —(e~19 Ax)
T B N o BT

0 A
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The linear isotropy action of U(1) x U(n) on m = C”" thus corresponds to the
action of U(1) x U(n) on C” given by

(ew, A)x —e ¥ Ax.
(v) Scalar multiplication by i in C" = m gives a complex structure Jy on m:

Jo
m=C" — m

O—I)E}_)Oi’i
x 0 ix 0)°

which is Ad(U(n) x U(1))-invariant. In fact, by (x) above we have with the
usual notations, for any X € m,

4 _ 0 —fie PAx)\ _ _
J()Ad(e(l)eg)X— <ie_i0Ax O ) —Ad(e(l)eg)]()X
Therefore (see [26, Proposition 43, p. 325]), Jo determines an almost complex

structure J on CP" making it a Kéhler manifold.

(vi) (a) As U(n) acts transitively on the complex lines in C” (i.e. the holomorphic
planes in T,(CP")), from (*) it follows that for 6 = 0, the action of the
linear isotropy group is transitive on complex lines.

(b) Let 0 € CP" be the point corresponding to (1,0,...,0) € C*t!. The
holomorphic sectional curvature is constant on 7,(CP"), so by homo-
geneity it is constant everywhere. In fact, multiplying B by 4, we have
B(X,Y)=-2tr XY. Let e1, e2 € m correspond to elements of the natural
basis of C" = m. From (a) above, an arbitrary tangent plane on CP” has
sectional curvature K (e, Y), where Y = cosfJe; + sinfe;. We have

O -1 0 --- 0 0O i 0 --- 0
1 0 0 --- 0 i 00 --- 0
e = o o0 o0 --- 0 7 Jej = o 00 --- 0 ’
0O 0 O 0 0 0 0 0
00 -1 0 --- 0
o0 O 0 --- 0
1 0 0 0 --- 0
e2=10 0 0 0 --- 0
0O0 O 0 --- 0

Thus, we deduce (see [26, Remark, p. 319]):

B(ler, Y], [e1, Y])

K(e1,Y)= B(ey,e1)B(Y,Y) — B(e, Y)?
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1
= EB(cosé[el, Jei]+sinf[ey, e2], cosBler, Jei]
+ sinfley, e2])
1
= Z(l +3cos20).

Hence

Taking 8 =0, so Y = Jey, shows that CP" has constant holomorphic sec-
tional curvature 1.

Problem 6.103 Let G = O(p,q + 1) and H = O(p, g). Show that the homoge-
neous space M = G/H is symmetric and can be represented as the hyperquadric

0= {x = (xl, .. .,pr”fH) e RPHatl.
(61 4 (60 = () = (e =)
Hint Show that the map

0:0(p,g+1) = O(p,g+1)
avrgag!,

where ¢ is the matrix ¢ = (_16+‘1 (1)) in the canonical basis of R?+t9+! is an involu-
tive automorphism (i.e. o> = id) of O(p, ¢ + 1).
Solution Since ¢~! = ¢, the map o is an involutive automorphism of O(p, g + 1).

The closed subgroup of O(p, g + 1) of fixed points of o is G° =O0(p,q + 1)? =
O(p, ¢q), and thus

SO(p,q) =0(p,q+ 1) CO(p,q) CO(p,q+ 1)° =0(p, q),

where O(p, ¢ + 1)§ denotes the identity component of O(p, g + 1)°. Hence M =
G/H is a symmetric space.
The map

¢:0(p,g+1)/O(p,q) = O
a-0O(p,q) — a-xop,

where a € O(p,q + 1) and xg = (0, ..., 0, 1), is a diffeomorphism of M with the
orbit of xo under O(p, g + 1), which is the hyperquadric Q, since O(p, g + 1) is the
group of linear transformations leaving invariant the quadratic form

P p+q+1

g0 =D = 3 ()

i=1 j=p+1
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Problem 6.104 Find the involutive automorphism of SL(n, R) making the homo-

geneous space SL(n, R)/SO(n) into an affine symmetric space. Write the decom-
position involving the corresponding Lie algebras.

Solution The usual definition O(n) = {A € GL(n, R) : 'TAA = I} suggests us to take
the involutive automorphism o given by

o:SL(n,R) —> SL(n,R)
B+ B!

for then, the closed subgroup of SL(n, R) of fixed points of o,
SL(n,R)? = {B eSL(n,R):0(B)= B} =S0(n),
and its identity component SL(n, R){, satisfy
SL(n,R)§ =SO(n) = SL(n,R)?,

so SL(n, R)/SO(n) is an affine symmetric space.
As for the Lie algebras, the differential

oy: sl(n,R) — sl(n, R), 0. X =X,
induces the decomposition in (£1)-eigenspaces

sl(n,R) =04y B oy = {X esl(n,R):0,X = X} ® {X esl(n,R):0,X = —X}
=o(n) & symn, R),

where shym(n, R) denotes the subset of traceless symmetric matrices in gl(n, R).

6.12 Spaces of Constant Curvature
Problem 6.105 Let A be any positive real number and let M be the subset of R”
such that x" > 0. Prove, using Cartan’s structure equations, that the Riemannian

metric on M given by g;;(x) = (Az/(x")z)Sij has constant curvature K = —l/kz.

Hint Take as connection forms

where 6/ = A dx’/x", fori, j=1,...,n.

The relevant theory is developed, for instance, in Wolf [36].
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Solution The frame

x" 9 x" 0
o=(x1=—-2 . X,=>—
A ox! A Ox™

is an orthonormal moving frame, with dual moving coframe

1 n
(é‘:xdin,...,é"=xdx )

X xn

The forms c~o’] in the hint satisfy the conditions d&' = —5; A 67 and c~ol] + c~ol] =0.
In fact,

. . 1 . A
df' = — dx”Adxlz—Zx—n(sm-de—Snjdx’)/\x—,,dxf,

(xm)2 ,
J

and the other condition is obvious. Thus, the forms &". must be the connection forms
relative to o, since these are determined uniquely by the first structure equation. The
second structure equation is

Si o q~i ~i o~k
.Qj —da)j —i—Za)k/\wj
k

(84i0% — 8,10") A l(3,1,(97 — 8,;0%)
a

> -

=%(8m-d9~j — 8,7 d6") + >
k

1 ~ 1 ~. ~.
= _ﬁ<28nk8nk)el N —E ' NOY.
k

Problem 6.106 Let (M, g) be a Riemannian manifold of constant curvature K. We
define a metric g on M x M by

Z((X1, Y1), (X2, Y2)) = g(X1, X2) opr; + g(Y1, Y2) o pry,

where pr; and pr, denote the projection map onto the first and the second factor,
respectively. Is (M x M, g) a space of constant curvature?

Solution Let (U, xb x") and (V, xnt xz”) be coordinate systems on the
first and second factor of M x M, respectively. Hence, (U x V, xi x2”) is a
coordinate system of M x M. If g = (g;j(x)) on U and g = (gi4n,j+n(y)) on V,
then g has matrix

5 _ (&) 0 ) _
(gAB(x,y))—< 0 ginjen(y) AB=loon



6.12  Spaces of Constant Curvature 453

Computing the Christoffel symbols

2 - - -
lzngAD<agDB dgpc  08BC

rd = -
BC™H 9xC axB  9xD

>, A,B,C=1,...,2n,
D=1

it is easy to see that all of them vanish except perhaps ij'k (x,y)= F;k (x) and
~i+n

Fj +n,k+n
of the curvature tensor field

x,y)=TI ]’ (). Therefore, as one can easily compute, all the components

54 oy A4 ~A NE | NA NE
RBCDzax—c_ 92D +Z(FECFBD_FEDFBC)
E

vanish except perhaps
Ry =Riy@). R @) = Rl ().
Now, if (M x M, g) is a space of constant curvature, say K , we have
Ej‘kl = E(Slicgjl - 8jk3;)'
Hence, by the considerations above we deduce that, in particular,

_pktn .
0=R}kin,;=K8jj-

Hence (M x M, g) does not have constant curvature except when K =0.

Problem 6.107 Prove that a Riemannian manifold of constant curvature K is an
Einstein manifold.

Solution Let g denote the Riemannian metric, r the Ricci tensor and (e;), i =
1,...,n, alocal orthonormal frame. Given any X, Y € X(M), one has

n

r(X.Y)=Y g(R(ei.Y)X.e;) =Y _ XY*g(R(ei.ex)e;. i)

i=1 i=1

n n
= XY Rijin =) XIY K (88 — 8udji) = K(n — Dg(X, Y).

i=1 i

Problem 6.108 Prove that a 3-dimensional Einstein manifold (M, g) is a space of
constant curvature.

Solution Suppose r = Ag. Choose any plane P € T, M, and any orthonormal basis
{e1, ez, e3} for T, M such that P = (e}, e2). Denote by P;; the plane spanned by e;
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and e; for i # j, so that P;; = Pj;. Then
r(ei,e) =y _ K(Pij),
J#i
where K (P;;) stands for the sectional curvature determined by P;;. Thus we have
r(er, e1) +r(ez, e2) —r(es, e3) =2K(P).

Asr(e;,e;) =Ag(ei, e;) = A, weobtain K (P) = v AsPis arbitrary, we conclude.

6.13 Gradient, Divergence, Codifferential, Curl, Laplacian,
and Hodge Star Operator on Riemannian Manifolds

Problem 6.109 Let (M, g) be a Riemannian manifold, 7, M the tangent space at
p €M and T[;" M its dual space. The musical isomorphisms b and § are defined (see
Problem 6.40) by

b: T,M—>TyiM, X X', X'(¥)=g(X.Y),

and its inverse w — ", respectively. The gradient of a function f € C®°M is de-
fined as

grad f = (df)".

(i) Prove that g(grad f, X) = Xf, X € X(M).
Given local coordinates {x'}:

(ii) Compute (3/9x")".
(iii) Calculate (dx?)*.
(iv) Write grad f in local coordinates.
(v) Verify that in the particular case of R equipped with the Euclidean metric, we
recover the classical expression of grad f.

Solution

(i) g(grad f, X) = g((d))F, X) =df(X) = X[.

(i1) Since
3 \°( 8 I )
<a_> <a—>—g(a—a—)—§g—“d (r)

we have

9 b
(557) =Tt
k
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(iii) From (ii) we have % =, 8k (dxk)j, since b and § are inverse maps. So we
obtain

=Yg 9
(dx) - i 8 3x’”
(iv)

3 N\ 9 . ~af 0
gradf=(df)ﬁ= <ZS_){"dXZ> :ZS_)C(dXZ)ﬁ:Zgﬂa_fiW.

i i ij

(v) In this case,

af 9
i

Problem 6.110 Let M be a C* manifold equipped with a linear connection V. Let
{X1,..., X} be a basis of T, M, and {91, ..., 0"} its dual basis. The divergence of
Z € X(M) is defined by

(WdivZ)(p) =) 6" (Vx,2).

(i) Prove that (div Z)(p) does not depend on the chosen basis.

(ii) Show that the divergence of a C* field on R? is the same as the definition given
in Advanced Calculus.

Solution

(i) Given anothgr basis {fj' =Y, a; X;}, its dual basis is given by {67 = Y, bl.jQi 1,
so that ), bl al = > a] b} = §]. Thus,

0y, =Y b{’@”(vaﬁth) = ab/0'(Vy,2)

i,jh i,j.h
=8 (Vx, 2) =)0 (Vx, 2).
i,h i

(ii) Given the basis {(9/9x"),} of T,R?, its dual basis is {(dx"),},i =1,2,3, and
wehavefor Z=73", Z'9/0x' € X(R?), since the Christoffel symbols of the flat
connection on R? vanish, that

0

(div Z2)(p) = Z(dxi)P (E

.9 N 0Z7 G
J_- — i _
(#55)) =20, 50

=Y %0
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Problem 6.111 Let (M, g) be a Riemannian manifold, and let:

(a) V be the Levi-Civita connection of g.

(b) grad f be the gradient of the function f € C*°M.

(c) divX be the divergence (see the previous problem) of the vector field X €
X(M). For a local field of orthonormal frames (e¢;), i = 1,...,n, we have
divX =38V, X, ei).

(d) H' be the Hessian of f € C®°M, defined as the second covariant differential
V(V f), that is,

H/ (X, Y)=XYf —(VxY)f, X,YeX(M).
(e) Af be the Laplacian of f € C*°M, defined by
Af =divgrad f.

Moreover, suppose dim M = 3.
Prove the following formulas for f,h € C*°M, X,Y € X(M):

. grad(fh) = fgradh 4+ hgrad f.
Sdiv(fX)=Xf+ fdivX.

H/M"= fH" + hH/ +df @ dh +dh @ df.
. A(fh)= fAh+hAf 4+ 2g(grad f, grad h).

N N

Solution
1.

g(grad fh, X) = X(fh) = (Xf)h + fXh=g(grad f, X)h + g(gradh, X) f
=g(hgrad f + f gradh, X).

div(fX) =Y g(Ve fX.e) = g€ /)X + [ Ve X. &)

=Y sX.eNeif + > (Ve X.e)=Xf + fdiv X.

HMX,Y)=XYfh— (VxY) fh=X((Y)h+ fYh)
—((VxY) f)h — f(VxV)h
= (XY Hh+ XY ) (Xh) +(Xf)TYh)+ fXYh
—((VxY) f)h — f(VxY)h
=(fH" +hH' +df ®dh +dh @ df)(X, ).
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4.

Afh =divgrad fh =div(f gradh + h grad f)
= (gradh)f + fAh + (grad f)h +hAf
= fAh+hAf +2g(grad f, grad h).

Problem 6.112 Consider on R” the metric g = Y\, dx’ ® dx’ and the volume
element v =dx!' A - A dx".

(i) Prove that given a form £2; of degree k there is only one form %2, of degree
n — k, such that

*20) (X1, s XV = AX] A A XD,
(i) The Hodge star operator
*: AFR" — A"TFR"

is defined by the previous formula. Prove that this operator satisfies the follow-
ing equalities:

*° = (= 1)Ko=k * = (= DkO=Ry Qi A (XOf) = O A (%82k).
(iii) The codifferential §: A¥R" — AK=IR" is defined by
8 — (_l)n(k+1)+l * d* .
Prove that § satisfies §2 = 0.

(iv) The Hodge—de Rham Laplacian, or simply Laplacian, A: A¥R" — A¥R" is
defined by

A=(d+8)>=ds +4d.
Prove that if f € C*°R", then

n 82f
Af = _Z a(xi)2
i=1

Solution

(i) We only have to prove the above properties for a basis of the exterior alge-

bra. Let {X,..., X,,} be an orthonormal basis of vector fields on R" and
{91, ...,0"} its dual basis. Consider multi-indexes i} < -+- < i, j| < -+ <
Jn—k- We have

[x(O A Ay X U= 0T A ABEAGT A A G (o)



458 6 Riemannian Geometry

which vanishes if (ji,..., ju—x) is not the complement of (if,...,ix) in
(1,2,...,n). Denoting by (ji, ..., ju—k) such ordered complement, we have
*(OT A AOR) =sgn(it, ik, sy Jak) 0T A NG (00)

(where sgn denotes the sign of a permutation). In fact, from (¢) above we
deduce

(0" A AN (X X v =0, ook, 1 Jnek) V.
(i) From (¢¢) above we have

*f (0 A AOH) ) =kl sgn(it, ... ik, iy k) 070 A AGIE)
=SEN(i1, ..y iks J1y oo ey juek) X (070 Ao AGINE)
=8gn(i1, ... ik, jls- s jnk)

xsgn(jl,...,j,,_k,il,...,ik)ei‘/\~~-/\9i"

_ (_1)il+'“+ik_@+jl+'“+jn—k_w

X O A A QK
= (=D)k=Rgit A ..o A ik,
From *? = (—DK®=0 it follows that * = (—1)X?=®x~1 hence »~! =

(—Dk=hy,
Consider

Q=01 A NG, O =0T A NG,
Then

0 if{iy,....a}# {15 Jikh

2k N (*Op) = el . . .
v lf{ll,...,lk}Z{J1,...,Jk}.

Proceed similarly for O A (*£2).
(iii) 82 =%dx*dk = (—1)*DE=k+D 4 425 = 0, since d? = 0.
(iv) Since §f =0 for f € C*R", we have Af =§df, hence

9 .
Lo

Af:&df:—*d*df:—*d*E o
N X
4

. 9 —
=—*d(—1)l_128—£dx1/\--'/\dx’/\--'/\dx"
i
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- 3%f , —
=—%(-1) lzaxiaxi de/ Adx!' A A drE A A dX”
iJ

n 2 n 2
°f 1 o°f
=—% —— |dx' A AdX" == _—
Problem 6.113 A differential 2-form F on R?* is said to be autodual if
*xF=F,

where * stands for the Hodge star operator. Prove that the curvature 2-form (%) in
Problem 5.29 is autodual.

Remark A curvature form F satisfying xF' = F is called an instanton. The instan-
tons described in Problem 5.29 are called Belavin—Polyakov—Schwartz—Tyupkin in-
stantons.

Solution The Hodge star operator on the 2-forms on the Euclidean space R* = H
is easily seen to be defined from

* (dx! Adx?) =dx’ Adx?, * (dx? A dx®) = dx! Adx?,
* (dxl A dx3) =—dx> A dx4, * (d)c2 A dx4) =—dx'A dx3,
* (dx! A dx?) = dx? Adx?, * (dx® Adx?) =dx! Adx?.

Thus, the basis of autodual 2-forms is
{de! Adx? +dod Adx?, de! Ade? —dx? Ade®, de! Ada? +dx? Adit)
Now, due to the identification R* = H, one has
dx Adi = (dx! +dx?i+dx’ j+dx'k) A (dx! — dx?i—dx’j — dx'k)
= —2{(dx' Adx? +dx? Adx?)i+ (dx' Adx® —dx? A dx?)j
+ (dx' Adx* + dx? A dx?)k].
Problem 6.114 Define on R3 equipped with the usual flat metric g:

(@) divX =divX’ = —8X"=xdx X", X € X(R?).
(b) curl X = (xdX")%.

Prove the formulas:

1. curlgrad f =0.
2. divcurl X =0.
3. Aw = —(graddivw® + curl curl o®)’, w € A'R3.
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4. curl(fX) = (grad f) x X 4+ f curl X, where x denotes the usual vector product
in R3.
div(fX)=(grad f)- X + fdivX.

i

(*(curl X)°)(Y, Z) = g(Vy X, Z) — g(VZX, Y).
7. Prove that curl X coincides with its classical expression and then
div(X xY)=X-curlY + (curl X) - Y,

where the dot denotes the usual scalar product in R3.

Solution
1.
curl grad f = curl(df)* = (*d((d/)%)’)" = (xddf)f =0.

diveurl X = div(*dX")" = div((*dX")")" = =5 xdX" =% d* *dX”

= (—=1)2672 % ddx’ =o0.

3,
Ao = (d8 + 8d)o = d(— dive) + §dw = —ddive’ — *d* dw
= —((ddive?)")” — xd((*d(F)")")" = —(graddiv o)’ — *d(curl &)’
= —(grad div o + curl curl o).
4.
curl (£ X) = (%d(X"))F = (*(df A X" + fdX?))*
= (*(df A X"))* + feurl X
= (grad f) x X + f curl X,
since
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S S ERC e

ax2 3T 9x377% ) ol a3 T o ax

+<8f Xo £X1>i—gradfo.

ax1 7 ax2 ax3

div(fX) =div(fX)" = =8(fX)’ =*d* (fX)" = %d(f (xX"))
=*(df A (*X") + fd(*X")) =*(X" A (xdf)) + f *xd* X"
=*((*df) A X") + fdiv X.

Now,

*((kdf) A X") =%

(i) (20
(¢
(2xe))

J

af
:*<<Z ﬁX,)dxl A dx? /\dx3) =grad f - X.

d 9
dxz/\dx3—a—f2dx1 /\dx3+a—f3dx1/\dx2>
X X

Il
*

(*(curl X)°)(Y, Z) = (x*xdX")(Y, Z) = (dX")(Y, Z)
=YX"(2)-zX"(Y) - X"([Y, Z])
=Yg(X,Z) - Zg(X,Y) — g(X,VyZ) + (X, VzY)
=8(VyX,Z) —g(VzX,Y).

curl X :cur]( E X,-%) = (~A—d(X,-dxi))j
- X
1

0X1 5 X1, 4 . :
0X1 0X2 1 2 '
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X2  9X1\ . 5 ’
_ _ d
((8)(1 8x2) o
_ 0X3 0X2\ 0 0X3 0X) d + X2 00X d
T \ax2 ax3 ) ax! axl  9x3 ) ox2 axl  9xZ Jox3’

From this, the formula
div(X xY)=X-curlY + (curl X) - Y

follows.
Problem 6.115 Let g and g be conformally equivalent metrics on the C* n-
manifold M, that is, such that § = e>/ g, f € C°° M. Find the relation between:

(1) VxY and VxY, where V and V denote, respectively, the Levi-Civita connec-
tions of g and g, and X, Y € X(M).
(i) divy X and divy X, X € X(M).

Solution

(i) The Levi-Civita connection of g is given by the Koszul formula in Theorem 6.4.
Thus,

22 g(VyY, Z) =X g(Y, Z) + Y g(Z, X) — Ze* g(X, Y)
+e*g(IX, Y1, Z) —e¥ g(1Y, 21, X) + e/ ¢(1Z, X1, Y)
=2¢*/{g(VxY, Z) + (X)g(Y, Z) + (Y)g(Z, X)
—(ZNg(X, 1)}
Hence
VxY =VxY + (Xf)Y +(Yf)X —g(X,Y)grad f.

(i) Let (E;) be a local g-orthonormal frame. Then the frame (e~ E;) is a 3-
orthonormal local frame and we have locally, by definition of divergence and
by (i):

1

divg X = Zg(%_‘f&x, e TE;) = Ze—zfg(%ix, E)= Zg(%EiX, E;)
[ i i

= (8(VE X, Ei) + (Ei f)g(X, Ep) + (Xf)g(Ei, Ey)

—(Ei f)8(E;i, X))
= divg X + nXf.
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Problem 6.116 Prove that the Hodge—de Rham Laplacian A = §d 4+ d§ and the
Hodge star operator * on an oriented Riemannian manifold commute:

Ax=%A.

Remark Recall that the codifferential §, defined as the opposite of the divergence,
satisfies

Sw=(—D"cDH s dxw, weA M.
Solution Suppose dim M =n and w € A*M, then
Axw=(@d+d8) xw=(—1)"" DT g dwe dkw + (—1)""FFDH d e ddekaw
_ (_l)n(n—k)—H xdxdko+ (_1)11(n—k+1)+1+k(n—k)d*dw’
*Aw = %(8d + d8)w = *x(—1)"® D+ dx dw + (= 1)"*TDH y dxdx @

= (=" G do + (1) DT x dx dxo.

Now, (_1)n(n7k)+1 — (_1)n27nk+1 — (_1)n+nk+1 — (—l)n(k+l)+l, and on the
other hand

(_l)n(n—k+l)+l+k(n—k) — (_l)l—k — (_l)nk—ﬁ-l—i—nk—k.
Hence A x =*A.

Problem 6.117 Prove that a parallel differential form on a Riemannian manifold
(M, g) is harmonic.

Solution Let @ € A*M be parallel, that is, if V stands for the Levi-Civita connec-
tion of g, we have Va = 0.
Therefore, « is closed. In fact, if « € A” M, one has in general

,
da(Xo, ..., X;) = Z(—l)j(VXja)(Xo, 5(\]-, u X)), XjeXM). »
j=0
Moreover, « is coclosed (o = 0). In fact, we have in general
Ba)p(v1,...,v,—1) = —(diva) p(v1,...,v,—1) (by Definition 6.11)
== (Vo) (e v1. .. v, (x%)
i

where {e;} is an orthonormal basis for 7, M, and vy, ..., v,—1 € T, M. Since Aa =
(dé + 8d)a, we conclude.

Problem 6.118 If the Riemannian n-manifold M is compact, prove:
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(1) The codifferential § is adjoint of the differential d with respect to the inner
product of integration, that is,

/ (8, BV =/ (a,dB)v, «a,BeA'M,ref0,...,n},
M M
where v denotes the volume form on the Riemannian manifold.

(i) The Laplacian A = d§ + 8d on M is self-adjoint with respect to the inner prod-
uct of integration, that is,

/(Aa,ﬂ)v:/(a,Aﬂ)v, a,Be A" M, ref0,...,n}.
M M

Solution

(i) We have

0= / d(a A %xf) (by Stokes’ Theorem)
M
:/ (da A%B+ (=)o AdxB)
M

= / da A*f — / o A*x5f (by definition of §).
M M

By the definition of inner product of integration, we conclude.
(i) By (i) above,

/(Aa,ﬂ)v:/ ((d8+8d)a,[3)v:/ ((8at, 8B) + (da, dB))v
M M M

=/ ((a,d8,3)+<oz,8d,3))v=/ (a, AB)v.
M M

Problem 6.119 Prove that if a compact Riemannian n-manifold M admits a metric
of constant positive curvature, then

H,;R(M,R)=0, r=1,...,n—1.

Hint Use: (i) Weitzenbock’s formula for the Laplacian on a Riemannian manifold
(M, (-, -)) of constant sectional curvature c; (ii) the formula

/ Afv=0, feC®M,
M

which follows from (ii) in Problem 6.118, taking « = f and S to be a constant
function.

The relevant theory is developed, for instance, in Poor [28, Chap. 4].
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Solution Integrating the two members of the Weitzenbock formula, we have in gen-
eral:

1
/(Aa,a)v:/ (—A|a|2+|V(x|2+r(n—r)c|a|2>v, acA'M,
M M\2

where v stands for the volume form on (M, g).
Let a be the harmonic representative of a class in H),(M,R). Then Aa = 0.
Moreover, by (ii) in the hint, f u Ala|? =0. Hence

0 =/ (|Voz|2 +r(n— r)clot|2)v.
M

If r #0,n, from ¢ > 0, it follows that « = 0. Thus HgR(M,]R) =0,r=1,...,
n—1.

Problem 6.120 Let o and S be n-forms on a compact oriented Riemannian n-

manifold M such that
=l
M M

Prove that o and g differ by an exact form.

Hint Use:

(i) Hodge’s Decomposition Theorem 6.28.
(i1) Stokes’ Theorem 3.6.

Solution Denote here the degree r of a differential form by the subindex r. By
Hodge’s Decomposition Theorem, each r-form w, over such a manifold is decom-
posed in a unique way as

oy =dwr—1 + dwp41 + Oy,
where 6, is harmonic. In our case, the decomposition reduces to
o — B =dw,—1 +06,.

Applying Stokes’ Theorem, we have

Ozfa—ﬂzfdwn,1+/0n=f9n.
M M M M

As the n-form 6, is harmonic and each cohomology class has a unique harmonic
representative, from f &0 = 0 it follows that 6, = 0. Thus o — 8 = dw,—1.
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Problem 6.121 Let (M, (-, -)) be a compact oriented Riemannian manifold without
boundary. Then A € R is called an eigenvalue of the Laplacian if there exists f €
C°° M, not identically zero, such that

Af =Af.
In this case, f is called an eigenfunction corresponding to X.

(1) Prove that O is an eigenvalue of A, and that other values are strictly negative.
(ii) A function f is said to be harmonic if Af = 0. Prove that the only harmonic
functions are the constants.
(iii) If f and & are eigenfunctions corresponding to distinct eigenvalues, show that

/1fhv:0,
M

where v stands for the Riemannian volume element.

Hint (to (1)) Use the first Green identity (see, for instance, Strauss [33, p. 176]) for
manifolds without boundary,

/ (f Ah + (grad f, grad h))v = 0. (%)
M

The relevant theory is developed, for instance, in Lee [21].

Solution

(1) Taking f = h in (x) above, we have

/M fAf=- /M | grad f . (%)

If f is an eigenfunction corresponding to a nonzero eigenvalue A, then it fol-

lows that
A/ fzvz—f |gradf|2v.
M M

Compactness of M then implies L < 0. If f is a constant function then
|grad f|>=0and A = 0.

(i) Also from (xx) it follows that if f is harmonic, it is necessarily a constant
function.

(iii) Let A and u be the eigenvalues of f and 4, respectively. From Green’s identity
(x), we get

O:/ (fAh—hAf)v:(M—k)/ fho.
M M

As X # u, the conclusion follows.
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Problem 6.122 Let (M, g) be an n-dimensional Riemannian manifold, let V be
the Levi-Civita connection, and let R be the curvature tensor. Denote by a dot the
Clifford multiplication on forms (see Definition 6.12).

(i) Prove Leibniz’s rule for V:
Vx(a-p)=(Vxa)-B+a-VxB, acA'M, pecA'M.
(i1) Prove Leibniz’s rule for R:

RX, V) -B)=(R(X,V)a)-B+a-R(X,Y)B, acA'M, e A’M.

(iii) Let {e;},i =1,...,n, be any local basis of vector fields and {#'} its metrically
dual basis of 1-forms. Then prove that the square of the Dirac operator on
forms D (see Definition 6.13), can be written as

n
2 j j 2
Dwo=) 007V} 0 weA M.
i,j=1
(iv) Prove the Weitzenbdck formula for the square of the Dirac operator on forms,
that is, that D*> may be written in terms of the rough Laplacian V*V as
1 n
D’w=V*Vo + 3 Z 0' -0/ -R(ej,ej)w, we A M.
i,j=1
(v) Prove that
Do=do+8éw, weA"™M,

that is, the Dirac operator on forms is the sum of the exterior differential and
the codifferential.

Hint (to (i)) Prove first that
Vx (g B) =ty + 12 (Vxp), ae A'M, pe A"M.
Hint (to (ii)) Use (i) above.
Hint (to (iii)) First consider that
Vf,-,ej =V Ve, = V9,¢;

is tensorial in both e; and e, so the right-hand side in (iii) is invariantly defined.
Then apply (i), and that

n n
Vet = g7 (Ve07,05)0% =) " g (Veej. er)oF.
k=1 k=1
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Hint (to (iv)) First note that everything is invariant. Then use (iii), the properties
66 =—1, 6.6/ =—67.06"
and recall that the rough Laplacian is defined by V*V = — tr V2, that is,
n
VVa =Y (Vo Ve — Vy, qa). a€A M.
i=1
Hint (to (v)) Recall that the differential exterior and the covariant derivative of a
form « € A" M are related (see Problem 5.44 or formula (7.6)) by
r .
da(Xo, ..., X,) = Z(—I)J(ija)(Xo, X Xe), X EXM). (%)
j=0
The relevant theory is developed in Petersen [27, 7.4].

Solution

(i) Suppose first as in the hint that « € A' M and 8 € A” M. Then we have that

(Vi (t:B) (Y1, Vo)

r—1
= Vx (B V1. YD) = Y (e B (V1. Vi Yis o Yo y)

k=1

r—1

ZVX(,B(O{:I,Yl,..., Y,_l)) — Zﬂ(aﬁ, Y1,...,VxYk,...,Yr_1)
k=1

= (VxB) (" Y1, .... Y1) + B(Vxa®, Y1, ..., Y1)

r—1
+> B Y1 ViV Y)
k=1

r—1
=Y B Y. VxYi, . Ye)
k=1

= (tgr (VxB) + Ly B) (Y1, ..o, Yooy
Also
(Vxa)® = Vx(of). (©)

Indeed, by the Koszul formula for the Levi-Civita connection in Theorem 6.4,

2¢(Vx(af), Y) = Xg(a®, Y) +a"g(¥, X) — Yg(X, o)
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+e([X. "] ¥) = g([o*, Y], X) + g (1. X1, &%),
28((Vxa)*, ¥) = 2(Vxa)(Y) = 2Vx (a(Y)) — 2a(Vx Y)
=2Xg(a", Y) —2g(VxY, o)
=2Xg(o", Y) — [Xg(Y,af) + Yg(F, X) —a"g(X., V)
+8(X, Y1, &%) = g([¥, o], X) + g([o%, X], Y)].

So (i) easily follows from the definition of Clifford multiplication, as

Vx(e-f)=Vx(@Anp —14:8)
=(Vxa) AB+a A (VxB) = 14:(VxB) — tyye: B
=(Vxa)-p+a-(Vxp).

The extension to any pair of forms is easy, due to Definition 6.12.
(ii) It follows from (i) that

R(X,Y)(a-B)=(VxVy = VyVx — Vix.yP(a - B)

=Vx((Vya) - B+a-(VyB)) — Vy((Vxa) - B+a - (Vxp))
- Vixyi@) - B—a - (Vix,y18)

= (VxVya)- B+ (Vya) - (VxpB) + (Vxa) - (VyB)
+o-VxVyp
= (VyVxa) - B — (Vxa) - (VyB)
— (Vya) - (VxB) —a - VyVxp
—Vixy1@) - B—a - (Vix,y18)

=(R(X,Y)a)-B+a-R(X,Y)B.

(iii) Using invariance, we need only to prove the formula at a point p € M, where
the frame is assumed to be orthonormal; and normal, that is, we have

(Vei), =0 hence (vel’)p =0.
We can then compute at p,
n . .
D’w= " 0" (Y, (07 Vo))
ij=1

n
= Z (0" (Ve,07) - Ve,0+ 0" 07 -V, V,,0)  (by (i) above)
i,j=1
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n n
= Y 0 g (Ve .05)0" V04 Y 0707V, V0
i, jk=1 i,j=1

n
Y 0 g(Veaej et - Voo
i,jk=1

n
+ Z el .o/ . Ve; Vejw  (by (o) above)
i,j=1

n
== D 0 5. Vo)t - Ve,
i,jk=1

n
+ Z Qi .Qj . Vé’i Veja) ({e;} orthon.)
ij=1

n n
=— Z 9t .o . V(e Ve er)e; @ + Z ol .o/ Ve, Ve,
i,j,k=1 i,j=1

n n
==Y 005 Vy g0+ Y 007V, V.0
i k=1 ij=1

n
= Z (_91 . 9] . VVe,'ejw—I'@i 9j : veiveja))

ij=1
n

_ i . y2

=) 0.6/.V; o
ij=1

(iv) Due to invariance, we can choose a frame orthonormal and normal at p € M,

and then compute at p,

n
D20 = Z o' -9/ -Vezl_’eja) (by (iii) above)

ij=1

n
- _Zvezi,eiw+29i 67 Vfi,ejw (asf -0 =—1)
i=1 i#]

n
== Voo+) 060 (Vo, —V. o (as6 -6/ =—6"6)
i=1

i<j

n
=—) Vo ,0+Y 0 -6/ R(ei,e)w (by Ricci identity)
i=1

i<j
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n n
1 o
= —Zvjl_,eimr > Z 0" -0’ -R(ej,ej)w
i=1 i, j=1

1 n ' ‘
=V*'Vo+ - § 0" -0 - R(ei,ej)w (since V¥V = —trV?),
2 £ '
i,j=1
(v) With the previous notations we have that

n n
Do= Y 0 -Voo=Y (0" AVew— i (Ve))

i,j=1 i=1

=) (0" AVqo — (Voo)(ei . ...."))

i=1

n
=Y 0 AV —divo. (See p. 592.)

i=1
Now,

n

Z(e" A V) (Xo, X1, ..., X;)

i=1

= (=1 X (Vo) (X0, .., Xy oes Xp)
PIDBCIDY

i,j=1r=0
r .
=Y (=D (Vx,0)(X0..... Xj. ... X;)
j=0
=dw(Xo,..., X;), (by (%) in the hint)

for all Xo,..., X, € X(M), where X; = Zi Xée,-. Hence, applying Defini-
tion 6.11,

Dw=dw—divw =dw + Sw.

6.14 Affine, Killing, Conformal, Projective, Jacobi,
and Harmonic Vector Fields

Problem 6.123 Find a non-affine projective vector field X on R3.

Hint Let V be the Levi-Civita connection of the Euclidean metric of R3. The vector
field X is projective if

(LxV)(Y,Z)=0(Y)Z+0(2)Y, Y,ZeX(R%, (%)
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Fig. 6.12 A non-affine
projective vector field on R3

for some differential 1-form 0 € A]]R3, where
(LxV)(Y,Z)=[X,VyZ] - Vix.1Z — VyIX, Z].
Moreover, one has d(div X) = (dim R34+ 1)0 =46.
The relevant theory is developed, for instance, in Poor [28, Chap. 5].

Solution Let (see Fig. 6.12)
0 d d
X=2x(x+y+2)—+2yx+y+2)0—+2z2(x+y+2)—.
ox ay 0z

Then
1
6= 2 d(div X) =2(dx + dy + dz).

Because of the symmetry of the vector field X and the differential form 6, it suffices

to prove the formula () for a couple of coordinate vector fields, for example, ->

> ox
anda%.Wehave
d\ 0 d\ 0 0 0
ol —)—+6l — | —=2—+2—,
(8x>8y+ <8y)8x 8y+ ax

and

a a a
= V(2L 4 (2x—dy—20) L — 2 L
a( x8x+( x —4y Z)Z)y ZBz)



473

6.14  Affine, Killing, Conformal, Projective, Jacobi, and Harmonic Vector Fields

Fig. 6.13 A non-Killing
affine vector field on R3

e~ I .

A
N

o

Problem 6.124 Prove that the vector field X = Z?:l x'9/8x" on R3 with the Eu-
clidean metric is affine but not Killing. Is X a vector field of homotheties?
The relevant theory is developed, for instance, in Poor [28, Chap. 5].

Solution
Lxg=) L ait (dx/ ® dx/)
ij
- dx/ >>
x'—))=2g.

_Z(( )@dxf+dxf®d< =

Hence X is not Killing (see Fig. 6.13)
Note that X is a conformal vector field, with the function & € C*°R", such that
Lxg=2hg,equalto 1,i.e. it is a constant function. It is said that a conformal vector

field with 2 = const is a vector field of homotheties
Let us see if X is affine. As the Levi-Civita connection is torsionless and the

curvature vanishes, the condition is VyVX =0, Y € X(R"). Now, as

VyX = ZY axlz’

we have VX = I, hence any covariant derivative under V of VX vanishes. Thus X

is affine.
Problem 6.125 Let (M, g) be a Riemannian manifold. Prove that X € X(M) is a

Killing vector field if and only if Lyg =0
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Solution A vector field X is Killing if ¢;g = g for every ¢, where ¢, is the local
1-parameter group generated by X. Hence

Lxgzlimg_(p’g
t—0 t

=0.

Conversely, assume Lyxg = 0. For any tensor field K we know (see Proposi-
tion 2.10) that

d
s - (LXK)=—<E(% : K))

t=s

Hence, by virtue of the hypothesis, we have
k d *
O=¢i(Lxg)=—(g(¥8)) .
t t=s
and consequently, ¢; g does not depend on ¢. Therefore, ¢;'¢ = ¢jg = g.
Problem 6.126 Show that the set of Killing vector fields of the Euclidean metric
g = dx? 4+ dy? 4 dz? on R? is the real Lie algebra generated by the vector fields
d a a d ad d n d d d
P PR PR X P :
ox dy 9z 9y ox az oyt fax oz

The relevant theory is developed, for instance, in Poor [28, Chap. 5].

Solution Let X = Z?:l A13/0x!, where A! is a function of x! = x, x> = y and

x3 = z. Then one has

3 . .
oA’ oAt ; .
_ g o J
Lxg= Z(axi +axj>dx ®dx’.
i,j=1

If X is Killing, that is, Ly g = 0, we deduce:

oAt Lo 0A2 Lo 03
(1 @ =0, (i1) ﬁ =0, (iii) ﬁ =0,
(i) arl  aa? 0 @) aal oAl 0 i) Az a9’ 0
iv) — +—=0, v) — +—=0, vi) — +—=0.
ax2  9x! ax3  ox! ax3  9x?

From (i), (i) and (iii), it follows that A! = A1 (x2, x3), A2 = A2(x!, x3), and A3 =
23 (x!, x2). Thus, from (iv) and (v), one has
32! 92!
ax2ox2 ax39x3

from which

A= a1x2x3 + blx2 + c1x3 +d;.
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Similarly,

2= a2x1x3 + b2x3 + cle +ds, 23 = a3x1x2 + b3x1 + C3x2 +ds.
On account of (iv), (v) and (vi) above, these formulae reduce to

Al =—czx2+clx3+d1, k2=—C3x3+cle +d,

A= —c1x1 + C3x2 +ds.

Hence the generators are indeed the ones in the statement. By using the property
Lix,y1=I[Lx, Ly], itis easily checked that {X : Lyg = 0} is a Lie algebra.

Problem 6.127 Calculate the divergence of a Killing vector field on a Riemannian
manifold.
The relevant theory is developed, for instance, in Poor [28, Chap. 5].

Solution Let (M, g) be a Riemannian manifold with Levi-Civita connection V and
let X € X(M) be a Killing vector field. Since Lyg =0, Vg =0, and V is torsion-
less, we have for any Y, Z € X(M):

0=(Lxg)(Y,Z)=Xg(Y,Z) —g(LxY,Z)—g(Y,LxZ)
=Xg(¥,Z)—g([X.Y]. Z) — g(Y.[X, Z]) = g(Vy X, Z) + (Y, VzX).

Hence, for any p € M, and any orthonormal basis {e;} of T, M, one has

(divX)(p) =) 8(Ve, X, e1) =0,

that is, div X = 0.

Problem 6.128 Prove that a vector field X on a Riemannian manifold (M, g) is
Killing if and only if the Kostant operator A defined by

Ax =Lx — Vx,
where V stands for the Levi-Civita connection of g, satisfies
g(AxY, Z)+g(Y,AxZ)=0, Y,ZeX(M).
Remark Notice that as V is torsionless, AxY = —Vy X.

Solution As Vyg =0 for all X € X(M), the condition Lxg = 0 is equivalent to
Axg = 0. Since Ay is the difference of two derivations of the algebra of tensor
fields that commute with contractions, one has

Ax(g(Y,2)) = (Ax9)(Y,Z) + g(AxY, Z) + g(Y,AxZ), Y,Z e X(M).
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On the other hand,
Axf=Lxf—-Vxf=Xf-Xf=0, feC®M,
thus Ax(g(Y, Z)) =0. Hence (Axg)(Y, Z) =0 if and only if
8(AxY,Z)+g(Y,AxZ) =0,
as wanted.

Problem 6.129 Consider R? equipped with the metric g = dx? + dy?.
(i) Show that the vector field

d d
X =(ax —by)— + (bx +ay)—, a,beR,
ax ay

is a conformal vector field.
(ii) Let R3\ {0} with the usual metric and let v denote the volume form. Write Ly,
Y € X(R3\ {0}), in cylindrical coordinates.

The relevant theory is developed, for instance, in Poor [28, Chap. 5].

Solution
(1)

L(ax—by)%+(bx+ay)%(dx ®dx +dy ®dy)

=d(ax — by) @dx +dx ® d(ax — by) +d(bx + ay) ® dy
+dy ® d(bx + ay)
=2ag

(see Fig. 6.14).
(i1) One has

X = pcoséb, y=psinb, z=z, p>0,0¢e,2n).

Hence, the volume form is v =dx Ady Adz=pdp Adf A dz. Let

Y—Fa +G8 +H8
T 90 0z’

where F, G, H are functions of p, 6, and z. Therefore,

Lyv= %Ly(d(pz) AdB A dz)

~Ha(r 2 AdO Adz+d(p%) Ad 66)nd
2 dp 30
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Fig. 6.14 The conformal A A A A
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Problem 6.130 Consider the 1-parameter group ¢;, € R, of automorphisms of R?
defined by the equations

x(t) =x —cost + ysint, y(t) = —xsint + y — cost.

(i) Compute the infinitesimal generator X of ¢;.
(i) If g = dx? 4+ dy? and w = dx A dy, find the vector field ¥ on R?\ {(0, 0)}
defined by

g¥,Y)=1, g(X,Y)=0, w(X,Y) >0,

and prove that [X, Y] =0.

(iii) Calculate Lxg, Lyg, Lxw, and Lyw.

(iv) Compute the first integrals of X and Y.

(v) Prove that in a certain neighbourhood of any point different from the origin
there is a local coordinate system (u, v) such that

0 0
X=—, Y=—.
ou ov
Solution
(i) Since
dx (1) dy(t)

dr dr
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one has

(i) The vector field

T Va2 ox ,/x2+y By
is a unit vector field with respect to g, which is normal to the circles with
centre at the origin, so g(X,Y) = 0. Moreover, w(X,Y) = /x2+ y2 > 0 if
(x,y) # (0,0). It is easily checked that [X, Y] =0
(iii) Let p =+/x2 + y2. Then:

LXg:Ly%_x%(dx®dx+dy®dy)=0,

(dx®dx+dy®dy)

2
= (y?dr ® dr —x y(dx @ dy + dy ® dx) + x*dy @ dy),

wa=Ly%7xa%(dx®dy—dy®dx)=O,

1
Lyw=Lxs ,ys(dx®dy—dy®dx)=—
pax T pdy ,0
(iv) The first integrals of X and Y are, respectively, f (u!), where u' =x2+y%and
f@h), where v! = y/x.
(v) By (iv), we have

X=Ax 9 Y= 9
ol M our
If moreover X = -, we would have Xu =1=2A da"l , thus % = % Let us

compute L. One has

2
A= X! =(yi— i)%z—y—z—lz—(w(vlf),

ax dy b
that is,
ou _ 1
vl 1+ @H?’
so u = —arctanv! = —@ (in polar coordinates). Hence

X
u = —arctan —.
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Similarly, if ¥ = d‘)—v we have Yv=1= M;TUI. Let us calculate . We have

w=Yu =2p=2vu'.

Thus
v

1
ol T w T 2Jul
and v = +vu!. Thatis, v = /x2 + y2.

Problem 6.131 Find two linearly independent harmonic vector fields on the 2-
torus 72 with its usual embedding in R? as a surface of revolution.
The relevant theory is developed, for instance, in Poor [28, Chap. 5].

Solution Let us see if there exist f (¢, 6)d/d¢ and h(p, 6)d/00 harmonic, ¢ and 6
being the parameters of the usual parametrisation (see Remark 1.4)

x=(R+rcosg)coso, y= (R4 rcosg)sinb, z=rsing,

0,0 € (0,27), R > r, and f(¢,0), h(p,0) functions of these parameters. Such
vector fields would obviously be linearly independent. If j: T2 — R3 denotes the
usual embedding, the metric is

j*(dx? 4+ dy? +dz?) = r? de? + (R +r cos ) d6.

If M is compact, as in our case, in order for a vector field Z to be harmonic (see
Definition 6.27) it suffices to have d 7"=0,82"=0.

Putting
ad 0
X = ,9 -, Y=h 79 P
fle )390 (¢ )39
one has
X" =r2f(¢,0)dg, Y’ = (R +rcosg)?h(p, 0)db.
Thus, from

3
ax’ =2 4 Adp =0,
36

we have f = f(¢). Suppose similarly &7 = h(¢). Then

I((R +rcosg)?h(p))
dg

dy?’ AdO =0

implies

hig) = (R+rcosg)?’
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Hence, for
A 0

- (R +rcosp)? a0’ )

0
X=f(¢)£,

we have dX” =dY° =0.
To compute §X” = —div X" and 8Y” = —div Y” we use the formula, valid for

any oriented manifold M,
Lzv=({ivZ)v, ZeXM),

where v denotes the volume element on M, which in our case is

=./811822 —g%zd(p/\dé =r(R+rcosg)dp Adb.

Applying moreover the general formula
Lz(fdo AdO)=(Zf)dp AndO + fd(Ze) AdE + fdp Ad(Z6),
f€C®M,to X and Y in (x), we obtain

(div X)dep A do =Lf( 2 r(R4+rcosg)dp Ado
0L

< f@)r? Sln¢+r(R+rcosw)%> o A8,

(divY)dpndd=L a4  sr(R+rcosep)dp Add =0.

(R+rcos<p)2 a0
Hence, §Y> =0. And § X" =0 if

—f(@)rsing + (R + rcosw)% = %(f(w)(R +rcosg)) =0,

that is, if

T = Rreosy

In this case,

X" = (d§ 4+ 8d)X" =0, AY’ = (d§ +8d)Y’ =0,

that is, X” and Y are harmonic forms, and

B9 A )
"~ R+4rcosgdp’ " (R+rcosg)? 90

satisfy the conditions in the statement.
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Notice that in order to compute § X b and §Y”, we can instead use the definition
divZ = trVZ and thus the Christoffel symbols of g, as follows. Taking x' = ¢,
x2 =0, since

r? 0 1 1/r? 0
§= 2 8§ = 2
0 (R+rcosgp) 0 1/(R +rcosy)

we deduce that the non-vanishing Christoffel symbols are

1 1 . ) 5 rsing
=3 Rreosg)sing,  Ip=1Iy=—p 0

Let us calculate § X and 8Y°:

X = —divX’ = —divX

v f() . v et
=—g 1() (2 r 9 8 m(a Bq) R+rcos<p39

df(p) ( rsing )

- do AR R+ rcose

: 1 _ 2 _ 1
since I'), =1'f; =1,, =0.

a 129
Y =—div¥=—g(Via a4 —, ——
r oy (R+rcosrp)2 80 r 8(0

A 0 1 0
—g(v =0,
Rreosy 9 (R+rcosg)2 30’ R+rcosg 06
since 1“112 = F222 = 0. That is, we obtain the same expressions as above.

Problem 6.132 Let (M, g) be a Riemannian manifold. Prove that if X € X(M) is
Killing and Y € X (M) is harmonic, then g(X, Y) is a harmonic function.

Hint Apply the following results:
(1) If Z € X(M) is Killing, then

g(rV2Z, W) =—r(Z, W), W eX(M),

where r denotes the Ricci tensor.

(i) Z € X(M) is harmonic if and only if g(tr VIZ, W)=r(Z, W).

(iii) Let K be a symmetric (i.e. self-adjoint) transformation of an inner product
space (E, (, )), and let L be skew-symmetric. Then we have (K, L) =0.

The relevant theory is developed, for instance, in Poor [28, Chap. 5].
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Solution Let (¢;) be an orthonormal frame on a neighbourhood of the point p € M.
Then if V denotes the Levi-Civita connection of g, we have

(48X, 1))(p) = (8dg(X, ) (p) = —(divd(X, 1)) (p)
= Z((Vei dg(X,Y))(e))(p)

== {Ve(dg(X, V)(e) — (dg(X, ¥)) (Ve,e) } (p)

== {Vaeig(X,¥) = (Ve g (X, Y)}(p)

1

=—Y {eig(Ve, X, Y) +€ig(X,Ve,¥) — g(Vy, 0, X, ¥)

1

— (X Vy, 1)} (p)

== {8(Ve; Ve, X. V) + 8(Ve, X. Ve, Y) + g(Ve, X. Vi, ¥)

1

+g(X’ Veive,- Y) —g(vvgieiX, Y) - g(Xv vai(:,' Y)}(P)

=—> {28V, X, Ve, ¥) + 8((Ve; Ver = Vv, e) X, ¥)

i
+28(X, (Ve Ve, — Vv, €)Y )} (p)
={-2g(VX,VY) — g(tr V2X,Y) — g(X,tr V?¥)}(p)
={-2¢(VX,VY) —r(X,Y) + (X, Y)}(p)
= (—2g(VX,VY))(p).
Now, since X is Killing, VX is skew-symmetric, i.e.
g(VzX,W)+g(Z,VwX)=0

(see Problem 6.127) and as Y is harmonic, VY is symmetric, i.e. g(VzY, W) =
g(Z,VwY), each one with respect to g. Hence

g(VzX, VywY)=—g(Z,Vy,vyX) =—g(VwY, VzX),

for Z, W € X(M), and we conclude that A g(X,Y) =0.

Problem 6.133 Prove that the cohomology group H>(G, R) of a compact Lie group
G of dimension greater than 2 is not zero.

Hint In the non-Abelian case, consider the bi-invariant metric (-, -) on G which is
the product of a Euclidean inner product on the centre 3 and minus the Killing form
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on the (semi-simple) derived group [g, g, and define « € A*G by

a(X,Y,Z) = %([x, Y1, Z).

Solution Suppose first that G is Abelian. Then it is a torus
T"=8"x--xS', n=3,

so the result is immediate.

If G is non-Abelian, as it is compact, its Lie algebra g decomposes into the direct
sum of its centre 3 and its derived algebra [g, g], which is semi-simple, compact,
and has dimension greater than or equal to 3.

Consider the bi-invariant metric (-, -) on G which is the product of a Euclidean
inner product on the centre 3 and the opposite of the Killing form on [g, g]. Define
a € A3G by

(X, Y,2) = %([X, Y], Z).
As [g, g] is semi-simple then « is non-zero. Moreover, as (see Problem 6.90)
VxY =[X,Y], X, Yeg,
by applying the Jacobi identity, we have
(Vxa)(Y,Z,W)=0—a(VxY,Z, W) —a(Y,VxZ, W) —a(Y,Z,VxW)

=—([VxY, Z], W) —([Y. VxZ], W) — ([Y, Z]. Vx W)

- _%{q[x, Y1, 2], W)+ ([Y, X, Z1], W) + (Y, ZI. [X, W1)}
- _%{<[[x, YL, Z], W)+ (Y. [X, Z1], W) = ([X, [, Z]], W)}

= _%{q[x, Y1, Z]+[[Y. 21, X] +[[Z. X]. Y], W)} =0.

So « is parallel, and G being compact, « is in particular harmonic, so that it is a

nonzero representative of H 3(G,R).

Problem 6.134 Determine the Jacobi fields on R with the Euclidean metric g.
The relevant theory is developed, for instance, in O’Neill [26, Chap. 8].

Solution The geodesics of (R”, g) are the straight lines. Since the curvature van-
ishes, the Jacobi equation reduces to

d’x

20

dr?
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2 2 3
7 R R

Fig. 6.15 Some simple Jacobi fields

The Jacobi fields along a straight line y are the fields of the form X =tY + Z,
where Y and Z are constant vector fields along y (see Fig. 6.15).

Problem 6.135 Let
o(u,v) = (u cosv, usinv, f(u)), u=>0,ve(,2n),

be a parametric surface of revolution in R3 (see Remark 1.4), and let

Yyl 9
vip(u,v) = 77 .
IV | uv)
Prove:

(i) Yy is a Jacobi field along meridians.
(ii) If g denotes the metric and s the arc length, then
A

ds?

=—K|Yyl,
where K stands for the Gauss curvature.

Hint For such a surface of revolution, one has

_ 1
u(l+ (2%

The relevant theory is developed, for instance, in O’Neill [26, Chap. 8].

Solution
(i) The vector fields Y and y’ in the torsionless case of Definition 6.19 are here
Y= % and
, 0 0 1 ad
a @/ ou |~ TE (o o
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Fig. 6.16 A Jacobi field on a
surface of revolution

We must prove that
VvV, V, Y + VYVV’)// _ VV’VYV/ _ V[Y,y’])/’ —0.

Now, since V is torsionless we have Vyy’ —V,, Y =[Y, y']; but it is immediate
that in the present case [Y, '] = 0. On the other hand, V,/y" =0, as y' is the
tangent vector field to a geodesic curve. So we are done.
(ii) We have |Y,| = u. Moreover, the Gauss curvature of a surface of revolution is
given by the expression in the hint, with ' =df/du.
The arc length s(u) along the meridian is given, since v is constant, by

s(u)—/ 8¢ a<p / V1+ (@)

and thus

d2|YU| d2u _dud

ds? T+ ( /2 ~ dsdu /

1 4
- r'f =—Ku=—K|Y,|.

T+ ()2 A4 (232

Notice that the lengths for the vector field Y, are larger where the distance
between the given geodesics (the meridians) grows, and are lower where that
distance decreases (see Fig. 6.16).

Problem 6.136 Let (M, g) be an n-dimensional space of constant curvature c. Let
y, X1, ..., Xn—1 be an orthonormal frame invariant by parallelism along a geodesic
y with unit tangent vector field y.

Prove that the vector fields

(1) y,sy, Y =sin(/cs)X;, Zi =cos(/cs)Xi,
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(i) y, sy, Y; =sinh(y/—cs)X;, Z; = cosh(v/—c$)X;,
i) y, sy, Xi, sXi,

i=1,...,n—1, where s denotes the arc length, are a basis of the space of Jacobi
vector fields along the geodesic, for ¢ > 0 in case (i), ¢ < 0 in case (ii), and ¢ =0 in
case (iii).

The relevant theory is developed in O’Neill [26, Chap. 8].

Solution That such y and sy are Jacobi fields is a general fact for Riemannian
manifolds, and its proof is immediate from the Jacobi equation

Vy VY +R(Y,y)y =0.
In cases (i) and (ii), since (M, g) is a space of constant curvature ¢, we have
R(Yi, )y =c(g(y,»)Yi — gy, YD)y) =cYi.
In case (i), we have, on the other hand,
V; V;Yi = —csin(v/e $)X; + /ccos(x/c5)Vy X

+ Vccos(v/cs)Vy Xi + sin(v/cs)Vy Vy X (%)
= —cY; (as X; is parallel).

Hence the Jacobi equation for a torsionless connexion,
Vy VY + R(Y;, p)y =0,

is satisfied, as wanted. The proof for Z; (and Y;, Z; in the case (ii)) is similar.
The case (iii) is trivially true as R =0 for ¢ = 0.

Problem 6.137 Determine the conjugate points and their orders for a point on an
n-sphere of constant curvature c.

Solution From Problem 6.136, it follows that the only point conjugate to the point
corresponding to s = 0 along a geodesic y(s) is the point corresponding to s =
7/+/c, with order n — 1, as a basis of the Jacobi fields vanishing at s =0 and s =
7/4/c is given by the vector fields ¥; = sin(y/cs) X;.

Problem 6.138 Show that if M has non-positive sectional curvature, then there are
no conjugate points.

Solution Let Y be a Jacobi vector field along a geodesic y(¢). From the Jacobi
equation

V, VY +R(Y, ")y =0,
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we obtain by virtue of the hypothesis that
gV, VY. Y)=g(R(y.Y)y . Y)==R(y.Y.y'.Y) >0,
from which
%g(VY/Y, Y)=g(V,V, Y, Y)+ |V, Y|?>0. (%)

The function g(V,,/Y, Y) is thus monotonically increasing (strictly if V,/Y # 0). If
Y (0) = Y (tp) = O for certain #y > 0, then g(V,/Y, Y) also vanishes at these points,
hence it must vanish along the interval [0, #9]. Thus, we have Y (0) = (V,,Y)(0) =0
by (%), so that Y vanishes identically, as Y is a solution of a second-order differential
equation.

Problem 6.139 Prove that the multiplicity of two points p and g conjugate along a
geodesic y in a manifold M is less than the dimension of the manifold.

Solution Let dim M = n. Then the Jacobi vector fields vanishing on a given point
p € M constitute a space of dimension n, but (t —t1)y, where p = y (1), is a Jacobi
vector field vanishing at p but not at g.

6.15 Submanifolds. Second Fundamental Form

Problem 6.140 Prove:

1. Every strictly conformal map is an immersion.
2. If M is connected, then a strictly conformal map

f:(M,g)— (M, )

of ratio A transforms the Levi-Civita connection V of g into the Levi-Civita con-
nection V of g, if and only if A = const and the second fundamental form of the
immersed submanifold f (M) vanishes.

3. If A =1, that is, f is an isometry, and the second fundamental form of f (M)
vanishes, then if R and R stand for the Riemann—Christoffel curvature tensors of
M and M, respectively, one has fyR = R|f(M).

Solution

1. Let X € T, M such that f, X = 0. Then

0=g(feX, fxX) =A(p)g(X, X).

As A(p) > O forall p € M, we have X = 0; that is, ker f, =0 forall p € M.
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2. As M is connected, we only need to prove that A is locally constant. Thus we
can assume that f is a diffeomorphism from M onto a submanifold f (M) of M.
Denotmg by X the vector field i image f - X on f(M) of X € X(M), we have that
X > X is an isomorphism. Hence if f transforms V into V, it follows that

Xg(Y,Z)=3(V3V.2)+3(Y.V3Z)=3g(VxY,Z) + 3(Y,Vx2)
=1g(VxY, Z)+rg(Y,VxZ) =rXg(¥, Z).
On the other hand,
Xg(Y,Z)=Xxg(Y,Z)=(XMNg(Y,Z)+1Xg(¥, Z).

Hence XA =0 for all X. As M is connected, we deduce that A is a constant
function. Furthermore, as VY = Vx7, it follows that V3Y is tangent to the
submanifold f (M), thus the second fundamental form of f (M) vanishes.

Conversely, if we define on f(M) the connection V by V¥ = VxY, and
prove that V parallelises the metric of f(M) and has no torsion, then it will
coincide with the Levi-Civita connection of the metric on f(M). Let k be the
constant function A. One has:

i)

X3(Y,Z)=X(kg(Y, Z)) =k{g(VxY, Z) + g(Y,Vx Z)}
=g(VxY.,2) +3(Y,VxZ)
=g(V3Y,2)+3(Y,V32)

(ii)

VgV — VX —[X,Y]1=VxY —Vy X —[X,Y]=Ty(X,Y) =0.

3. Since f is an isometry, it transforms the Riemann—Christoffel curvature tensor
of M into that of f(M) (see Problem 6.85); but this one coincides with the
restriction in f (M) of the Riemann—Christoffel curvature tensor of M, as the
second fundamental form of f (M) vanishes.

Problem 6.141 Let M be an n-dimensional (n > 3), totally umbilical submanifold
of a 2m-dimensional complex space form (M , &, J) of holomorphic sectional cur-
vature ¢ # 0. Prove that M is one of the following submanifolds:

(i) A complex space form holomorphically immersed in M as a totally geodesic
submanifold.
(ii) A real space form (i.e. a not necessarily simply connected space of constant
curvature) immersed in M as a totally real and totally geodesic submanifold.
(iii) A real space form immersed in M as a totally real submanifold with non-
vanishing parallel mean curvature vector.

The relevant theory is developed, for instance, in Chen and Ogiue [7].
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Solution As M is a totally umbilical submanifold, with the usual notations we have
a(X,Y)=¢g(X,Y)E, X,YeX(M).
Thus the covariant derivative appearing in the Codazzi equation
(Vxa)(Y, Z) = V5 (Y, 2)) —a(VxY,Z) —a(Y,VxZ),
reduces to
(Vxe)(Y, 2) = (¥, )V,

so the Codazzi equation is written as

VR(X,Y)Z =g(Y, Z)Vy& — g(X, Z)V5E. (%)

Since dim M > 3, for each X € X (M) one can choose a unit vector field Y € X(M)
orthogonal to X and JX. For such a Y, from (%) one has

VR(X,Y)Y = V§&.

On the other hand, since M has constant holomorphic sectional curvature ¢ # 0, we
have

R(X,Y)Z = z{g(Y, DX —g(X,2)Y +g(JY,2)JX —g(JX,Z)JY
+2¢(X,JY)JZ},
from which we deduce E(X, Y)Y =%£X,s0 vﬁ(X, Y)Y =0, hence
VyE=0, XeX(M).
From (x) we then obtain

VR(X,Y)Z=0, X.,Y,ZecX(M).

Thus, by Proposition 6.36, M is either a complex or a totally real submanifold of A:J .
If M is a complex submanifold, then M is minimal, hence totally geodesic in M.
Therefore, from Gauss’ equation

RX,Y,Z,W)=R(X,Y, Z, W) + g(a(X, 2), a(Y, W)) — g(a(¥, Z),a(X, W)),
we obtain
R(X,Y,Z,W)=R(X,Y,Z, W).

That is, M is a complex space form of constant holomorphic sectional curvature c.
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If M is a totally real submanifold, from Gauss’ equation and from « (X, Y) =
g(X, Y)E, it follows that

R(X,Y,Z, W)= (2 +g(G, é))(g(X Z2)g(Y, W) —g(X, W), g(Y, Z)),
that is, M is a real space form of constant (ordinary) sectional curvature f—" +g(, ).
Problem 6.142 Consider the flat torus 72 = R?/I" defined by the lattice

I'=7Zv) ® Zvy, vy=(—m,m), vy =(0,2m).
(i) Prove that
f(u,v) = (cosucosv,cosusinv, sinu cos v, sinu sin v)

for u, v € (0,2m) (see Remark 1.4), is an isometric embedding of TZ into the

unit sphere S° of R*.
(ii) Prove that the total embedded curvature of f(7'2) in S> is a constant.

Hint Use the Generalised Gauss Theorema Egregium 6.30.

Solution

(i) We have f(u, v) € S since | f (u, v)| = 1. Moreover, f(u,v) = f(u’,v) if and
only if (u’, v) — (u, v) € I'. In fact, the previous equality is equivalent to

sin(u + v) = sin(u’ + ), (*)
sin(u — v) =sin(u’ —v’), )
cos(u + v) = cos(u’ +v'), (%)
cos(u —v) = cos(u’ —v'). )

From (%), (%), and from (7), (1), we obtain
w +v =u+v+2km, W —v=u—v+2km, ki,kreZ,
respectively, from which
w=u+hmn, V=v+hom, hi,hyeZ.
Now,

fu+hym, v+ hym)

= (—l)h‘+h2(cos 1 COS U, COSu SIN v, Sinu COS v, Sinu sinv).
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(ii)

So, f(u,v)= f(@',v') if and only if hy + hy = 2h, thus
w,v)~ W, v) & u—u=kn, vV —v=2h—k)m.
Hence

(u', V) = (u,v) + (kmr, h — k)7) = (u, v) + k(r, —7) + h(0, 27)
= (u,v) + kv + hvs.

On the other hand, f is an immersion, as the rank of the Jacobian matrix

—sinu —cosv —cosusinv
—sinu sinv  cosu — cosv
coSu — COSV —sinusinv

cosu sinv sinu — cosv

is equal to 2, as it is easily seen.

Let j be the inclusion of S in R*. Then the metric induced on T? by the
embedding f, if g denotes the Euclidean metric on R*, is f*j*% = f*%.

If (x, y, z, t) denote the coordinates on R*, then the Euclidean metric is

T=dx®+dy*+d2 +dr?

and the metric induced on 72 is du® 4+ dv?. Hence f: T?> — f(T?) C §3isan
isometric embedding. In fact, as we have seen, it is an isometric immersion, and
as T2 is compact, it is homeomorphic to its image with the induced topology
of §3.

The Generalised Gauss Theorema Egregium applies in our case to M = f(T?)
and M = S3. Now, since M = S3 has constant curvature equal to 1, one has
I?(P) = 1. And as the metric on f(Tz) is flat, we have K(P) = 0. So the
equation

K(P)=K(P)—detL,

where L stands for the Weingarten map, reduces to det L = — 1. Hence the total
embedded curvature is equal to —1.

Problem 6.143 Let M be a Riemannian n-manifold endowed with the metric

n—1
g= Y gijdv' ®dx/ + gy, di" ® dx",
ij=1

with the condition dg;;/dx" = 0. Show that any geodesic in the hypersurface x" =
const is a geodesic in M.
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Solution The metric given on M induces the metric
n—1

g= ) gijde'dx,
i,j=1

on the given hypersurface S. The geodesics in the hypersurface S are the curves

having differential equations

Bxi 2L dwd dk .
F_}.Z[‘;k?d—t:o, l:l,...,n_l,
j 1

where ij are the Christoffel symbols of g. We have to prove that the functions

n=1 — x1=1(1), x" = const, satisfy the differential equations

xlle(t),...,x

xSl gxd dxk
i &
az _Zl *ar dr

Jok=

=0, i=1,...,n,

— Y

where ij are the Christoffel symbols of the Levi-Civita connection of g. Con-

sider first the case i = n in the equation of the geodesics. As x" = const, we have
2,.n
ddTXz = 0. On the other hand, one has Fj”k=Of0rj,k= 1,...,n—1,as

0o ... 0 | 8nn

and moreover dg;;/0x" = 0 by hypothesis. So, by virtue of the condition x" =
const, the functions defining the geodesics of S satisfy the case i = n of the equation

of the geodesics of M.
Consider now the casesi =1,...,n—1.Fori, j,k=1,...,n — 1, we have

R Gt
rj.= 3 > e gk + gk — gjk)-
=1

as g = 0; that is, I' = I, Finally, if k = n (equivalently, j = n), one has

n—1

. 1 'z
F}n = B ;gl (81jn+ 8&in,j — &jn,) =0,

by the hypotheses. We conclude that the geodesics in § are also geodesics in M.
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Fig. 6.17 The second awy LY
fundamental form ey

Problem 6.144 Let M| and M; be two hypersurfaces of R” and let y be a common
geodesic curve which is not a geodesic of R”. Prove that M| and M, are tangent
along y.

Solution Consider the Gauss equations (see Fig. 6.17)
VxY =ViY +a'(X,Y), i=1,2,

where V denotes the Levi-Civita connection of the flat metric on R”, V! the Levi-
Civita connection of the metric on the hypersurface M;, and &' the second funda-
mental form of the hypersurface M;.

Since V)‘;,y’ =0,i =1,2, we have that 51’,)/’ is normal to both M; and M>. So,
atany p € y we have

T,R"=T,M; ® Y,y =T,My&V,y/,
hence TyM1 =T, M>.

Problem 6.145 Let x, y, z be the standard coordinate system on Euclidean space
R3. Leta, b, ¢, d, e be the standard coordinate system on R>. Let

R >R
be the map defined by
1 1 1
a:ﬁyz, b:%zx, c:%xy,
d:%(xz—yz), e:é(x2+y2—212).
Show:

(i) The mapping @ maps the sphere S?(v/3) of radius +/3 isometrically into the
sphere S*(1) of radius 1.
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(i) By observing that (x,y,z) and (—x, —y, —z) map into the same point of
S4(1), show that the induced map ¥ is an embedding of the real projective
plane RP? into S*(1).

(iii) The space RP? is embedded into S*(1) as a minimal surface.

Hint (to (ii)) Let @: M — N be a one-to-one immersion. If M is compact, then @
is an embedding ([20, Chap. 6, Proposition 6.5]).

Hint (to (iii)) Take the Gauss equation for an m-dimensional Riemannian sub-
manifold (M, g) of an n-dimensional space (N, g) of constant curvature K (for-
mula (7.9) below), and compute from it the scalar curvature of (M, g). Then con-
sider the present particular case.

The relevant theory is developed, for instance, in Willmore [35, Chap. 4].

Solution

(i) Atitis easily checked,
1
CHP = (T ) = 1
We thus have the diagram

R3 < RS
st s
23 S s,

J3, js5 being the obvious embeddings.
The restriction g = j3(ggs3) of the flat metric

gr3 = dx? +dy* 4+ dz?
to $2(+/3), this with the parametrisation (see Remark 1.4)
x =~/3cos0 cos @,
y=+/3cosOsing, 6e(—m/2,7/2), ¢ € (0,27),
z=+/3sin 0,

is easily seen to be
g = 3(d6* + cos? 6 dp?).
On the other hand, the restriction (js o0 @)*(ggs) of the flat metric

ggs = da® 4 db? + dc? 4 dd* + de?
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on R to the image @(52 («/3)) c SY(D) gives us, after an easy calculation, the
same metric g on S2(v/3). Hence @ is indeed an isometric immersion.
Let 7 be the quotient map 7: S2(v/3) — RP2. As ®(x,y,2) = ®(—x, —y,
—2), the map

w:RP*— §%(1),  Wx,y, 2 =®(x,y,2) =d(—x,—y, —2),

is well-defined. Moreover, if

D(x,y,2)=P(x,y. 7)., (.32, (x,y,7) e V3,

then
yz=y'7, (%)
=27, (%)
xy=x'y, (Jexk)
Aoyt =x? g2, )
X2+ y? =272 =x2+y? - 272 (00)

As x? +y? +7?=3,onehas (x', y', 7)) # (0,0,0). If x’ # 0, then from (x%)
and (x**), one obtains

, Xz , Xy
Z__/a y_—/a
X X

and replacing these equations into (), one deduces (x> — x2)yz = 0. If x> #
x2, then either y=0orz=0.If y =0, then from (<) one obtains x2 = x"2, thus
leading one to a contradiction; if z = 0, then by adding (¢) and (¢<) one again
deduces x? = x2. Hence x’ = +x. Hence, from (+%) and (x**) one obtains
7/ = +z, y'=+y. The cases y’ # 0 and z’ # 0 are dealt with similarly. Hence
Y is one-to-one.

On the other hand, since ¥ o 7 = @ and 7 is a local diffeomorphism, ¥ is
C°. Furthermore, we have

0 Z y

1 Z 0 x
v.— | v X 0
: V3 X -y 0

1 1 _2
B BY 3¢

Hence rank ¥, # 3 implies x = y = z = 0, but (0,0,0) ¢ $2(v/3) hence
7(0,0,0) ¢ RP2, so ¥ is an immersion. Since ¥ is a one-to-one immersion, it
follows from the compactness of RP? that it is an embedding.
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(iii) According to the hint, we calculate the scalar curvature s of such an (M, g).

In terms of orthonormal bases, {¢;},i=1,...,m,of T,M and §,, r =1, ...,
n—m,of (TyM )J-, respectively, we have

m
s= Z R(ei,ej,ei,ej)

ij=1
= Z K (siigjj — 8ijgi) + ) Z o erj;) — &(efj. o))
i,j=1 i,j r,s=1
m n—m
=Km(m—1)+z Z oo — ol af;) = Km(m — 1) + m*|H|* —
ij=1r=1

£2 being the length of the second fundamental form «, so that the norm of the
mean curvature vector H at p € M is given in terms of K, s and £2, by

1
|H|2:W(S—Km(m—l)+€2). )

Inourcase,m =2, K =1, and

2

2
SRP2 = S52(/3) = Z R(ei,ej, ei,ej) = 3
ij=1

1 4
|H|*> = —(Zz— —).
4 3

Now, we can choose an orthonormal basis {e, ez} at p of principal directions,
that is, eigenvectors of the second fundamental tensors Ag,, r = 1,2, so that

&, r =1,2, being an orthonormal basis at p of (7 (RPz))L, we have

C= 3 Flatee. atejie))

so (1) is now written as

i,j=1,2

= Y Y g (e eE o (ej.e))E)
i,j=1,2 r,s=1,2

= > Y #(s(Agei et g(Ag e e))E)
i,j=1,2 rs=1,2

= Z Z g(AS,ezaet
i=1,2r=

= Z {(g(Agleiﬁei)) +(g(A52€i,ei))2}

i=1,2
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= > (K (sCei.en)’ + K2 (g(erren)’)

i=1,2
2 2 2 ) 4
where the last line follows from the fact that

1
ki =ky =~
"

on S%(r) (recall that the Gauss curvature of S%(r) is K = 1/r2, and the same
values hold for RP2).

Hence |H |2 = 0 or, equivalently, H = 0, and RP? is indeed embedded in
R as a minimal surface.

6.16 Energy of Hopf Vector Fields

In this section we follow Wood [38]. (We suggest the reader interested in the topic to
see also [37] and [17].) We shall denote by T S3 both the tangent bundle over the 3-
sphere $3 and the total space of that bundle, and similarly for the unit tangent bundle
T1(S3). The context should in principle avoid confusion: For instance, a metric on
T 83 or T1(S?) is obviously a metric on the corresponding total space, but a section
is one of the relevant bundle.

Problem 6.146 Consider the standard isometric embedding (S3, g) — (Cz, (-,+)
of the 3-sphere with the round metric into C> = R* with the flat metric.

(i) Prove that the mean curvature vector field H on S* is the inward-pointing unit
normal field on $3,

H=-z= —(xl,xz,x3,x4),
xb X2, K3, 1t being the coordinates of RY*=C2= {z1 =xl4+ix2, 2Z2=x3+
4
ix*}.
(ii) A Hopf vector field on S is a vector field tangent to the fibres of the Hopf

fibration ¢ : S° — S? (see Problem 5.17). The standard Hopf vector field U
on $3 is the restriction of the vector field

U, =iz € X(C?). (%)

Prove that U coincides with the vector field (¢) in Problem 5.28, that is, with

0 0 0 0
* 2 Y 12 4 ¥ 3. Y
X(z',zz) =—u Jul tu ou’ u oul +u out’
d=u'+iu?, 2=+t
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(iii) Let  be the restriction to 3 of the usual Kihler 2-form
(iX,Y), X,YeX(C?,
on C? and denote by V the Levi-Civita connection of g. Prove that

(Vxo) (Y, Z2) = g(X, Z)g(Y,U) — g(X,Y)g(Z,U), X,Y,ZeX(5%).
(%)

Hint (to (1)) Recall that the mean curvature vector field at any point p € S 3is
13
Hp = § Zl()l(ej',ej),
=

where o stands for the second fundamental form of S3 and ey, e, e3 is any orthonor-
mal frame on S at p.

Hint (to (iii)) Apply that 3 is a totally umbilical hypersurface of C> = R*, so that
(see [26, p. 101]) the shape tensor (another usual name for the second fundamental
form) is given, as here r = 1, by

a(X,Y)=—g(X,Y)z. ()
The reader can find the relevant theory developed, for instance, in Wood [38].

Solution
(i) Let V denote the flat connection on R*. We have the usual decomposition into
tangential and normal parts,

VxY = (VxV)™ + (Vx V)" = VxY +a(X,Y), X,YeX(s%).

Using the identification C> = R*, we can write the position vector field on R*
by z = (z',z%) = (x!, x2, x3, x*). This is normal to S3 at each point p € S>,
and (it is immediate that) it satisfies

Vxz=X. (Ferrek)
Hence we have at any p € $3 that, e1, €2, e3 being an orthonormal frame on s3
at p,

3

3 3
1 1 — nor 1 —
g(Hy ) =3 glatej.e)).2) =3 &((Vee)"™.2) = 5 _X}g(ve_,e,-, 2)
]:

j=1 j=1
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3
] « ~
~ 3 Y 8lej,Ve;2) (as glej, 2) =0)
j=1

3

1
:—3 E glej,ej)=—1.

j=1

So indeed H = —z.
(i) Immediate from the identification C? = R*.
(iii) We have that

(Vx)(Y. Z) = Vx(o(Y, Z)) —o(VxY, Z) — w(Y, Vx Z)

=X(o(Y,2)) + (1zw)(VxY) — (tyw)(Vx Z)
=X(0(Y, 2)) + (1z)(VxY) — (1zw)(a(X, Y))

— (ty®)(VxZ) + (tyw)(«(X, Z))  (by Gauss eq.)
= (Vxo) (¥, Z) — (1zo) («(X.Y)) + (tyo) («(X, Z))
=-w(g(X,V)z,Z) — (Y, g(X,2)z) (by Vor=0and (xx+))
=g(X,Y)o(U, Z)—g(X, Z)w(iU,Y)
=—¢(X.Y)g(U.2)+g(X. Z)(U,Y).

Problem 6.147 Let T'S? be equipped with the Sasaki metric g (see Definition 6.3).
Prove that the energy functional of a unit vector field U € X(S3) is given by

_1 2 2
EWU) = IVU|“v 4+ 377,
2 SS
where v denotes the Riemannian volume element.
Hint Viewing U as a map of S3to Ty (S3), the differential map U, splits into vertical

and horizontal components, U, = U} + U},}, and since the Sasaki metric renders this
an orthogonal decomposition, the energy

1 2
EWU) =< | |Uslv,
2 3
splits accordingly.
The reader can find the relevant theory developed, for instance, in Wood [38].

Solution Let 7 : 73 (S3) — S be the bundle projection, and let

T(T](S3)) =V e
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denote the vertical/horizontal splitting induced by the Levi-Civita connection. Fur-
thermore, write
S=wewt

where % denotes the line bundle generated by U, and % is the orthogonal com-
plement. Thinking of U as a map from S3 to Ty (S3), the differential map U, splits
into vertical and horizontal components,

U.=UY + UM

Since the Sasaki metric renders this an orthogonal decomposition, there is a corre-
sponding splitting of the energy of U,

_! o X (oo Lo
EQD_ZAJMqv_zﬁJMJv+2LJ%|u

k: TTS> - TS3

If

denotes the Levi-Civita connection map (see Definition 5.1), then
UY]P = | o UY| = Ik o Un> = VU2

On the other hand, since 7 is a Riemannian submersion and U a section, then
e1, e2, e3 being an orthonormal frame field on S3, we have

3
P = | 0 U[? = e 0 Ul = lidp o P = 3 g(id(e), id(e;))
j=1

3
= Zg(ejaej) =3,
j=1

the dimension of S°.
Therefore, the energy functional is (for vol(S3(1)) see the table on p. 581 and
take A =1)

3
EWU)== /|VU|u+2vm@3 /|VU|U+3ﬂ

Problem 6.148 Consider 7'S> equipped with the Sasaki metric.

(i) Prove that a unit vector field U € X(S>) is a harmonic section (see Remark 1
below) of the unit tangent bundle T (83) if and only if U satisfies the Euler—
Lagrange equations (see, for instance, [4])

V*VU = |VU U, ©)

where V*V is the trace Laplacian V*VU = —tr V2U.
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(ii) Prove that () is equivalent to the similar equation for the 1-form U b metrically
dual to U,

vV = VU P U (1)

Hint Let {U, : t € I} be a one-parameter variation of U through unit vector fields,
for some open interval / containing 0, and define

@: 83 x 1 — Ti(S?)
(. 1) — D(x,1) = U (x).

Let e, e2, €3 be an orthonormal frame field on S3, and denote by e; the natural
extension of e; to a vector field on $3 x I. Then {e1, ez, e3, d/0t} is an orthonormal
frame field on S3 x I. Let V denote the Levi-Civita connection of S3 x I, and R
the curvature tensor; note that Ié(TS3, T1)=0,since $3xIisa product manifold.
Start computing %|VU,|2 and %|,:0E(U,), E(U,) being the energy of U,. Then
note that

dU
— | ex(s?),
dr t=0
and that
du,
g <_t ' U) - O’

since U is a unit vector field.

Remark I According to [38], a unit vector field U which is a critical point of the en-
ergy functional subject to the present constraints is called simply a harmonic section
of T1(S 3). This is weaker than asking for U to be a harmonic section (in the usual
sense, i.e. with respect to the Hodge—de Rham Laplacian A = d§ + 8d) of 7'S>, as
in the latter case U should criticalise energy with respect to variations through all
nearby vector fields, not just those of unit length.

Remark 2 The trace Laplacian is also called the rough (or connection) Laplacian.
The reader can find the relevant theory developed, for instance, in Wood [38].

Solution

(i) According to the hint, we calculate

d d
3 IVUIP =2 —8(VeUp, Ve, U



502 6 Riemannian Geometry

3
= 225’(?% %,45, 65,45);:0

3
=2) (V3 , ®.V®),_, (asV22;=0)

a0

3
= S0 = o
=2 Zg (Vezjﬁ’, P+ R<E ej><13, ngfﬁ)t_o (by Ricci identity)

3
=23 g(V2 ,0.95,®),_, (as R(TS*, T =0).

€j> 91

So, according to Problem 6.147, we have that the energy E (U;) of U, satisfies

d 1 5 2 d 1 2
= VUi |"v+3n° ) = — = VU |"v
=0 2 $3 dt =0 2 3

EWU) =<
_l/ d
_2 S3<dt

dt

t=0 dr

t=0

/ Wi oy, / du,
= -, V= —
S3 § dr ! =0 s3 & dr

Now, according to the Fundamental Lemma of the Calculus of Variations,
given a connected, compact and oriented manifold M, if

, V*VU)U.
=0

/ hihov=0, hy,h)eC®M,
M

for all iy, then hy = 0.
In the present case, given an arbitrary vector field V in the subspace orthog-
onal to U, there exists a one-parameter variation U; of U such that

y _ U
T odr

t=0
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Hence from the formula

/ g(V, V*VU)U =0
S3

one obtains that V*VU should be proportional to U. In fact, if this were not so,
one could take a V such that the scalar product g(V, V*VU) would be positive,
which is impossible.

Therefore, the Euler—Lagrange equations read

VAVU = fU,

for some function f on §3. Taking {e 7} to be at the centre of a system of normal
coordinates, it follows that

3

f=g(V*VU.U) == g(Ve;Ve;U.U)
j=l

3
= (e 8(Ve,U.U) + 8(Ve,U. Ve, U)
j=1

=|VU]®> (since |U*>=1).
(i) is immediate from (i).

Problem 6.149 Let U be a Hopf vector field on S* viewed as a map of Riemannian
manifolds

U: S — T (53),

where 77 (S3) is endowed with the restriction of the Sasaki metric on 7'S°.
Prove that U is a critical point of the energy functional, that is, it is a critical
point with respect to variations through nearby unit vector fields.

Hint Let w be the 2-form on S> obtained by pulling back the Kihler form of C2.
Prove that VU’ = w and then that

VYU =sw.
The reader can find the relevant theory developed, for instance, in Wood [38].

Solution From Gauss’ equation, we have for all X € TS3 that

VxU =VxU —a(X,U)
=VxU + g(X,U)z (by (s#*) in Problem 6.146)
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| VxU+ex Uz itXew,

| VxU itXxewt

| xiVyz 42z, (as X = AU)

“|iVxz ifXewt (by (%) in Problem 6.146)
MU + A

= 'iU t Az, ) n (see (x%*x) in Problem 6.146)
iVxz ifXe¥

— O’

Clix ifxewt.

Therefore, if @ denotes the 2-form on S obtained by pulling back the Kihler form
of C2, we have for all X € 7 that

(VxU)(Y) = Vx(U,Y) — (U, VxY) = (VxU,Y) = (iX,Y) = (X, Y).

Since moreover both sides of this equation vanish when X = U or Y = U it follows
that

VU’ = w.
Hence,

3
IVUP = |[VxU' P =0l = Y gloleep). e e)) =2. ©)
ij=1

Furthermore, we have
(VZyU")(2Z) = (VxVyU’ — Vy,y U’)(Z)
=Vx((VyU")Z) = (VyU")(VxZ) — 0(VxY, Z)
=Vx(w(¥, 2)) — o(Y,VxZ) — 0(VxY, Z) = (Vxw)(¥, Z),

and consequently,

3 3
(V*VU°)(Z) = — (Z Ve, Ve, Ub> (2) ==Y (Ve,0)(ej. Z) = (bw)(Z). (00)

j=1 j=1

From formula () in Problem 6.146, it follows that

3

3
Bo)(Z) ==Y (Ve,0)(ej. Z) =~ Y (8lej. 2)g(U. ¢j) — glej.e))g(U. Z))

j=1 j=1

=2U"(2).
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So from (¢) and (¢©), we have
VIV = [V U U

Taking into account formula (7 ) in Problem 6.148, one concludes that U is a har-
monic section of 7 (S3).

6.17 Surfaces in R3

Problem 6.150 Let
52 =85>\ {NUS}CR?

denote the sphere of radius 1 in R? excluding the north and south poles. Let g
be the metric inherited from the ambient space R? and consider on S2 the Nunes
connection, or navigator connection, V" defined by the following rule of parallel
transport:

A tangent vector at an arbitrary point of Sg is parallel-transported along a curve
y if it determines a vector field on y such that at any point of y the angle between
the transported vector and the vector tangent to the latitude line passing through that
point is constant during the transport.

(i) Prove that V" is a metric connection.
(ii) Find the curvature tensor and the torsion tensor of V",

The relevant theory is developed, for instance, in Ferndndez and Rodrigues [10].

Solution

(i) Consider the spherical coordinates ¥ € (0, 7), ¢ € (0,27), on S2 (see Re-
mark 1.4). The metric inherited from that of the ambient Euclidean metric on
R3 is given by

g =dy @ dy +sin” ¥ dp ® dg,
or, in terms of the basis of differential 1-forms

o' =dy, 6% =siny dg,

dual to the orthonormal basis of vector fields

a 1 9
9 ez = . k
B, sinyr ¢

ey =

by
g=0'06!' +6%®06%
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The vector fields ey, ey define an orthonormal basis of T), (Sg) for each point
pe€ Sg, and V" is clearly characterized by

Ve“l_ej =0.
Hence, forall i, j, k=1, 2, we have
0=V, glei.ej) =(Vpg)ei.e)) +g(Vieiej) +g(ei. Vi ej)
= (V:kg)(ei,ej).

(i) The possibly nonzero components of the Riemann—Christoffel curvature and
torsion tensors are

R"(e1. ez, €1, €2) = g(Rgl»ezgz’ el) = g((vflfll V£2 - Vfrflzvgl - Vlnl’lyl’z])ez’ el)
=0,
T"(e1,e2) =V, €2 — Vg e1 — [e1, e2] = (cot ¥) e3.

That is, V" is flat but has non-zero torsion.

Remark P.S. Nunes (1502-1578) discovered the loxodromic curves and advocated
the drawing of maps in which loxodromic spirals would appear as straight lines. This
led to the celebrated Mercator projection, constructed along these recommendations
(see Fernandez and Rodrigues [10]).

Problem 6.151 Let
x:U=(0,7)x (0,27) CR> > R?
be the parametrisation of S? (see Remark 1.4) given by

x(0, ¢) = (sinf cos ¢, sinf sin g, cosH).

(i) Find the equation of the loxodromic curves (that is, the curves meeting the
meridians at a constant angle) in the coordinate neighbourhood V = x(U).

(ii) Prove that a new parametrisation of the coordinate neighbourhood V is given
by

y(u, v) = (sechu cosv, sechu sinv, tanhu).

Find the expression of the metric on S? in terms of the coordinates u, v, and
conclude that y~!: V ¢ §% — R? is a conformal map transforming the merid-
ians and parallels of S into straight lines of the plane. This map is called the
Mercator projection.

(iii) Consider a triangle on the unit sphere S* whose sides are segments of lox-
odromic curves without any of the poles. Prove that the sum of the internal

angles of such a triangle is 7.



6.17 Surfaces in R3 507

For the relevant theory of this problem and other similar in this chapter, see
do Carmo [5].
Solution

(i) The metric inherited on S? from the Euclidean metric on R3 is given by g =
d6? + sin?6 dg02. A loxodromic curve o (¢) can be taken as the image under x
of a curve (0(¢), ¢(¢)) in the plane 6¢. At the point x(6, ¢) where the curve
meets the meridian ¢ = const at the angle, say, 8 we thus have

80,0’ ()) g%, 0/ (D% + ¢/ (DX,) 4

T Ixello’(0)] lo’(1)] /0%t sin20¢2

From this one easily obtains tan? g = sin”6 ¢’2/6'2. Thus

cos

/

%
—— =ZcotB¢.
sin 6

Integrating, we obtain the equation of the loxodromic curves
0
logtan 5= TcotB(p + A).

The integration constant A is determined when a point in the curve is given.
(ii) It is immediate that the image points belong to S2. The metric inherited from
the Euclidean metric on R? is now

sech? u(du2 + dvz).

The map y is a diffeomorphism which is clearly conformal. The meridians
and parallels are the images of the coordinate lines v = const and u = const,
respectively.
The fact that the Mercator projection y—
cartography, since the angles are preserved.
(i) Under the Mercator projection, the meridians are transformed into parallel
straight lines of the plane. As the Mercator projection is conformal, the lox-
odromic curves are also transformed into straight lines. So, the asked sum is
the same as that for a plane triangle.

1'is conformal has been useful in

Problem 6.152 Prove that if two families of geodesics on a surface of R3 cut at a
constant angle, the surface is developable.

Solution Consider those families as local coordinate curves (u,v), and let X,
X, be the respective coordinate vector fields. Thus [X,, X,] =0 and Vx, X, =
Vx,X, =0, where V denotes the Levi-Civita connection of the metric g on the
surface, inherited from the Euclidean metric on R3. Hence Vx, Xy =Vx,Xu. As
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| Xul, | Xy| are constant, it follows by the hypothesis of constant angle, say 8, that
one has

g(Xy, Xy) =|X.,||Xy| cos B = const.
Thus,
8(Vx, Xu, Xy) + g(Xu, Vx, Xy) = g(Xy, Vx, Xy) =0.
Similarly g(X,, Vx,Xy) =0. So V is flat, thus the Gauss curvature is zero, hence

the surface is developable.

Problem 6.153 Consider a surface of revolution around the z-axis in R3, the vector
field X = y% - xa% tangent to the parallels of the surface, and a unit vector field

Y on that surface. Show that if g(X, Y) = const, where g denotes the metric on the
surface, inherited from the Euclidean metric on R3, then Y is invariant by X, that s,
LxY =0.

Solution We have
(Lxg)(X.Y)+g([X. X1.Y) +g(X.[X,Y]) =0,

but Ly g = 0 since X is the infinitesimal generator of the group of rotations; so that
we have g(X, [X, Y]) =0. On the other hand, as g(Y, Y) =1, one has

(Lxg)(Y,Y)+g(IX.Y1.Y)+g(Y.[X,Y])=0,
thatis, g(Y, [X, Y]) =0. Therefore, [X,Y]=LxY =0.

Problem 6.154 Consider the following surfaces in R3:

(a) The catenoid C with parametric equations (see Remark 1.4)
x =cosacoshf, y =sinwo cosh 8, z=8, a€(0,2n), BeR,

that is, the surface of revolution obtained rotating the curve x = cosh z around
the z-axis.
(b) The helicoid H with parametric equations

X =Ucosv, y=usinv, z=v, u,veR,
generated by one straight line parallel to the plane xy that intersects with the
z-axis and the helix x =cost, y =sint, z =t (see Fig. 6.18).

Let g = dx?+dy? +dz? be the Euclidean metric of R? and denote by i : C < R3
and j: H < R3 the respective inclusion maps.

1. Compute i*g and j*g.
2. Prove that (C,i*g) and (H, j*g) are locally isometric. Are they isometric?
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Fig. 6.18 The catenoid (/eft).
The helicoid (right)

Solution
@
i*g = cosh? B(da?® + dp?), j*g =du + (1+u?) dv?.
(ii) The coefficient 1 4+ u? of dv? in j*g suggests that we try the change u =
sinh 8, v = B, which is only a local isometry. There is a global isometry of

the catenoid with the open submanifold of the helicoid corresponding to any
interval v € 2km,2(k + 1)), k € Z.

Problem 6.155 Let S be a surface of R? with the metric induced from that of R3.
Say if the following statements are true or not:

(i) The geodesics of S are the intersections of S with the planes of R3, and con-
versely.
(i) The geodesics of S are obtained intersecting S with some chosen planes.

Solution

(i) No. For example, the geodesics of S? are only obtained when the plane goes
through the origin.
(i) No. For example, the helices in the cylinder are not obtained in such a way.

Problem 6.156 Prove that there is no Riemannian metric on the torus T2 = §! x
S1 with Gauss curvature either K > 0 in all points or K < 0 in all points.

Hint Use the Gauss—Bonnet Theorem.

Solution The Gauss—Bonnet Theorem establishes that for a connected, compact
and oriented 2-dimensional Riemannian manifold, one has

/ K =2 x(M),
M
where x (M) denotes the Euler characteristic of M. On the torus, since x (T2) =0,

we have [, K =0, and thus it follows that it is not possible either to be K > 0 for
all peT?, or K <Oforall peT?.
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Problem 6.157 Determine the volume form for the Riemannian metric induced
by the Euclidean metric on R? on the unit sphere S? in R?, in terms of spherical
coordinates (p, 6, ¢) with p = 1. Compute the volume vol($2).

Solution The sphere S? with radius p = 1 can be parametrised (see Remark 1.4) as
Xx =sin6 cos @, y =sinfsing, z=cosf, 0e(0,m), ¢ €(0,2m).

Hence, the metric induced on S? by the metric dx? + dy* + dz? of R3 is d9% +
sin? @ dp?. The volume element is

v =,/det(g;;)d0 Adp =sin6 do A dg,
2 b4
vol(Sz):/Szvz/szsinede/\dgozfo (/0 sin9d9>d¢=471.

Problem 6.158 Compute the volume form for the Riemannian metric induced by
the Euclidean metric of R? on the torus 72 on R? obtained by rotating a circle with
radius a and centre (b, 0,0), b > a > 0, around the z-axis. Determine the volume
vol(T?2).

and

Solution 72 can be parametrised (see Remark 1.4) as
x=(R+rcosgp)cosH, y=(R+rcosgp)sinb, z=rsing,

¢ € (0,2m), 6 € (0,27), R > r. Hence, the metric induced by the metric dx? +
dy? +dz2 on R? is

g= r? d(p2 + (R 4+ rcos go)z de?,

the volume form is

v=1/811822 — 85, d¢ AdO =r(R +rcosp)dp A d,

and the volume is

2r 2w
vol(Tz)=/T2v=r/T2(R+rCOS(p)d<p/\d9:r[o A (R 4+ rcosp)dpdd
= 47 Rr.

Problem 6.159

(i) Consider the flat torus 72 = R?/Z2.
Prove that the map induced on T2 by the map @ : R — R* defined by

1
D(x,y)= E(COS 27 x,sin2mxx,cos2my, sin2mwy),
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is an isometric embedding of 72 in R*.
(i) Let ¥ : R3 — R* be the map

Y(x,y,z)= (x2 — yz,xy,xz, yz).

Since ¥ (—x, —y, —z) = ¥ (x, y, z), by restricting ¥ to the sphere S2CcR3
and passing to the quotient, ¥ induces a map from the projective plane RP? =
§?/~ into R*. Prove that this map is an embedding.

(iii) Compute the length of the circles z = const on S? with respect to the metric

g=w*(dx' ®@dx' +dx* @ dx® + dx’ @ dx’ + dx* @ dx?)| .

(iv) Prove that (S 2 g), where g is the metric in (iii), is not isometric to S 2 with the
standard round metric. (Actually, it is not even homothetic.)

Solution

(i) Let t: R? — T2 denote the quotient map. Since
S(x+m,y+n)=®(x,y), m,nelr,

the map
p:T* >R, p(p)=0(q), qget ' (p),

is well-defined. Since ¢ o T = @ and 7: R?> — T2 is a local diffeomorphism, ¢
is C°°. Moreover,

—2msin2mwx 0
277 cos 2 x 0
rank ¢, = rank @, = rank 0 —2mwsin2my | 2
0 2w cos2my

Hence ¢ is an immersion. Let us see that it is isometric. We have, putting R* =
(et 22, x3, xh),

*(dx' @ dx' + dx? @ dx? + dx? @ dx® + dx? @ dx?) = dx? + dy?.

From the compactness of 72 it follows that ¢ is an embedding. Hence, ¢ is an
isometric embedding.

(i) As ¥ (p) =¥ (—p),therestriction of ¥ (again denoted by ¥) to the unit sphere
with centre at the origin of R? induces a map ¥ : RP?> — R* with ¥ (p) =
¥ (p), where p denotes the class of p in RP2. Let us see that ¥ (hence Y¥)is an
immersion. We have

2x 2y

~
=
= = OO
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Hence rank ¥, # 3 implies x = y = 0. Given any X € T(O’())i])SZ, then X =
!(a,b,0) and if ¥, X = +(0,0,a,b) =0 then X = 0. Thus, if j: §> - R>
denotes the inclusion map, then ¥ o j is an immersion.

The tangent bundle TRP? can be defined as the set

TRP*={((q.Y),(—q,-Y)), g € $*, Y € T, 5*}

endowed with the differentiable structure inherited from the usual one of T S2.
Thus, from the diagram

RP2 — Y, R4

d! [+
52 TN R3
we conclude that ¥ is an immersion.

On the other hand, v is injective, as it follows from calculation, due to the
condition x2 + y? 4 z% = 1. From the compactness of RP?, it follows that 1/ is
an embedding.

(iii)) Consider the parametrisation of the sphere (see Remark 1.4)

x =cosf cosg, y =cosfsing,

z=sinf, —nw/2<0<m/2, 0<¢ <2m.
As a simple computation shows, we have
g=(Qxdx —2ydy)* + (xdy + ydo)* + (xdz + zdx)* + (ydz + 2dy)?) | 2
= <l — % sin” 26 sin’ 2g0) do? + % cos? 6 sin 20 sin 4¢ d6 dg
+ cos? 9(1 + 3cos? 0 sin® 2<p) d(pz.

The length with respect to g of the circle C defined by 6 = 6 is

2
14(C) = cos by / \/ 1 4 3 cos2 6 sin® 2¢ dg.
0
Making the change of variables
t=2¢— 2
= (p 2 .

we obtain /,(C) in terms of an elliptic integral of the second kind,

1(C) = cosBpy/ 1 + 3 cos? 90/ V1 —ksin?zdt,

—r/2

/2
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where
V3 cos 6o
J1+3cos26y

(iv) The explicit expression of the Gauss curvature K = K (9, ¢) obtained by us-
ing the formula for the Gauss curvature of an abstract parametrised surface on
p. 597 is rather long, but, as a simple computation shows, K is not constant. In
fact, we have

K(Z.0) = —2005( %) +900s(T) ~3cos(Z) +3cos(Z) =
2 s = COS 2 Cos 4 COS 4 COS 2 = 32 ,

K T\ 1973 K T\ 16067107
4’4 ) 2048’ 4’3 ) 48234496

k=

This proves that g is not isometric to the round metric.

6.18 Pseudo-Riemannian Manifolds

Problem 6.160 Consider M = R? \ {0} equipped with the metric

_dr®dy+dy®dx
§= 212 :

The multiplication by any nonzero real scalar is an isometry of M. Consider, in
particular, the isometry A(x, y) = (2x, 2y). The group I" = {A" : n € Z} generated
by A acts properly discontinuously. Hence T = M/I" is a Lorentz surface. Topo-
logically, T is the closed ring 1 < r < 2 with the points of the boundary identified
by A. Consequently T is a torus, named the Cliffon—Pohl torus; in particular, it is
compact.

(i) Show that T is not complete. According to [26, p. 202], it suffices to prove that
M is not complete. For this, prove that the curve

1
)y=[——-0
a0~ (555.9)
is a geodesic.

(i1) Find a group of eight isometries and anti-isometries of M.

(iii) Prove that s — (tans, 1) is a geodesic, and deduce that every null geodesic of
M and T is incomplete.

(iv) Prove that X =x d/dx 4 y d/dy is a Killing vector field on M.

(v) If o (s) = (x(s), y(s)) is a geodesic, then if r> = x? + y?, prove that % y/r> and
(xy + yx)/r? are constant.

(vi) Show that the curve 8: s — (s, 1/s) is a pregeodesic of finite length on [1, 00).
(A pregeodesic is a curve that becomes a geodesic by a reparametrization.)
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Remark This example shows that for pseudo-Riemannian manifolds compactness
does not imply completeness.

The relevant theory is developed, for instance, in O’Neill [26, Chaps. 7, 9].

Solution

(i) We have

1
o O mT) (0 2
x2iy2 0 ' x2 + y2 0 '

so the only non-vanishing Christoffel symbols are

2x 5 2y

Fl =5 T 5> =5 . 5>
11 x2—|—y2 22 x2—|—y2

and the differential equations of the geodesics are

d?x 2x dx 2_0 d?y 2y dy 2_0
ez x24y2\dt ) 7 ez x24y2\dt )
which are easily seen to be satisfied by the given curve. The given geodesic is
not defined for r = 1, hence M is not complete.
(i1)
(x, y) = (x, y); (x, y) > (=x, —y); (x, ) > (=x,y);
(x,y) = (x, =y); (x,y) = (¥, x); (x, y) = (=y,x);
(-xay)'_)(ya _-x)a (X’)’)'_)(_y,_x)-
(iii) We have

2sins 2tan s 1

cos3s tan?s+ 1costs
and the other equation of geodesics is trivially satisfied, for y = 1. The geodesic

is incomplete because it is not defined for &= /2. The null curves are the ones
satisfying

2 i dx/ 0
2 sig g =0
i,j=1

that is,

2  dxdy
S =0
x>+ y-ds ds
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which are the curves x = const or y = const. Due to the symmetry in x and y of
the equations of geodesics, we can suppose y = const. Then the only equation
is

. 2xx
X241
so log x = log A(x2 + 1), thus arctanx = As + B, that is, x = tan(As + B).
As the geodesic
s+ (tan(As + B), 1)

is a model for the null geodesics, it follows that these are incomplete for M. So
they are also incomplete for 7.

(iv)

(v)
dxy 1 6.6 .
— — = —g2(0,0) = constl.
ds 72~ 28

As for (xy 4 yx)/r2, we have on account of the differential equations of the

geodesics:
d (xy+yx 1 . . .. .. . .
ds (%) = (5 %y + 0375 3% = 20y5? = 2w yi?)
1 32y)')2 22x5c2 22y)'12
=74<x T Ty

2xx?
+y3r—2—2xy)'12—2xy5c2)=0.

(vi) We have
dy B dy /dx d2y B x/y// _x//y/
dx dr/ dt’ dx2 X3
From the equations of the geodesics given in (i) it follows that

r

(x y x//y/) ()C2 + y2) — 2x/y/ (yy/ _ xx/).

Hence

d*y dy ( dy
@(x2+y2)=2—<y——x>, )

which are the equations of the geodesics for any parameter. The condition (x)
is satisfied if y = 1/x, as it is easily seen.
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The tangent vector along the curve is

po=2] L2
3x | g(s) 52 dy ﬁ(s)’
hence
; V2
1B)]=/]2(B®). B)|= —

Since 1 +s~% > 1 for s > 0, we obtain

© /2ds _ ﬁs‘zds D)
/1 Vitst N Vixs 3 / VaT =2

Problem 6.161 Consider on R® the scalar product

(L y=de'@dd+d @dx! + dx? @dx? + dx* @ dx? 4 dx® @ dx’ + dx® @ dx®,
and the tensor of type (1, 1) given by

3 3 , 0 ;9 3 3 6
J = F@dx +ﬁ®dx —F®dx —ﬁ@)dx +ﬁ®dx —ﬁ@)dx .
(i) Let W = (5%)i=2, 6. Calculate W ={v € R®: v L W}.

(ii) Let W = (5%)i=3, 6. Calculate W=.

(iii) Do we have dimW +dim W+ =6 in (i) and (ii)?

@iv) LetU = ( ), 12and V = (dx’)l 34.Provethat J X=X, X e U and JX =
—X,Xe V.

(v) Calculate a vector X ¢ U UV such that (J X, JX) =0.

.....

Solution

1) Wt=(3/0x3).

(i) Wt =(9/9x3,0/0x*)

(>iii) Yes.

(iv) Immediate.

(v) Take, for instance, X = (1,0, 1,0, 0, \/5). Then

(JX,JX)=((1,0,—1,0,—+/2,0), (1,0,—1,0,—~/2,0)) =0.

Problem 6.162  Consider the pseudo-Euclidean space R}, that is, R" with the
pseudo-Euclidean metric of signature (k,n — k):

k n
—dei®dxi+ Z dx! ® dx'. (%)

i=1 i=k+1

Compute the isometry group I (IR}) of R}. For this prove:
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(i) The linear isometries of R} (i.e. the isometries of R} which belong to
GL(n, R)) form a subgroup O(k, n — k) of I(RZ).
(i)) The set T'(n) of all translations of R} is an Abelian subgroup of I (IR}) and it
is isomorphic to R” (under vector addition) via t, <> x.
(iii) Each isometry ¢ of R} has a unique expression as 7, o A, with x € R} and
AeOk,n—k).
(iv) The composition law in 7 (R}) is

(tx 0 A)(Ty 0 B) =Ty44y 0 AB.
Hint (to (iii)) Suppose first ¢(0) = 0.

The reader can find the relevant theory developed, for instance, in O’Neill [26,
Chap. 9].

Solution

(i) The group O(k, n — k) of linear isometries of R} can be viewed as the subgroup
of matrices of GL(n, R) which preserve the scalar product

k n
(v,w):—Zviwi—}— Z viw', v, weR".
i=1 i=k+1

(i) Given xg € R}, from (x) one has that the translation 7, sending each v € R}
to v + xg is an isometry. It is clear that 7'(n) is an Abelian subgroup of I (R})
isomorphic to R”.

(@iii) If ¢(0) = 0, then the differential g0 at O is a linear isometry, hence it cor-
responds under the canonical linear isometry ToR} = R} to a linear isometry
A: R} — R}. But then Ao = @40 and thus ¢ = A by Theorem 6.22.
Now, if p € I(R}), let x = ¢(0) € R}. Thus (z_x 0 ¢)(0) =0, so that by the
above results, 7_ o ¢ equals some A € O(k,n — k). Hence ¢ = 7, o A.
If o 0o A =1y 0 B, then x = (7, 0 A)(0) = (7, o B)(0) =y, hence also
A=B.
(iv) Immediate.

Problem 6.163

(i) Find the exponential map for IR}
(i) Isexp P for p € R7, a diffeomorphism?
(iii) Is exp, an isometry when 7}, R}’ has the metric induced by the canonical dif-
feomorphism T, R} = R}?

The reader can find the relevant theory developed, for instance, in O’Neill [26,
Chap. 3].
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Solution
(i) The geodesic y(¢) through p with initial velocity vector v, € TI,RZ is the
straight line y (t) = p + tv. Thus

exp,: TpR} — R}
v, = yl)=p+v.
(i) Yes, as exp,, is the composition of the canonical diffeomorphism 7, R} = R}

and the translation 7, : x = x + p.
(iii) Yes, since both maps T, R} =R} and 7, are isometries.

Problem 6.164 Consider the open submanifold
M={(x,y) eR*:x+y>0}
of the 2-dimensional Minkowski space
(Rz, g= dx? — dyz),
equipped with the inherited metric g|3s, with which M is a flat simply connected

Lorentz manifold.

1. Prove that (M, g|p) is a non-complete G-homogeneous pseudo-Riemannian
manifold, where G is the non-Abelian group G = R x R with product

w,v) (' V) =(w+u'e™, v+),
under the action
(u,v) - (x,y) =(x —coshv + ysinhv 4+ u, x sinhv 4+ ycoshv —u). (%)

2. Does act G freely on M?
3. Can we identify M and G?

The relevant theory is developed, for instance, in Besse [2, 7.1].

Solution

1. (1) Itis immediate that (M, g) is incomplete since its geodesics are the restric-
tions of the geodesics of (Rz, g) to M, and these are the straight lines.
(ii) On the other hand, G acts on M: Writing (x’, y’) = (u, v) - (x, y), we have
x'+y =e(x+y)>0,hence (x',y) e M.
(iii) The action is transitive: Given two points (x1, y1), (x2, y2) € M, there exists
(u, v) € G such that (4, v) - (x1, y1) = (x2, ¥2). In fact, take the parallels to
the straight line x + y = 0 through (x1, y1) and (x2, y2), and let (x{, y{)
and (x}, y5) be, respectively, the points of intersection with the branch of
the hyperbola x> — y2 = 1 passing through (1,0). Then it suffices to con-
sider the composition of three transformations: The first one from (x1, y1)
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to (x{, y}), of type (u1,0); the second one from (x{, y;) to (x}, y;) along
the branch of hyperbola (with u = 0); and the third one from (x}, y}) to
(x2, y2), again of type (u2, 0).
2. If (u,v) - (x,y) = (x,y), it is clear that we must have u = v = 0.
3. Yes, as the action (x) of G on M is simply transitive (that is, transitive and free,
see Definition 4.32 and Theorem 4.34).

Problem 6.165 Find, using Cartan’s structure equations, the Gauss curvature of
R? endowed with the pseudo-Riemannian metric

4
g =—(cosh?2ydx? — dy?), 0#ceR.
C

Hint Consider an orthonormal moving frame and Cartan’s structure equations on
p. 597, that is,

d6i ==Y @i A (e0)), @i +@i=0, A =—)_ e A ik + 2.
j k

Solution We have the orthonormal moving frame on R2,

S R NG

2 cosh2yax’ 2T 2 ay

That is, g(X;, X;) =¢;,i = 1,2, with e =41, e = —1if ¢ > 0, and ¢] = —1,
&y = +1 if ¢ < 0. Its dual moving coframe is

<é1 = icoshzydx, 2o dy).
Vel Vel

Let éi = siéi (no sum) and let ZB’] be the connection forms relative to o. Then

wjj = 8,’53 (no sum)

is the only set of differential 1-forms satisfying the first structure equation

c~oij+c7)ji=0, déiZ—ZLT)ij/\(Sjéj).
J
We only have to calculate @1,. From

~ ~ ~ 4 - ~
d(e1601) = &1 do, = (81)2 d91 = — Sinhzy dy A dx = —g1012 A 626>

Vel
. (2 N 2
=—w12 Ae1(e2) N dy | =—wn e 7 dy |,
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one obtains that

@1y =2¢&1 sinh2y dx.

The Gauss curvature of the pseudo-Riemannian manifold (R?, g) is the differen-
tiable real-valued function K defined by

dwy = Ké] /\9~2,

that is, by

2 2
4e1cosh2ydy A dx =160 K ——=cosh2ydx A ——=dy.
Vel Vel

Thus, as

% eolc] ifep =—1(c>0),
= — C|l =
2 —lel=c ifer=1(c<0),

we obtain that (R2, g) has constant Gauss curvature K = c.

Problem 6.166 Prove, by using the Koszul formula, that the half-space
H = {(xl,xz,x3,x4) eRY: x> O}

endowed with the pseudo-Riemannian metric

_ ldx!' @dx! +dx? @ dx? — dx? @ dx® — dx? @ do?
K (x1)2 >

0#£K eR,
has constant curvature — K .

Solution Applying the Koszul formula in Theorem 6.4 to ¢; = 8/9x’,i =1,2,3, 4,
we obtain, on account of [e;, ;] = 0, for instance, for V,, e:

S1i 1
2g(Ve e1,e;) =2e1g8(e1, e) —eigler, er) =2e; (71) - ei( )

K(xl)z K(xl)z
81; 2 1 281; 281;
= 2— —_—— —_ — | — = — s
K (xl)3 K (x1)3 K(x1)3
from which V. e = —xilel. Similarly, one obtains:
1
Vee1 = —Ve,e2 =Vee3=Ve,e4 = e Ve €2 =V, = T
1

Ve €3 = Vel =—11% Ve, e4=V,e1 = 1%

Ve,03 = V€2 =Vpe4 =Ve,e0 =Vye4 =V, e3=0.
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Thus
1
—R(e1,ez2)ex = R(ey, e3)e3 = R(ey, eq)eq = Wel
R( ) R( ) ! R( ) !
er,e3)e3 = R(ep,e4)es = ——e e3,e4)e4 = ———=e3.
2,€3)e3 244(x1)22 344(x1)23
So
K
—Ri212 = R1313 = Ri414 = R2323 = Roa24 = —R3434 = GO

Finally, the sectional curvature K (P;;), 1 <i < j <4, has values
K (P12) = K(P13) = K(P14) = K(P23) = K(Pu) = K(P34) = —K

Problem 6.167 Let M be a pseudo-Riemannian manifold of dimension n > 2:
Show, by using Cartan’s structure equations, that if there exist local coordinates x’
on a neighbourhood of each x € M in which the metric is given by

Yoeidxl @ dx'
1+ &5 e (xi))?

then (M, g) has constant curvature K.

g= gi=+1,i=1,...,n, K €R,

Hint See the hint in Problem 6.165.
The relevant theory is developed, for instance, in Wolf [36].

Solution Let r(x) = (¢;(x')?)!/? and A(x) = —log(1 + (K /4)r?). Then (e~ )
is an orthonormal moving frame, that is,

¢ a0 40\ e ifj=i,
axi’ axJ 0 ifj#i,
whose dual moving coframe is (éi = eA dx?). Therefore,

A
di' =eAdA A dx' = ZA dxf/\dx‘ Ze/ de’
)C

0A .
—291 (—dx eisj—.dx]>.
dx?

Let 5’1 denote the term in parentheses. One has

~ ~i 0A 0A
wijzsiwjze,ax dx’ —ejﬁdx _—a)j,,
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hence &', are the connection forms relative to (e ™4 %). The second structure equa-
tion is thus

£2ij =d5ij + Ze@jk A @ik

Now, since
d0A _ gaixi
ax 1+ %,,2’

the three summands at the right hand side can be written, respectively, as

A+ 5D 5e00) + Sejxi Kext
Zk: ; (11K r2)2 dx® A dx',
=D e (Lt i Feidu) + Forx' Forxt dxk A dx/
; 1+ + K 2)2 ’
k 4
and
K—zskekxkxk . ) K—2£~skxixk .
Z<3k8j8i4—de] A dx! —Ské‘jsk%dxj /\dxk
: (1+ %2 1+ 52y
K2
K gjerxdxk )
—8/{8/(8‘7(31 Adx!
(14 K2y

Substituting, we obtain
~ giejK

= —d  dxi Adx! = Keif' Aeif =K AO;.
YT+ K22 B Y

Problem 6.168 Consider, for each integer n > 1, the Lie group

Sln ’v n
G = 0 1 eGL(n+1,R):s>0, veR"}.

(i) Prove that the Lie algebra g of G is

I3
g={<s(1)" S>GM(n+1,R):seR, veRn}.
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(ii) Let{Eo, E1, ..., E,} be the basis of g given by

t,.
Eo=<1(;‘ 8) E,:(g g) 1<i<n,

523

{e;} being the usual basis of R”. Consider the left-invariant metric g on G such

that

g(Eo, Eo)=—c*,  g(Eo,EN=0, g(E,Ej)=38; 1<i,j<n.

That is, {#°, 6!, ..., 06"} being the basis dual to {e;},
g=—c0®0°+0'@0' +...+0"®6", c+#0.

Prove that this metric is not bi-invariant on G.

(iii) Prove that the Lorentzian Lie group (G, g) is a manifold of positive constant

sectional curvature 1/c2.
(iv) Show that the given metric is not complete.

Hint (to (iv)) Find a specific geodesic in G, for instance, the geodesic y () with

initial conditions
1 n
0) = Int1, '0)=—=) Eil.
Y(0) = Iy ¥'(0) ﬁl; il

and show that ¢ € (—oo, +00) does not hold true.

The relevant theory is developed, for instance, in Poor [28, Chap. 6].

Solution

(i) We have for any element of g that
s, W\ _ sl, W 1 (%1, st
exp(o 0)—n+l+<0 0 +E 0 0

1 (s31, s*t
+§<O O +...

2 3 2
:<(1+s+‘;—!+‘;—!+~--)1n A+ 5+5+-

0 0

s t
=<COI” IIU)GG.
t,. t,.
[Ei,Ej]=[<g g‘>,(g f)f)}zo, 1<i,j<n,

(i) One has
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0 ’el- In 0 _ 0 ’el- _ )
o=[(6 ) 9] -

Hence, for 1 < i, j < n, one has
g(adg; Eo, Ej) + g(Eo, adg; E;) = —§;;,

so g is indeed not bi-invariant.
(iii)) As g is left-invariant, the Koszul formula for the Levi-Civita connection V
reduces to

24(VxY,2) =¢(IX, Y1, Z) — g(I, Z1, X) + ¢(1Z, X1, Y),

and we obtain that
Vi, Eo=VEE; =0, Vi Eo=—E;,
1 (%)
VE,-Ej:__25ijE0a 1<i,j<n.
c

The curvature tensor field has thus components

1
—E;, 1<i#j<n,

R(Eo, Ei)Eo = Ej, R(Ei,Ej)Ei:_C2
from which
1 1 1 1
R _E()ina_EOaEi =_2, R(Ei’Ejinij):_z,
C C c c

so (G, g) has in fact constant sectional curvature 1/c2.

(iv) G may be considered as the semi-direct product solvable Lie group R” xy R*
of the additive group R"” and the multiplicative group of positive real num-
bers R* under the homomorphism ¥ : RT™ — AutR”, ¥ (s)(v) =sv, s € RT,
v eR", and g can be identified with the semi-direct product R" %, R with
respect to the induced homomorphism ¢: R — EndR". We can thus write

Eo=(0,1), E;=(e;,0), 1<i<n.
A curve y in G is given by
vor) 0 ... 0 v
0 . .
y(t)= : .0 : ,

: vo(t)  vu(1)
0 0 1

where vg, v1, ..., v, are real differentiable functions and vy is positive.
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Denote local coordinates on G by
(x = (xl, ...,x”),xo).

To get the equations of a geodesic curve, one must take derivatives with respect
to the coordinates and then sum with respect to the coordinate vector fields;
but the coordinate vector fields are not left-invariant, i.e. they coincide with the
vector fields E; only at the identity element of G, which is the identity matrix
In+l P
d
Eil,p =5

i
dx Iny1

, 1=0,1,...,n.

To find the relation between the coordinate vector fields and the left-invariant
vector fields at a generic point in y (¢), note that due to the product law in the
group we have

Y0, y) = (v(t), vo(0) (x, x°) = (v() + vo(r)x, vo(1)x°)

so that, L denoting left translation, one has

0 0
Ei'y(l)z(L)/(I)*)I;Hl_' =vo(t)— , i=0,1,...,n.
x|y, x|y )
Thus the relation we looked for is
0 1
P = —°L; s i:O,l,...,n,
xty@y w® Ty

and hence, from expressions (%) above, it follows that the equations of
geodesics are

d%vp 1 /dvg 2 1 <« dv; 2

— (=) - ) =o,

ar2 vo( dr ) 2 ;( dr > ()
d?v; 2 dyg dv; ,
L2 _—"21-0, 1<i<n. (ekex)
dt2 vy dr dt

We look for the solution y (¢) with initial conditions

1 n
y© =k, VO =—7=)Y Eil,- ()
v i=1
To this end, multiplying the equation (x%%) by %, i=1,...,n, we can write

1d ((dy\*\ _ dvd®y; 2 dv (dvi )’
2dr \\ dr Todr di2 T wg dr \ dr )
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Ldw; 2 dvo dv; \?
— = ——w; where w; = —
2 dt vo dr dt

dw; dvg

that is,

or equivalently,

wi v
Integrating we get

log w; zlogvg—i—ai, a; € R,

dv,- a; 2
— =¢€X — | V,.
a 9P 7)Y

Integrating the previous equation, we obtain

from which one has

v,-:exp(%)fv%dt+bi, bi € R. (1)

Substituting the previous expression into equations (xx), we have, after simpli-
fying, that

d?vy 1 /dyg 2 a "
O:F—v—o($> _C_ZUS Wherea=Zexpa,~ .

i=1

Taking then
t 1
vo=sec| - | = ———, ()
c cos(;)
one gets
dvy 1 sin(p) vy 1 1+sin’())
dr ccos?(L)’ 2 ¢? cos3(f) 7
and hence
dug  Ldw\_ 1 11,
dr2 oy \ dt czcos3(L) 2 0
anda =1.

In turn, from (§%) and (1), we have

i t
v = exp(a—’> /secz(—> dr + b;
2 c
a; t
= exp(3> <c tan(—) + ci) +b;, b, c; eR.
c
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Now, the first initial condition in (1) implies

and the second initial condition in (1) then implies expa; = %
We thus obtain

t <l 4
vy =sec| - |, vi=——tan| - |, i=1,...,n
¢ N c

Since cos(£) =0 for £ = +7., the wanted solution is

sec(£) 0 ... 0 ﬁtan(é)

0 )

) ) cm cm
vo=| oo | ST

: sec(L) ﬁtan(%)

0 0 1

and the manifold is, in fact, not complete.

Problem 6.169 Consider R* as a space-time with coordinates p, ¢, ¥ and ¢, where
the first three are the usual spherical coordinates on R, equipped with the metric
(see Remark 1.4)

2 2m\ !
g:—(l——m>dt2+(1——m> dp? + p*(dy? + sin® ¥ dg?),
p P
meRY, ¥ e(0,m), ¢ €(0,21).

Prove, by using Cartan’s structure equations, that g is a solution (except at the sin-
gularity p = 0) of the empty space Einstein field equations

! 0
r—-sg=0.
558

Hint See the hint in Problem 6.165.

Remark This solution, found by Schwarzschild, was the first one known to such
field equations, and it is sometimes called Schwarzschild “black hole” metric.
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Solution The frame

2m\? 9 2m\ "2 9 19
o=(xi=(1-22) 2L xy= (1=22) T2yl
p ) 0t P dp p oY

19
X4g=—7—
pmnw8¢)

is an orthonormal moving frame, that is,

with dual moving coframe

1

= 2m 2 ~ 2m\ "2 = ~ .
Op=(1——) dt,6h=|1— — dp,03=pdyr, 04 = psinyrdy .
P o

The first structure equation,
do;, = — Zc~0ij VAN (8]'9]'),
J

gives us the non-vanishing connection forms relative to o,

1
~ ~ m - - 2m\ 2
wip = —wy = — dr, op=-wp=—1-—] dy,
o 1Y
1
~ ~ 2m\? | ~ ~
W4 = —W4) = — 1—— Slnlﬁd(p, W34 = —W43 = —COSIﬂ d(p.
P
The second structure equation,
2= dc~oij + Zs;@jk A Wik,
k
furnishes the non-vanishing curvature 2-forms relative to o,
5y 2may o 5. 8. M 53
R12=—801=—=50 N0, 213=—831=——=0 N0,
Y p
_ _ M 4 5. 8. _Ma 53
1p=—-2u=——=0 n0", 203 =—83=——=0"N0",
o P
~ A P 7 I 5z 2may ooy
924——942———39 AR 934——943——39 AR
o 4
From the equations

5 ik pl
Qij=ZRijk19 NG, l‘ij=ZRkikj,
k<l k
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one obtains that the Ricci tensor r vanishes. In fact,

ri2 = Riik2 = R3132 + Ry142 =0,

2m m m
122 = Riok2 = Ri212 + R3230 + Rapap = PRI =0.

The remaining calculations for the components r;;, i # j, or r;;, are similar.
Since the scalar curvature is given by s = ), r;;, empty space Einstein field
equations are automatically satisfied.

Problem 6.170

(i) Let V be an (n + 1)-dimensional vector space, and let V* be its dual space. We
shall write x + «, y 4+ B, ..., to denote the elements of V @ V*. On the space
V @ V* there exists a natural non-degenerate bilinear form (-, -) given by

1
x+oa,y+8)= E(oz(y) + B()).
and an involutive linear automorphism Jy given by
J()lV:id\/v JO|V*=—id\/*.

The subgroup of the automorphism group GL(V & V*) of V @ V* preserving
both (-, -) and Jy can be identified to the automorphism group GL(V) of V. In
fact, if A € GL(V), we put

Ax+a)=Ax+a-A"L
Let us introduce on
(V@V*)+={x+aeV@V*:(x+a,x+a)=oz(x)>0}

the equivalence relation ~ defined by x + o ~ax + ba if 0 < a,b € R, and
define the paracomplex projective space P(V & V*) by

P(VeVv)=(Ve Vv, /~.

Let 7 denote the natural projectionw: (V®V*)y — P(V@V*).Ifa,beR™T,
we have A(ax + ba) = aAx + b(a - A™1), and so we can define an action of
GL(V) on P(V & V*) in such a way that

A(r(x+a)=7(A(x +a)), AeGL(V).

Then the identity component GLy (V) of GL(V) acts transitively on the pseu-
dosphere in V @ V*,

S:{x+ae(V@V*)+:(x—f-ot,x—f-a):a(x):l}-
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(i)

(iii)

(iv)
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Prove that P(V @ V*) is a homogeneous space under the action of the group
GLy(V), forn > 1.

We have a principal bundle 7 : S — P(V @ V*) with group R*. The subgroup
{al € GLy(V) : a > 0} of GLo(V) acts transitively on the fibres. The quo-
tient of S by that action is P(V @ V*). Consider S equipped with the pseudo-
Riemannian metric inherited from that of V @ V*. Then, as GL(V) acts on
V @ V* by isometries, and preserves S, it also acts on S by isometries.

Now, consider the formula

(z,2)=(2".2"), ZeTrpuinP(VOVY), (%)

where Z" € Ty+4S is orthogonal to the fibre and satisfies 7. Z" = Z. Show
that this construction induces on P(V @ V*) a pseudo-Riemannian metric g
such that  is a pseudo-Riemannian submersion.
The group G =R x R* actson (V @ V*), by

(a,b)(x +a) =ax +ba, (a,b)eRT xRT,

and P (V @ V*) is the quotient space of this action. Let Jy be the almost product
structure (that is, an automorphism such that J? = I') defined on (V @ V*)
by

Jo(v,w) = (v, —w), (V,®) € Tera(VOVT),.

Prove that Jy passes to the quotient and gives an almost product structure
J (a (1, 1) tensor field with J2 = 1) on P(V @ V*) such that this manifold
has a para-Hermitian structure with the metric in (ii) and J (that is, we have
g(JX,Y)+g(X,JY)=0,where X, Y, e X(Ve& V™).
Consider a basis {eo, ..., e,} of V and the dual basis {6, ..., 6,} of V*. We can
consider the e;, k =0, ..., n, as coordinates on V* and the 6, as coordinates
on V. Let U(;r be the open subset of P(V @ V*) given by

Uy = {m(x +a):60p(x) >0, eg(e) > 0}.

Let (x',y), i =1,...,n, be coordinates on U, given by
: 6; (x) : ei(a)
x(rx+a)) = , x4+ a)) = ——=. (3%)
( a2 )= e

Prove that the metric in terms of these coordinates on Ug’ has the expression

1 n . . . .
= dx' @ dy' +dy' @ dx'
2(1+ (x, y) E( )

8

i x'y/ (dy' ® dv/ +dx/ @ dy')
— A A X x ,
o T ’

where (x,y) =, xyl.
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Compute the almost product structure J on P(V @ V*) in terms of the coordi-
nates (x', y").

Remark Since the metric admits locally that expression, it is said that the manifold
(P(V & V*),g,J) is a para-Kdhler manifold (that is, the Levi-Civita connection
of g parallelises J) of constant paraholomorphic sectional curvature (equal to 4),
which is an analog of the holomorphic sectional curvature.

For such a space, the curvature tensor field R satisfies

RX.V)Z=g(X,2)Y —g(Y,Z)X +g(X,JZ)JY
—g(Y,JZ)JX +2¢(X,JY)JZ.

The relevant theory is developed, for instance, in [11-13].

Solution

®

(ii)

Let x 4+ o be an arbitrarily fixed element of S. Then, for each y + g8 € S,
there exists an element A € GLo(V) such that A(y + 8) = x + «. For, given a
linearly independent set of elements yq, ..., y, of V such that (y;) =0, then
{y,¥1,..., yn} is a basis of V. Similarly, if we have a linearly independent set
of elements x, ..., x, of V such that «(x;) =0, then {x, x1, ..., x,,} is a basis
of V. Take A such that Ay = x, Ay; = x;. Then

B-ATYO =g =1=ak), (B-ANx)=BO1)=0=alx),

and hence - A~! = «. Taking two bases with the same orientation we have
A € GLo(V) as desired.

Denote by n and v the natural vector fields on V & V* whose values at x + «
are Ny = X + o and Vy4o = X — «. Then one has 7,n = 7,v = 0. In fact,
n, 4 iS the vector tangent at t =0 tothe curve t > x + o+t (x +«) and vy o
is the vector tangent to the curve t > x + o+t (x —a). Asm((1+1)(x + o)) =
w(x+a)and 7 ((1+1)x + (1 —t)a) = w(x +«) for small #, the claim follows.
Thus kerm, is spanned by n and v. The vector v is tangent to the fibre and
n is normal to S in V @ V*. The process given in the statement of lifting a
vector Z to such a vector Z” has a unique solution if and only if the subspace
orthogonal to the fibres has dimension equal to 2n or, equivalently, if and only
if the restriction of (-, -) to the subspace spanned by v, and n,., is non-

degenerate; but indeed,
mn) mv)\_ (1 0
(vvm) (v,v)) —\0 —-1)°

Consequently, we have the desired structure on P(V @ V*), which makes 7 a
pseudo-Riemannian submersion.
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(iii)

@v)

v)
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We have
(Jo o (a,b)x — (a,b)y 0 Jo) (v, w) = Jo(av, bw) — (a, b)«(v, —») =0.

Hence, Jy passes to the quotient, giving an almost product structure J, which
is easily seen to be para-Hermitian.

After computation we have
a | d
P =—ei(@)0(x)x +0o(x) —|
dx T (x+a) de x+o
" d
rrl =—0i()eo(@)a +eola) —| .
8)/ T(x+a) aei x+o

From this, on account of (x), one has
3 | 3 |
<8xi n(x_m)’ dyl

1 .
> = St(x)en(@)(8] — e (@), (x)).

7(x+a)

Now, from (x*) we deduce

Bo(x)eo (@) ! (@00 = 2
x)eg(o) = ———, ei()fi(x) = ———,
O 1+ (x, y) R 1+ (x, y)
hence

(el ) (- )

X | reray 0V lngray) 2004+ D)UY 14 (x ) )
Similarly,

U I S = e W

dx n(x+oz)’ dx w(x+a) , 3yi n(x+oz)’ 3y-/ T(x+oa) .

Hence the metric on P(V & V*) has on Uo+ the expression given in the state-

ment.
‘We have

)

=TT\ —

T (x+a) ax!

0

B
J—
dx!

h 3
n(x+a)> axi

= N*Jo <—
T (x+a) ax!

and similarly,

T (x+a)

0
J—
ay!

w(x+a) ayi

n(x—ﬁ—oc).
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Hence
0 . 0 .
J: by d)Cl - d L .
,Z(ax’ SR M y)

Problem 6.171 Let os be the Lie algebra with generators P, X, Y, Q, and non-null
brackets

[XaY]ZP’ [Q,X]ZY, [Q,Y]Z—X

The corresponding simply connected Lie group Os is called the harmonic oscilla-
tor group, or simply the oscillator group, and it can be realised as R* with group
operation

(p".x".y".q")=p.x.y.q)- (P.x.¥.4),
given by
" __ / 1 / . / .
p'=p+p+ E(x (xsing — ycosq) + y'(xcosqg +y smq)),
x"=x+x"cosq — y'sing, y' =y +x'sing +y cosg, g =q+q.

Consider the family of Lorentz inner products on os given, with respect to the
basis above, by

—1l<e<l.

=

Il
—_— O O™
oS O == O
oS = O O
mn OO =

(i) Show that g, has Lorentzian signature.
(i1) Find the explicit expression of the family of corresponding left-invariant
Lorentz metrics g, on Os.
(iii) Compute the Levi-Civita connection, the curvature tensor field, the Ricci ten-
sor, the scalar curvature, and the Einstein tensor

r——s=s
) 8¢

of this space.

Remark The group Os was introduced by Streater [34], who named it harmonic
oscillator group because os has the same brackets that the operators in the harmonic
oscillator problem,

P=1 x=2 Y 0 Lo + x?
= . = —, :_)(f7 = — —_—— X ,
ox 2\ 9x?

acting on functions of x.
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The group Os may be considered (see Problem 4.69) as a semi-direct product

H xR, where H =R x C is the three-dimensional Heisenberg group, with group
operation

1 .
(p.z.q)-(p'.7.q") = (p +p'+ 3 Im(ze'77), z+€'97, q +q’>.

Moreover, if ¢ = 0, the corresponding Lorentzian metric is also right-invariant and
hence (Os, go) is a symmetric space. In the other cases, g, is not bi-invariant.

The relevant theory is developed, for instance, in Medina [22], Medina and Revoy
[23] and [9].

Solution

(1) It suffices to give a suitable g.-orthonormal basis. If we put

b P—0Q _ P+Q
V2 =2 J2+2¢

then it is immediate that { E, X, Y, F'} is an orthonormal basis of (os, g.), that
is, the matrix of g, with respect to this basis is

1

0
. 0
8 = 1
0

- o O O

0
1
0
0

coco !l

(i1) In general, if g denote a left-invariant metric on a Lie group G, e the identity
element of G and s an arbitrary element of G, one has
))

0 d d
ge(ﬁ e) =&s (Ls*(g €>’LS*<W
7leal)

, )

= (th*ngs*)<a_ e’ )

a
. ox/

xi
that is,
-1 -1
8s = th* 8e Ls* .

In the present case we have

L(p,x,y,q)* = ay" ay” ay” ay”
ap’ dx’ ay’ daq’
aq// Dq// Dq// aq//

p'.x".y',q")=0
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1 %(xsinq—ycosq) %(x—cosq—i—ysinq) 0
10 cosq —sing 0

0 sing cosq ol’

0 0 0 1

so after computation we deduce that

_1y -1 -1
(8)(pxya) = Ly y.q)x(86)©0.0.00) Ly 1y o)

€ 5y —5x 1

_| & Ey2+1  —fxy 3y
—fx  —ftxy Ex?41 —1x

1 %y —%x &

(iii)) The Koszul formula for the Levi-Civita connection V gives, for each fixed ¢,
28:(VuV. W) =g:([U, VI, W) — ge(IV, W1, U) + g.([W, U1, V),

forall U, V, W € o0s. So, the covariant derivatives between generators are given
by

1
VpX =VyP = —%Y, VxQ=-VoX=—3Y.  VpY=VyP= %X,

VyQ:—VQYzéX, VXYz—VszéP.

The non-trivial components of the curvature tensor field, with
RWU, V)W =VyVyW —=VyVyW — Viy W,

are thus given by

g2 2

R(P.X)P =X,

R(P,Y)Y:—%P,

3¢
RX, V)X = _ZY’

&
R(Y, Q)P = —ZY,

1
R(X, Q)Q=—ZX,

R(P.Y)P =2y,
4
&
R(P,X)0 = ZX
3¢
R(X.V)Y = X,

1
R(X. Q)X =P,

1
R(Y.Q)Q =Y.

R(P,X)X:—ZP,
&
R(P,Y)0 =17,
4
&
R(X, Q)P = _ZX’

1
R(Y, Q)Y = ZP,
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The Ricci tensor is defined by r(U, V) = tr(W +— R(U, W)V) so, with re-
spect to the basis {P, X, Y, O}, it is given by

2
5 0 0 5
0O -¢ 0 0
r= 2 ,
0 0 -5 0
1
5 0 0 3

and the scalar curvature (which is defined by tr(r)) is given in terms of the
orthonormal basis in (i) above by

s=-1(E,E)+r(X,X)+r(Y,Y)+r(F,F)= _%

The Einstein tensor is thus given by

Problem 6.172 Let

/a 0 0

G= 0 a b]eGLB,R):a>0
0 0 1

Prove:

(i) G is a closed subgroup of GL(3, R).

(i) G does not admit a pseudo-Riemannian bi-invariant metric.

Hint (to (ii)) Show that g = Aw; ® w1, where w| = da/a, is the general expression
of a bi-invariant metric; but such a metric g is singular.

Solution
(i) We have
1/a 0 O /a8 0 0 1/aa’ 0 0
0 a b 0 d bV|= 0 ad’ ab'+b|leG (%)
0 0 1 0 0 1 0 0 1
and
1Ja 0 O\ ' fa 0 0
0 a b =|0 1/a —-b/a)eG
0 0 1 0 0 1



6.18 Pseudo-Riemannian Manifolds 537

Therefore, G is an abstract subgroup of GL(3, R).
If a sequence in G of matrices

l/a, 0 O
0 a, by,
0 0 1

goes as n — oo to the matrix

air az a3
A=\|ay ayp ay]| eGL@3,R),
as]  dsy  ass

(3]

computing the limit we have

app =aij3 =az; =az; =az =0, a3 =1,
lim — =ayy, lim a, =ay,
n—00 @, n—00

and thus aj1 >0, a2 >0, aj1ap =1,soonehas aj; > 0,az; > 0,then A € G.
Hence, G is a closed subgroup of GL(3, R).
(i) Suppose

1I/x 0 O I/a 0 O
X=10 x y]l, A=| 0 a b
0 01 0 0 1
The equations of translations are
X =ax, X =ax,
La=_ A=
y=ay+b, y=bx+y

A basis of left-invariant 1-forms is {w; = dx/x, wp =dy/x}. In fact,

d)E_dx_

dy d
X

*
wi, AW2 = — w?).
X X X

A basis of right-invariant differential 1-forms is
{w1 =w1, @ =xw2 — yor }.
In fact,

di d 45 _di
Rjo1 = — t g A el

=— =0, R25)2=XT—)’T=dy_de:5)2'
X X X X

Hence, the most general form of a left-invariant symmetric bilinear (0, 2) tensor
is

g=ro1Q@w+ (W @1+ @w) +vwr @wy, A, u,veR.
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Suppose g is also right-invariant. Since

dy bd d b 1
RZw2=Ty=$=—w1+—wz,
X ax a a

we would have

b 1 b 1
Ryig= Aw1®w1+u{w1®< o)+ — w2>+(;w1+;w2>®w1}

b 1 b 1
+v|—-wi+—w || —w1+—wy ).
a a a a

If R} g = g forall A € G, we necessarily have 1 = v =0, thus g = Aw| Qw;
is the most general expression of the bi-invariant metric. But it is singular.

Problem 6.173 Let M be the pseudo-Euclidean space with metric g = » /_; &; dx’
®dx', & = =1, and let

n 32
4=y
i=l

be the Laplacian on M.
Prove that the Laplace equation A f =0, f € C®°M, has solution f = ¥ (£2),
where

Alog|2|+ B ifn=2,

VED)=)_4 g ifn>2,
|Q|2(n 2)

and 2 = 3 Y1, & (x' — x})?, in any neighbourhood in which £2 does not vanish
and has constant sign.

The reader can find much relevant geometric theory in Ruse, Walker and Will-
more [30].

Solution If n =2, one has

2 2

d 3 &(x —xp)
AY(2)=— Zg’a( )2(A10g|9|+B Z AT T

2 . . . .
2 —(x" —xp)ei(x' — xp) 22 —282
= _AZ 92 =-A _Q2 =
For n > 3, we have
n

92 A
AIﬂ(.Q)Z-ZE,’a(xi)z( — +B)
i=1

|Q|7(n 2)
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n

. 3% |1 N
:—AZE,‘W EZEj(x]—xé)
i=1 i=1

n ) 1 ¢ o)
— __ L _ Ax) — !
= A( 2—}—1) ;Zl & axi|:<:i:2j2_lsj(x x0)>

x (e (x' — x(i))):|

—n41

NI

:—A(—%+1)Xn:|: —e,i Zs, (x/ —x]) };1

i=1

x (er (xf — )} {er( — i)} + (% 3 e () _xg)z)_2<i1)]
j=1
—A=2 4+ D272 40272 =0 if2 >0,
B {—A(—g +D)mRIIQ —n273)=0 if2<0.
Problem 6.174 Let (R?, g) be the pseudo-Riemannian manifold with
g= ‘C—‘(cosh2 y dx? — dyz).
Calculate the Laplacian A on functions f € C*R?.

Solution The non-vanishing Christoffel symbols are
1 2 L.
I'l; =tanhy, Iy = Esmh2y.

Now applying the usual formula (valid in every local coordinate system)

NI af
- _ ij _ k-
Af = Zg <3xi8xf Xk:F’J Bxk)’

L]

we deduce

1 92 92 B
Af=—£<—2—f——£—tanhy—f>
4\ cosh y ax2 8y ay

Problem 6.175 Let x: [a, b] x (—§,8) — M be a variation of a segment y (u) =
x(u, 0) of a geodesic on a Riemannian manifold (M, g). For each v € (-4, §), let
L (v) be the length of the longitudinal curve u — x(u, v). L, is areal-valued func-
tion, where L, (0) denotes the length of the given segment y of the geodesic.
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Compute the second variation of arc length, L'/(0), by the usual formula and
also directly from L,, in the following cases (equipped with the respective usual
metrics):

(i) In S2, x(u,v) = (cosvcosu,cosvsinu,sinv), 0 <u < .
(i) In R2, x(u,v) = (ucoshv, v), =1 <u < 1.

2 ) o) if ugl0,1],
(i) In R?, x(u,v) = { (u, vQ2—u)) if uell,2].

The relevant theory is developed, for instance, in O’Neill [26, Chap. 10].

Solution

(i) The ends of x(u,v) are x(0,v) = (cosv, 0, sinv) and x (7, v) = (—cosv,0,
sinv), for v € (=4, §). For v =0 we have the curve

y :x(u,0) = (cosu,sinu,0), O0<u<m,
with origin (1, 0, 0) and end (—1, 0, 0). For v = —§ we have the curve
x(u,—8) = (cosdcosu,cosdsinu, —siné),
with origin (cos§, 0, —sin ) and end (— cosd, 0, —sind); for v =4,
x(u,8) = (cosdcosu,cosdsinu,sind).

The curve x (u, 0) is a segment of a geodesic. The length of x (u, v), for a given

v, 1S
b B T
Lx(v)=/ V (xu(u,v)) " du =/ cosvdu = cosv.
0 0

The length of y is L,(0) = w. The second variation of the arc on x is

Y d’L
L"(0)=— = (—mCcosv)y—g = —,
dv? v=0
where L = L,.
Since y is a geodesic, it must be L’(0) = 0. In fact, we have
, dL .
L'(0)=— = (—msinv)y—o =0.
dv v=0

As for Synge’s formula (see p. 598), since S is a space of constant curvature
1, one has

SR(V.Y)V.¥)=2(V.¥)e(V.y') —e(V.V)g(¥'. V'),
where V denotes the variation vector field V (u) = (dx/9dv)y=0, given by

V(u) = (—sinvcosu, —sinvsinu, cosv)y,—o = (0,0, 1),
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Fig. 6.19 The variation
vector field on y

(ii)

(see Fig. 6.19) and y’(u) = (—sinu, cosu, 0), thus ¢ = |y’| = 1. Therefore,
sgv.,v)y=1,  g(y.y)=1,
g(V.y)=0.  g(R(V.¥)V.y')=-L

We have V' = (0,0, 0), thus g(V'+, V/+) = 0. On the other hand, the trans-

verse acceleration vector field A(u) on y is given by

2
A(u)zﬁ (cosvcosu, —cosvsinu, sinv)
v
v=0

= (—cosvcosu, —cosvsinu, —sinv)y,—g = (—cosu, —sinu, 0),

from which g(y’, A) =0and L"(0) = — fon du = —; that is, the same result
as before.
The ends of x(u, v) are

x(—1,v) = (—coshv, v), x(1,v) = (coshv, v).
One has v € (=38, 8). For v = 0 we have the curve in R?
y:x(w,0)=w,0, —-1<u<l,
which is obviously a segment of a geodesic. For v = —§, we have the curve
x(u, —8) = (ucoshég, —9),
with origin (— coshd, —§) and end (coshd, —§). For v = §, we have the curve
x(u,d8) = (ucoshd,d),

with origin (—coshd, §) and end (cosh g, §). The length of x (u, v) is

1 1
Ly(v) =/ (cosh? v) % du = 2cosh .
-1
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(iii)
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The length of y is L, (0) = 2. The second variation of the arc on x is

p d’L
L"(0)=— = (2coshv)y—o =2.
dv? |,_
As y is a geodesic, it must be L’(0) = 0. In fact, we have
L'(0) = (2sinhv)y—p = 0.
As for Synge’s formula, we have ¢ = |y’| = 1 and R =0 as M = R? with its

usual metric. Moreover,

d
Ve = o

(ucoshv, v) = (usinhv, 1),—o = (0, 1),
0

V=

and thus V' = (0, 0), so that v'i= (0, 0). We have

32
Alu)=—
(u) 502

x(u,v) = (ucoshv, 0)y—o = (u, 0),
0

v=

so that one has g(y’, A) = u. Hence L"”(0) = [g(y/, A)]L1 =2, as before.
For v = 0, we have the curve

yix@,0)=(u,0), uel0,2],
which is a segment of a geodesic. For v = —§, we have the curve

(u, —8u) ifu €0, 1],

x(u, —6) = [ .
(u,—862—u)) ifuell,?2],

and for v = § the symmetric one with respect to the u-axis. The length of
x(u,v)is

1 2
Lx(v):/ (1+v2)%du+/ (1+0%)? du =21+ 02,
0 1

The length of y is L,(0) = 2. The second variation of the arc on x is

d’L

L'(0) = — d
T dw?

v=0 dv

v=0 (2ﬁ> -

As y is a geodesic, it must be L’(0) = 0. In fact,

2v
L'0)= —— =0.
() <V1+U2>v:0
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As for Synge’s formula, we have ¢ = |y’| = 1. Furthermore, one has R =0,

and
5 .
veld X, v) = 0, u) %fue[O,l],
v |,—o 0,2—u) ifuell,?2].
,_Jo.n ifuero, 1,
o, -1 ifuelL,2).
oV ) = 0,1)-(1,00=0 ifuel0,1],
’ 0,-1)-(1,00=0 ifuell,?2].
Thus V/+ =V,
92 if 1
g(V/L’V/J_)Zl’ A:—2 x(u,l))z (O’O) 1 MG[O, ]a
|, 0,0) ifuell,?2].

Hence, L"”(0) = foz du = 2, as before.

Problem 6.176 Let M be an embedded submanifold of the paracomplex projective
space P(V @ V*) (see Problem 6.170), such that the metric inherited on M from
g is non-degenerate, and denote by .4 the normal bundle A" = J ¢y -4}, Where

Ny =(T,M )™, which exists by the non-degeneracy of the induced metric. Such a
submanifold is said to be totally umbilical if there exists & € I".4" such that

a(X,Y)=g(X,Y)E, X,YeX(M),

where « (X, Y) is the second fundamental form and £ is called the normal curvature
vector field. Then, for such a submanifold:

(1) Find the expression of the Codazzi equation.
(ii) Find the expression of the Ricci equation.
(iii) Prove, applying Gauss equation, that if J (T M) C .4, then

RX,Y,Z, W)= (14g( 8)(g(X, 2)g(Y, W) — g(X, W)g(Y, Z)).
The relevant theory is developed, for instance, in [12].

Solution

(i) If V denotes the Levi-Civita connection of any pseudo-Riemannian submani-
fold M, we have

VxY =1VyxY, a(X,Y) =vVyY, A, =—1tVx, Vin=vVxn,

where X,Y e X(M); ne I’ JE; 7 and v denote the “tangential part” and the
“normal part”, respectively; V is the Levi-Civita connection of P(V & V*);
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(ii)
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V-1 denotes the connection induced in N; and
g(AyX,Y)=g(a(X,Y),n).
Codazzi’s equation is written in general as
—VR(X,Y)Z = (Vxa)(Y, 2) — (Vya) (X, 2),
where Vya is defined by
(Vxa)(Y, Z) = Vi (a(Y, Z)) — a(VxY, Z) — a(Y, Vx Z).

If the pseudo-Riemannian manifold M is moreover totally umbilical, then the
previous equation reduces to

(Vxa)(Y, Z) = Vi (g(Y, 2)&) — g(VxY, Z)& — g(Y, Vx Z)&
=X(g(Y.2))& + g(Y, Z)VyxE — g(VxY, Z)E — (g(Y, Vx 2))&
=g(Y, Z)V¥E + (Vx) (Y, Z) = g(Y, Z)VxE.

Hence, on account of the expression for the curvature of P(V @ V*) in the
remark in Problem 6.170, we have for Codazzi’s equation

—VR(X,Y)Z=—v(g(X,2)Y —g(Y,2)X
+8(X,JZ)JY —g(Y,JZ)IJX +28(X,JY)JZ)
=—g(X, JZWIY +g(Y,JZ)vJX +2g(X, JY)vJZ
=g(Y, 2)VxE — g(X, Z)Vy&.
That is,
g X, tJZWwJY —g(Y,tJZ)vJX +2¢g(X,tJY)WJZ
=g(Y, Z)Vxt — g(X, Z)Vy£.

Let Ry be the curvature tensor field of the connection V-1 in 4. Then, Ricci’s
equation is
vﬁ(X, Y)n=Ryr(X,V)n—a(A;X,Y)+a(A,Y, X),
X, Y eX(M), neN.

(A X, V) =g(a(X,Y),n) =g(X,Y)g(& ),

we have A, X =g(&,n)X and a(A,X,Y) = g(&,n)g(X, Y)&. Hence, Ricci’s
equation reduces to

VR(X,Y)n=Ryr(X,Y)n.
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(iv) If J(T M) C N, direct application of Gauss’ equation gives us

RX,Y,Z,W)=R(X,Y, Z, W) + g(a(X, Z), a(Y, W))
—g(a(Y, 2),a(X, W))
=8(X,2)g(Y, W) —g(X,W)g(Y,Z) — g(X,JZ)g(Y,JW)
+ (X, IW)g(Y,JZ) —2g(X,JY)g(Z,JW)
+8(X,Z)g(Y, W)g(&,8) —g(Y, Z)g(X, W)g(£,§)
=(1+26.9)(eX, 2)g(Y, W) — g(X, W)g(¥, 2)),

as wanted.
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Chapter 7
Some Formulas and Tables

Abstract This chapter contains a 56-page-long list of formulae from the calculus
on manifolds, and tables concerning different topics: Lie groups, Lie algebras and
symmetric spaces, a list of Poincaré polynomials of compact simple Lie groups, an
overview of real forms of classical complex simple Lie algebras and their corre-
sponding simple Lie groups, a table of irreducible Riemannian symmetric spaces
of type I and III, a table of Riemannian symmetric spaces of classical type with
noncompact isotropy group, etc. One can find the formulae for Christoffel symbols,
the curvature tensor, Bianchi identities, Ricci tensor, the basic differential opera-
tors, the expression for conformal changes of Riemannian metrics, Cartan structure
equations for pseudo-Riemannian manifolds, and many more. Several of these for-
mulae are used throughout the book; others are not, but they have been included
since such a collection might prove useful as an aide-mémoire, also to lecturers and
researchers.

Chapter 1

e Stereographic projection o (from either the north pole or the south pole) of the
sphere S"((0, ..., 0), 1) with centre (0, ...,0) € R+ and radius 1 onto the equa-
torial hyperplane:

Uy R"
1 n
1 n+1 X X
(61, ) (1 R _W])
Usg s R"
1 n
X X
(xl,...,x”“‘])r—) R
1 +xn+l 1 +xn+1
where
n+1
i\2
S = {(xl,...,x”“) e R :Z(x’) = 1},
i=1
UN — {(.Xl, ”"xl‘l-‘rl) c Sl’l+1 :xn+1 # 1}’
Us = {(xl, . ..,x"'H) e Sl xntl £ —1}.
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Problem Books in Mathematics, DOI 10.1007/978-94-007-5952-7_17,
© Springer-Verlag London 2013



548 7 Some Formulas and Tables

o Inverse map oy, Uof the stereographic projection from the north pole of the sphere
S"((0,...,0), 1) onto the equatorial hyperplane:

n n

S w2 2y Iy|2—1> 2 _ 1?2
on (y""’y)_<|yI2+1”"’|y|2+1’ly|2+1 o _E(y).

e Stereographic projection oy from the north pole of S”((0,...,0,r),r) € Rrt!
with centre (0, ...,0,r) € R**! and radius r onto the hyperplane x"*! = 0 tan-
gent to the south pole:

1 a1y 2rx! 2rx"
aN(x,...,x )_ Treees :
2r — xn+t 2r — xn+t

o Inverse map o ! of the stereographic projection from the north pole of the sphere
$"((0,...,0,r),r) onto the hyperplane x"+! = 0:

Sy = (A ar2y" - 2rlyP?
o g ooy == g e ey ) .
e A R TT T

e Differential of a map @: M — N between differentiable manifolds at p € M, in

terms of coordinate systems (U, x', ..., x™) and (V, yl, ..., y") around p and
@(p):
ad 9(y’ o @) .
*p(F )_Z—a (p )8—1 i=1,...,m.
/4 Ylew)

o A diffeomorphism between R” and the open cube (—1, 1)" C R":
p: R" > (=1, )", (xl,...,x”) — (tanhxl,...,tanhx”).

e Standard local coordinates (x!,...,x", yl, ...,y") of the tangent bundle
(TM,m, M) on a coordinate neighbourhood 7~ YU) of TM over a coordinate
neighbourhood U for a coordinate system (U, xh x™) around p € M:

(xl,...,x",yl, ...,y")(v)
= (()cl o n)(v), e (x” o n)(v), dyl(v), e dy”(v)), veT,M.
e A property of the bracket of vector fields (f, g € C*°M; X,Y € X(M)):
[fX,gY]= fgIX, Y]+ f(X)Y — g(Y)X.
e Jacobi identity for vector fields:

[[X.Y], Z]+[lY. Z]. X] + [[Z, X], Y] =0.
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e A parallelisation of S3 by unit vectors fields:

(peSP={(x,y, 2,0 eR 12+ Y2+ 22+ =1)).
e Image vector field @ - X € X(N) of X € X(M) by the diffeomorphism @ :
M — N:

(@-X)p= <1>*(X¢_1(p)), pEN.
e A non-vanishing vector field on the sphere $>"*!:

0
X,=—x>-2
P * ax!

—I—xli

4o — x2n+2 9 + 2n+1 9
2
» ox

2n+1 2n+2
ax » ax »

P
Chapter 2

e Nijenhuis torsion of two (1, 1) tensor fields A, B:

S(X,Y)=[AX, BY]+[BX, AY]+ AB[X, Y]+ BA[X, Y]
— A[X, BY]— A[BX,Y]— B[X, AY] — B[AX, Y].

e Nijenhuis tensor of a (1, 1) tensor field J:

N(X,Y)=[]X,JY]—J[JX,Y]—J[X,JY]+J2[X,Y],
i _Z JlaJlé_Jla_J;_i_Ji%_JiaJk
Jk= T oxt kgl Paxk  “Loxi)
1

e Kulkarni-Nomizu product of two symmetric (0, 2) tensors £, k:

hDdX,Y,Z,W)y=h(X,Z2)k(Y, W) +h(Y, W)k(X,Z)
—h(X, W)k(Y,Z) — h(Y, 2)k(X, W).
e Exterior or “wedge” or “Grassmann” product of differential forms:
(@AB)p=apABp, peM,acA"™M, peA’M;
(ap ABp) (X1, ooy Xrgs)

1
= m Z (Sgnﬁ)ap(Xa(l), ceey X(r(r)),Bp(Xo(rJr]), cee Xa(r+s))

' 06,45
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= Z (sgno)ap(Xoys -+ > Xo () BpXora1)s - - Xo(rs))»
0€S, 45
o(l)<--<o(r)
o(r+l)<--<o(r+s)
XieTyM, i=1,...,r+s;
aAB=(=D"BAra, acAM, Bec A°M.
e Exterior differential d: A*M — A*M:

() If f € C®M, then df € A'M is the usual differential of f.
(i) d is a linear map such that d(A” M) C AT M.
(i) d(a A B) =da A B+ (—1)%8%q A dB (a homogeneous).
(iv) d2=0.

e Relation between the bracket product of vector fields and the exterior differential
of a differential 1-form:

[dw)(X,Y) =X (o)) = Y (0(X)) — o([X, Y]). (71.1)

e Relation between the bracket product of vector fields and the exterior differential
of a differential r-form:

(dw)(Xo, ..., X,)

=Y (D' Xi(&(Xo..... Xi,.... X,))

i=0

+ Y DYo(Xi, X1 X Xis o X X). (T22)
0<i<j<r

Induced (or pull-back of a) differential form ®@*@ of § = f;dy’ for ®: M — N

(in terms of local coordinates (xl, o x™), (yl, ...,¥y")on M, N, respectively):
I o) (" o®)
ox! o ax! fl i
0y o @ ,
P*9 = : : = Mﬁ dx
. . . ax]
Aolo®) . A(G"ed) fn
dx™m ax™

e Basis of differential 1-forms {u* = /xé‘ dx'} dual to the basis of vector fields {¢; =
Al9/0x) )

. ‘ iy —1
(n5)="(5) "
o Some formulas for the Lie derivative:

Lxf=Xf, feC®M;

1
(LXY)p:llg%?(Yp—(p,*Y%q(p)), ¢ = local flow of X;
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LxY=[X,Y],
Ly(o(X1,..., X))

.
=(Lyo)(X1..... X))+ Y _o(X1..... X1 [V, X1 Xig1o .0 X )
i=1

(LxT)(w',...,0" Y1,..., Ys)
,
=X(T(' ... 0 Y1,....%)) =Y T(0.... Ly, ....0 Y1,.... Y)
i=1
N

=Y T(@'. ..., Y1, LxY, . Y);
i=1

Lx(®T)=(LxT1)QTr+T1 ®(LxT2),
Lix,yj=I[Lx,Ly];
Lxd=dLyx
(X,Y,X;,YV;eX(M); w,0' € A*M; T, T; € TIM).
e Interior product:
(ixo)X1,...,. X, D=0w(X,X1,...,X,_1), weA™M;
ix@AB)=(ixa) AP+ (—1)anixB, acA™M,BeAM:
Lxw=ixdw+ dixw;

[Lx,iy]l=ix ]
(7.3)

e Canonical 1-form ¥ and canonical symplectic form §2 on the cotangent bundle
(T*M,m, M):
V(X)) =w(@X), weT*M, XeT,T*M,
9= pdg's Q=dv=> dp rdq'
; ,

1

((q',....q" p1,..., pn) =local coordinates onT*M).
e Hamilton equations:
iz/(200)+dHoo =0

(HeC*®(T*M)and o: (a,b) - T*M a C* curve with tangent vector c”).

Chapter 3

e Divergence of a vector field X on an oriented manifold M with fixed volume

element v:
(divX)v = Lxv.



552 7 Some Formulas and Tables

/w:/da)
ac c

/ w= / dw
oD D
(see Theorem 3.6).

e Green’s theorem: for any vector field X on an oriented compact manifold M with
a fixed volume element v,

o Stokes’ Theorem I:

(see Theorem 3.3).
e Stokes’ Theorem II:

/ (divX)v =0.
M

Chapter 4

Some Usual Lie Groups

e General linear group:

GL(n,C)={A € M(n,C) : det A #0}.

Special linear group:

SL(n,C)={A € GL(n,C) : detA = 1}.

Unitary group:
Umn)={AeM®n,C):'AA=1]

(t = transpose; bar = complex conjugation; / = identity matrix).
Special unitary group:

SU(n) ={A e€U(n):detA=1}.

Complex orthogonal group:

On,C)={AeM®n,C):'"AA=1}.

Complex special orthogonal group:

SO(n,C)={A€0(n,C):detA=1}.

Symplectic group over C:
Sp(n,C)={A € GL(2n,C):'ARA =}

(2= (701 Ig ) = symplectic 2-form on C?").
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Real general linear group:
GL(n,R) ={A € M(n,R) : det A #0}.
Real special linear group:
SL(n,R) = SL(n, C) NGL(n,R) = {A € GL(n, R) : det A = 1}.
Orthogonal group:
O(m) =Um)NGL(#n,R)=0(n,C)NGL#,R) = {A €eGL(n,R) :'AA = I}.
Special orthogonal group:
SO(n) ={A €O(n):detA=1}.

Lorentz group:

O(k,n—k):{AeGL(n,R):’A<_OI" 0 >A:<_01k 0 >}

Symplectic group over R:

I

Sp(n,R)={A € GL2n,R):'ARQA = 2}
I, 0

(2= ZZ:I dak A dxtth = (_
Symplectic group:

) = symplectic 2-form on R?").

Sp(n) =Sp(n,C) NU@2n) = {C e GL2n,C):'CC=1,'CRC = 2}

={<2 _AB> eM(Zn,(C):’AA—l—’BB:I,’AB—tBAzo}

={A+jBeM®n H):"(A+jB)(A+jB) =1}
= {A + jB preserving the quaternionic Hermitian product (, ) on ]HI"}

H=C+jC;j*=—-1,a+jb=a—jb,jpb=bjVa,beC, (u,v)=3, p'q" u=
(P, ... pMov=(q',....q") e H").

Sp(n)Sp(1): Let ¢: Sp(1) = {g € H : |g| = 1} — SO(4n) be the inclusion given
by (q) = diag(B,, ™., B,) with

a —ay —az —as
a a —d a
B, =" 3% | eso@).
a az ao
a —a ay ao

Then ¢(+1) = %14, C SO(4n). The group Sp(n) is a subgroup of SO(4n) and
Sp(n) Ne(Sp(1)) = {*14,}. Then, omitting the ¢, one defines

Sp(m)Sp(1) = (Sp(n) x Sp(1))/{£14n} C SO(n).
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The action of this group on R** = H" is given by (B, ¢)v = Bvg, B € Sp(n),
q € Sp(1), v e H", and g the quaternionic conjugate of g.

On the other hand, let V be a 4n-dimensional real vector space. A quaternionic
structure on V is a three-dimensional space of End V' given by

Q=R +RAL+RS,  R=-1. J=Jbh,
i =—IJk, k,1=1,2,3.

An orthogonal automorphism A € SO(4n) belongs to Sp(n)Sp(1) if and only if
AolJ, = 213,:1 mZJb oA,a=1,2,3, for a certain matrix (mg) € SO(3), which
is obtained from the projection homomorphism Sp(n)Sp(1) — Sp(1)/{%Id} =
SO(3). Let

S ={J=a1/i +arhr+azs€ Q:ai +aj +a3=1}.

A Euclidean metric g on V is called Hermitian with respect to Q if g(J X, JY) =
g(X,Y) for J € S(Q), X,Y € V. The pair (Q, g) is called a quaternionic Hermi-
tian structure. Then, for V as a right module over H,

Sp(n)Sp(1) = Aut(Q, g) = {¢ € GL(V) : ¢ preserves (Q, g)}.

Some Topological Properties of Some Usual Lie Groups

Group dimg Type Group dimg Type
GL(n, C) 2n? cn Oon,C) nn-1) 2cc
SL(n, C) 2(n%—1) cn, sc SO(n,C) nn-—1) cn
GL(n, R) n? 2cc O(n) nn—1)/2 2 cc,cp
SL(n, R) n?—1 cn SO(n) nn—1)/2 cn, cp
Un) n’ en,ep SO(p.q) (P+@)(p+g—1)/2 2cc(x)
SU®n) n?—1 cn,sc,cp Sp(n,C)  2(2n% +n) cn
SU(p, q) (p+ q)2 —1 cn Sp(n) n2n+1) cn, sc, cp
SU*(2n) 2(2n* - 1) cn Sp(p.q)  (p+q9)C2(p+g)+1) cn
SO*(2n) 2n(n — 1) cn Sp(n,R) n@n+1) cn

cn = connected; sc = simply connected; 2 cc = 2 connected components; cp = compact; (x) 0 <

P<p+tgq

Isomorphisms of Spin(n) with Some Classical Groups

Spin(2) u(

Spin(3) SU(Q2)

Spin(4) SU(2) x SU(2)
Spin(5)  Sp(2)

Spin(6) SU4)

(See, for instance, Harvey [16].)
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Miscellaneous

e Euler angles (of rotations around the x, y, z-axes):

SOB3) = {g(¢, 0, V) = R:(P) R O)R(¥),0< 9, ¥ <27,0<0 <},

cosp —sing 0 1 0 0
R ()= | sing cosyp O], R, =0 cos§ —sind
0 0 1 0 sinf cosf

Compact Connected Lie Groups G Acting Effectively and Transitively on Some
Sphere

Sphere G Isotropy

sl SO(n) SO —1)

§2n-1 Un) Un—1)
SU(n) SU@m —1)

gén=1 Sp(m)Sp(1) Sp(n — DSp(1)
Sp(m)U(1) Sp(n — DHU(1)
Sp(n) Sp(n —1)

56 Gy SU(3)

N Spin(7) G,

s Spin(9) Spin(7)

Real Lie Algebras of Some Lie Groups (Non-vanishing Brackets)

e Two-dimensional solvable non-Abelian Lie algebra with basis {X, Y}:
[X,Y]=X.
e Special orthogonal so(3) with basis {X, Y, Z}:
[X,Y]=2Z, [Y,Z]1=X, [Z,X]=Y.
e Lie algebra h with basis {X, Y, Z} of the Heisenberg group:
[X,Y]=Z.

e Lie algebra with basis {A, X1, ..., X,,—1} of a solvable Lie group that acts simply
transitively on the real hyperbolic space RH”":

[A, X;]=X;.
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e Lie algebra with basis {A, X1, Y1,..., X,—1, Yu—1, U} of a solvable Lie group
that acts simply transitively on the complex hyperbolic space CH":

[A, Xi]=X;, [A,Yi]=1Yi, [A,U]=2U, [Xi, Yi]=-2U.

o Lie algebra with basis {A, X;,Y;, Z;, W;,U;},i=1,...,n—1; j=1,2,3, of
a solvable Lie group that acts simply transitively on the quaternionic hyperbolic
space HH":

[A, Xi]=Xi, [A,Yi]=1Y;, (A, Zi]1=Z;, [A, Wil=W,,
[A,U;1=2U;, [X;, Yil=—[Z;, W;]==-2U;,
[Xi, Zi1=1[Y;, Wil = -2U>, [Xi, Wil =—1Y;, Z;] = -2Us.

For some of these formulas, see [10, 11].

Some Isomorphisms of Classical Lie Algebras

su(2) =s0(3) =sp(l), sI2,R) = su(l, 1) Zs0(2,1) Zsp(1,R),
50(5) =sp(2), 50(3,2) =5p(2, R),

50(4) Zsp(1) x sp(1), s0(4,1) = sp(l, 1),

su(4) = s0(6), 50(4) =s0(3) x s0(3),

s5l(4,R) = s0(3, 3), su*(4) =so0(5,1),

su(2,2) =so0(4,2), su(3, 1) = s0%(6),

50%(8) =s50(6,2), 50(3,1) =512, 0),

50(2,2) =sl(2,R) =512, R), 50%(4) = su(2) x sl(2, R).

Unimodular Three-Dimensional Real Lie Algebras and Their Corresponding Lie
Groups

[e2, e3] = Aten, [e3, e1] = Azen, le1,e2] =Aze3, A1, A2, A3€R
Signs of A1, A2, A3 Associated Lie group Description
+,+,+ SU(2) or SO(3) Compact, simple
+, 4+, — SL(2,R) or O(1, 2) Noncompact, simple
+,+,0 EQ2) (%) Solvable
+,—,0 E(1,1) (%%) Solvable
+,0,0 Heisenberg group Nilpotent
0,0,0 RORDOR Abelian

() group of rigid motions of Euclidean 2-space
(%) group of rigid motions of Minkowski 2-space, which is a semi-direct product of subgroups

isomorphic to R @ R and R, where each ¢ € R acts on R @ R by the matrix (et 0 )

0e’
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Killing Form B for Some Lie Algebras g
B(X,Y)=tr(adyoady), X,Yeg

g B(X,Y)

gl(n, R) 2ntr(XY) — 2tr(X) tr(Y)

sl(n, R) 2ntr(XY)

su(n) 2ntr(XY)

so(n, C) n—2)r XY

so(n) n—-2)tr XY

sp(n,F) 2n+2)ur(XY) (F=R,C)
Maurer—Cartan Equations

do(X,Y)=—-o0([X,Y]), weg", X,Yegq,
(7.4)

— Y ol Aok

j<k

({#"} = a basis of left-invariant differential 1-forms on the Lie group G with Lie
algebra g; c;. = structure constants with respect to that basis of differential forms).

The Exponential Map

e Product of exponentials (five first summands of the Campbell-Baker—Hausdorff
formula, cf. [18, p. 670], [24, Sem. V, Lect. 4], [28, Sect. 2.15], [32]):

2

3

exth-eXptY=1+t(X~|—Y)+t [X, Y]+ 12([X, (X, Y]] +[Y.[Y. X]])

l‘4

— —[X
24
+[[[ty. x1. x]. x].

-2([[[rx. v1. 7] 7],

+o([[[tx. v1. Y],

[ X y1]]

x]
x]+[[[1v. x1. x
x].v]+

Il vy vy

[[[ty. x1. X
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Simply Connected Compact Simple Lie Groups

7 Some Formulas and Tables

G dim G rank G ()
SU®n) n?—1 n—1 n>2
Spin(2n + 1) 2n2+n n n>2
Sp(n) 2n2+n n n>=3
Spin(2n) 2n% —n n >4
Gy 14 2
F4 52 4
Eq 78 6
E; 133 7
Esg 248 8
() To avoid repetitions
Centre of Some Usual Lie Groups
G Z(G)
SO(2,R) SO2,R) = §!
SO@2n +1,R) {1}
SO2n,R),n > 1 (*N=7,
Un) (e¥9] .0 e R/Z} = S!
SU(n) (wl:e"=1}27,
Sp(n) (£} =7,
Spin(2n + 1, C) (11 =7,
Spin(2n, C) (1,1} = 7Zy + 7y (if n even) (*)
Spin(2n, C) {1, £1} = Z4 (if n 0dd)

(x) The centre of Spin(2n,C) is the group {%1, £t} with three

elements of order 2

Poincaré Polynomials of the Compact Simple Lie Groups

Pa, (1) = psugsn @) = (L+ ) (1+2) - (1 + 271,

PB, () = psoensy(®) = (1+22) (1 +17) - (14171,
P, (1) = pspen () = (143 (1417) -+ (141471,
PD, (t) = PSO(Zn)(t) = (l + t3)(1 + l7) . (1 + t2n71)(1 i t4n,5)’

pe,®) = (1+)(1+1¢"),

PE,(1) = (1+2) (1 + ") (14+2) (1 417),

PE (1) = (1+ )1+ ) (1 + ") (1 + ) (1 +7) (1 + 13,
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pe; () = (L+22) (1 + ") (1 + ) (1 +) (1 +2) (1 +27) (1 + %),
PEs () = (1+23)(1+ )1+ 2) 1+ 271+ 3 (1 + ) (1 + 47 (1 +17).

Lie Groups G for the Simple Lie Algebras g over C, Their Compact Real Forms U
and Centre of U (Universal Covering Group of U)

g G U VAL dimU

a, (n>1) SL(n+1,C) SUm+1) Zni1 n? +2n

b, (n>2) SO@2n +1,C) SO@2n + 1) 7 2n2+n

& (n>3) Sp(n, C) Sp(n) Zo 2n2+n

0, (n>4) SO(2n,C) SO(2n) Za (n odd) 2n? —n
Zo + 7y (n even)

9 GY Gy Z 14

fa F¢ Fy Z 52

e ES Es Z3 78

¢7 Eg E7 Zz 133

eg ES Eg 7 248

Connected Complex Lie Groups G for a Given Complex Simple Lie Algebra g

g G

sl(n, C) SL(n, C)
SL(n, C)/{e2™ti/m ¢ =0, ..., m— 1} ()

so2n+1,C) Spin(2n + 1, C)
SO(2n +1,C)

sp(2n, C) Sp(2n, C)
PSp(2n, C)

s0(2n, C) (n odd) Spin(2n, C)
SO(2n, C)
PSO(2n, C)

s0(2n, C) (n even) Spin(2n, C)
SO(2n, C)
PSO(2n, C)

Spin(2n, C)/{1, T} (+%)
Spin(2n, ©)/{1, —7}

(x) For m prime, only SL(n, C) and PSL(n, C) remain
() For the meaning of 7, see the table on p. 558 (see [12, p. 369])
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Real Forms of the Classical Simple Lie Algebras over C and Their Corresponding
Simple Lie Groups

sl(n, C) (~ap—1,n>1)

suin) ={Aegln,C):A+A=0,rA=0}
SU(®) AeGL(n,C):"AA=1,detA=1}
sl(n, R) Aegl(n,R):tr A =0}

{
=1
=1
SL(n,R) = {A € GL(n,R) : detA = 1}
su(p,q) = {( 3) egl(p+4¢,0): A € gl(p. ©), A +'4; =0,

A3 €gl(g,C), A3 +'A3=0,trA; +trA3 =0, A, arbitrary},

ptq=n,p=q
SU(p.q) ={A€SL(p+4,C): Q(Az) = Q(2)
= gl gPzp PP ezt

(p+qg=n,p=q)

= {A eSL(p+q.C): ‘Al jA=1,, = (_(fp 10>}
q

(pseudo-unitary groups if g # 0; SU(n) if ¢ =0)

su*(2n) ={<2 _AB>eg[(2n,(C):A,Beg[(n,(C),trA—i—trA:O}

SU*(2n) ={A e SL(2n,C): At =1A,1: C*" > C*,

(L) s et =g L =)

s02n+1,C) (~by,n=1)

so@2n+1)={Aegl@n+1,R): A+'A=0}
SO@2n+1)={AeGL2n+ 1,R):'AA =1}

A Ay
50(p,q)={<fAl As )eg(p+q R): Ay egl(p,R), A3 € gl(g, R),

A1 +'A1=0,A3+A3=0, A, arbitrary},
ptg=2n+1l,p=>q
SO(p.q) ={A €SL(p+4.R): Q(Ax) = Q(x)
= e ) ()R,
(p+g=2n+1,p=q)
= {A eSL(p+¢q,R):'Al, 4A= Ip,q}
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sp(n,C)  (~e,n=1)

sp(n) = { (2‘; _éj)eg[(2n,©):A+fA=o,trA=o,

Ajegln,C), Ay ="y, A3 = '143}, (sp(n) = sp(n, C) N su(2n))
Sp(n) = Sp(n, C) N SU(2n)
sp(n, R) = {(ﬁ; _f}i) €gl2n,R): A; e gl(n, R), Ay ="A3, A3 = 543}
Sp(n,R) = {A € GLQ2n, R) : 'AR2A = 2}
(szl /\xn“rl+x2/\xn+2+__._’_-xn/\x2ﬂ’
symplectic form on R")

Aq A Az Al

‘A An Ay Ax ,
sp(p,q) = —Ais  Au AL —Ap 69[(2(17"‘51),@)-

Ay —Ay —Ap  Axp _
A1, A3 €gl(p,C), A1p, Ais e M(p x q,C), Aj1 +'A11 =0,

Ap +'A2n=0,A13="A13, Asa ="Ans
Sp(p.q) ={AeSp(p+q,C):'Al, 4 p g A= 1,4 pq =diag(—1,, I, —1,. 1)}

(Sp(p) if g =0, Sp(n) = Sp(n, C) N U(2n),
Sp(p.q) =Sp(p +4q.C) NUR2p,29))

s50(2n,C) (~0,,n>1)

s0(2n) = {A € gl(2n,R): A+'A =0}

A A
s0(p,q) = {<,A; Aj) €gl(p+q.R): A € gl(p.R), Al +41 =0,

Azarbitrary,A3eg[(q,R),A3+’A3:O}, p+qg=2n,p=>q
SO(p,q) p+q=2n,p=zq as SO(p,q), p+q=2n+1,p=>q

50%(2n) = {(_Ajz §2> € gl2n,C): A, A € gl(n, C),

Al +tAl =0,A2=A2}
SO*(2n) = {A € SO(2n, C) : Q(Az) =0()

0 In - n
:{AGSO(ZH,C)f%(_In 0) ( I, >}

(See Barut and Raczka [3].)
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System A of Roots, Set of Positive Roots AY and Set of Simple Roots IT for the
Simple Lie Algebras over C

(e1, ..., &) usual basis of R"
Gn V:{UERn+1:(Ua51+"'+5n+l>:0}
(n=1)

A={g —¢g;,i#ji,j=1,...,n}
A*:{si—sj,i<j}
IT={g —¢eit1,i=1,...,n}
by V=R"
(n>2) A={ts +e;,i<j}Ufxe) i j=1,...,n
A*:{aizl:aj,i<j}u{ai}
IT={g —eit1,6p,i=1,...,n—1}
Cn V=R"
(n>3) A={tste;,i<j}U{E2e}, 0, j=1,....n
At ={e;tej,i < jIU(2¢)
IT={g —ei41,26p,i=1,...,n—1}
[ V=R"
(n>4) A={te xej,i<jii,j=1,...,n}
At ={g tej,i < j}

IT={g —€iy1,6n—1 —Ens En—1 +&n,i=1,...,n =2}

9 V={weR: (v,e +e +e3) =0}
A ={£(e1 —&2), £(e2 — £3), £(e1 — €3)}
Uf{(2e1 — &2 — £3), (262 — &1 — £3), £(2e3 — &1 — €2)}
At ={g] — 2,80 —€3,6] — &3}
U{—2¢1 + &2 + &3, 262 + &1 + €3, 283+ €1 + &2}
IT={e1 — &z, —2¢1 + &2 + &3}
4 V=RS
A={tetej,i<jlU{te}U{s(Ee Loy teztes)
At ={e;tej,i<jlU{e}U{S(er Ler ez tey)

1
IT={5(s1 — &2 — &3 — €4), €4, 63 — €4, &2 — €3}

¢6 V =R8
A={tete;,i<j<S UL TR (—D)"De, Y8 ni)even, n(i) =0, 1)
At ={g tej,i> j}
U{d(es — &7 — 86+ 2oy (—1)"De;. 35, n(i) odd)
n:{%(&‘g—87—86—85—84—83—82+81),

&+ €1,82 —€1,83 — &2, 84 — €3, 85 — €4}
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(e1,...,&y) usual basis of R"”

¢ V={veRd: (v,e;+e5)=0)
A={fe xej,i < j<O6}U{£(s7 —eg)}
UGS (—1)"De;, Y8 n(i)even)
At ={eixej,i> jlU{es —e7)
v {%(88 —e7+ Zié:l (—D)"Dg;), 21-6:1 n(i) even}
IT={}(sg — 67 — €6 — &5 — £4 — £3 — &2 + £1),
&2+ €1,60 —€1,63 — £2,64 — €3, 85 — €4, 86 — €5}
eg V={veRd: (v,e5—g7) = (v, &7+ £5) = 0}
A={fete;,i<JURL TR (1) De, Y8 n(i)even)
At ={ei£ej,i> jJU{Ses + X (=1"De), Y n(i) even)
IT={}(es—e7—e6—e5—e4—e3—e2+¢1),

&2+ €1,82 — 61,83 — €2, 64 — €3,85 — &4, €6 — €5, 67 — &6}

For more details and a wealth of related information, see Knapp [18].
Some Usual Homogeneous Spaces
e Sphere:
S"Z0m+1)/0(n) =SOm +1)/SOn), n
§* = Um 4+ 1)/Um) ZSUMm + 1)/SU®), n

2 ]‘9
> 1.
e Real Grassmann manifold of k-planes in R":

G (R") Z0(n)/(O(k) x O(n — k)).

Real projective space:

RP" = G (R"") =0 + 1)/(0(1) x O(n)) = SO + 1)/O(n).

Real Stiefel manifold of k-tuples of orthonormal vectors in R":

Vi (R") = O(n)/O(n — k).

Complex projective n-space:
CP'=Un+1)/(U() x U(n)) =SUMn + 1) /S(U) x Un))
= (SUMn 4+ 1)/ Zns1)/(S(UQ) x Un))/Zpt1)

(Zy+41 = centre(SU(n + 1))).
e Quaternionic projective space:

HP" = Sp(n +1)/(Sp(1) x Sp(n)).
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Some Inclusions of Lie Groups and Their Homogeneous Spaces
F,4 O Spin(9) D Spin(8) O Spin(7) D G, D SUB) D S>> 1.

(Respective dimensions: 52, 36, 28, 21, 14, 8, 3, 1.)

M ~G/H

53 SU3)/SU(2)

56 G,/SU(3)

s7 Spin(7)/Ga
Spin(8)/Spin(7)

s8 Spin(9)/Spin(8)

V[R7)  G2/SU(2)

S7x ST Spin(8)/G,

s Spin(9)/Spin(7)
o) F4/Spin(9)

Algebra H of Quaternions  Basis: {eg, e1, €2, e3} satisfying
2 _ 2 _ — pon — o o o —
ey = eo, e; = —ey, epe; = ejep = e;, ejej =—eje; =e;
((i, j, k) = even permutation of (1,2, 3)).

Conjugate quaternion of g = 21-3:0 aje; € H, and relation with the product:

q = apep — aje| — azep — ases, 9192 = q241.

1

Norm n(g) and inverse g~ of ¢:

n(q) =94 =

—1
q = |q?(aoeo —aje] —azer —aze3) =

q_
ks

Algebra O of (the Usual) Octonions, Multiplication Table, and Some Associated
Spaces

O={x=z+ueCaC’:
+uw (' +v)= (' = (u,v)) +zv+Zu+ux*v,
(,): C3 — 3 the usual Hermitian product,

(u,v*w)=det(u,v,w),a,B€C,u,v,w G(C3}.
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Conjugate, trace and norm of x =z +u € O:

X=7—u, tx)=x+xeR, nx) =vxx =4/|z|2 + |u|?* e R.

) el ey e3 eq es e6 e7
€0 [0} el () e3 ey es €q ey
e el ep —e3 —ep —es —ey e7 ee
en en e3 eo ey —es —e7 —e4 —es
e3 e3 ey —ey en) —e7 —egp es eq
eq eyq es €6 e7 e el %)) e3
es es é4 ey e —€] ey —e3 —en
e6 e —e7 eq —es —ep e3 —eo el
e7 e7 —ep es —eq4 —e3 ey —ep eo

S'={xe0:n*(x)=1},

S = {x c @:nz(x) =1,1(x) =0},

s = [xeOx 0:n*(x) +n*(y) = 1},
Spin(7) = Aut(0, {,,}),  {x,y.z} = (xy)z,

Gr={peSpinM:p()=1}, 1les’.

Chapter 5
e Hopf bundles ¢ : S ¢ C* — §% and g : S7 € H? — §*:
w(x, y) = (2y%, x> = [y]?).
e Fundamental vector fields on the bundle of linear frames F M over M:
AT = "xi(@)ako/ox!
i,j.k

(A= (@) e MnR); z = (X1,...,Xp) € FM; x'(2) = x'(n(2)); x(2) =

dx'(X)).
e Connection form w on a principal bundle P(M, G) in terms of forms w; = ai*a),

with local sections o;, defined on open subsets U; of M:

wj = Adw; w; +6;; onU;NU;

({Ui} = open covering of M; ¥;;(U; NU;) — G = transition functions; ¢;; = g-
valued 1-form W;}G; 6 = canonical 1-form on G: (X) = X).

e Exterior covariant derivative D¢ of a tensorial 1-form of type Ad G with respect
to a connection in the principal bundle P with connection form w (X, Y € T, P,
ueP):

Dp(X,Y) =dp(X, ) + [p(X), 0 ()] + [0(X), o(V)].

e Cartan’s structure equation (principal bundle).
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o the connection form of a connection in a principal G-bundle P, with cur-
vature form..Q; w=) 0 Qe,R2=) 2" ®e, {e} basis of g; c’jk structure
constants with respect to {e; }:

do(X,Y)=—-[0X), oY)+ 2(X,Y), X, YET,P, ucP;
do = —[w,w] + £2 (simplified expression);
do' = — Zc?kw-" A oF + 0
j<k
e Structure constants of GL(n, R) with respect to the standard basis {E;} of
gl(n, R) (also for C):
=y = o/8]8) — 816! 8%

e Cartan’s structure equation (vector bundle).
EM,F",GL(#n,F), P), F=R or C, a vector bundle associated to the princi-

pal fibre bundle P'{Ei} i,j=1,...,n,isabasisof gl(n,F);0 =", _: w ®E‘

and 2 =),
nection in P:

i<j

i<j .Q’ ® E i the connection form and the curvature form of a con-

da)’jz—Za);(/\a)I;+.Q}, iLj=1,...,n

Linear Connections
e Canonical 1-form 6 on the frame bundle (FM, 7, M):
0(X)=z"'(m.X), 0'=) Yidx

(X eT,(FM), z € FM,; {xi,xj}, i=1,...,n =dimM, local coordinates on
FM;Y =(@)™h.
e Components (or Christoffel symbols) F ? of a linear connection V on M with

connection formw =", _ <j o ® EJ o =(Xy,...,X,) asection of F M over an
open subset U of M; wy = a*]a) (Wthh is a gl(n, R)-valued 1-form on U). Then:

wy =Y I'ld/®E}.
ij.k
Also, for local coordinate functions (x?) on M,

@_Z lja ak-

e Connection form w of a linear connection with Christoffel symbols I” j’ ¢ in terms

of the local coordinates (xi , x,{) on FM:

of =Y Yi(dek+ Yk xbdem), ijklm=1,... n=dimM.
k
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e Structure equations (frame bundle).
V a linear connection on M, with connection form w, torsion form @ = (®),
and curvature form 2 = (.Q;.); 0 the canonical 1-formon FM; X,Y € T,(TM);
i,j,k=1,...,n=dimM:

d9(X,Y) = —(o(X)-0(Y) —w(¥)-0(X)) +O(X,Y),
do(X,Y)=—[w(X),0(V)] +2(X,Y),
do :_ng INZENCI
j

i i k i
da)j— Za)k/\a)j—i—.Qj.
k

e Covariant differentiation Vx (7 (M) = algebra of tensor fields on M):

(1) Vx: T(M)— T (M) is a type-preserving derivation.
(i) Vx commutes with every contraction.
(iii)) Vxf=Xf, f e C®M.
(iv) Vx4y =Vx + Vy, X, Y € X(M).
(v) Vx(fK)=(Xf)K + fVxK, K € T(M).

e Covariant derivative of a (0, r) tensor field ¥:

.
(VY9 X1, .., X)) =Y (W (X1, .... X)) — ZW(XI,...,VyXi, e X0,
i=1

o Relation between exterior differential and covariant derivative for a differential
r-form o:

,

da(Xo..... X)) =Y (=1 (Vx,0)(Xo..... Xi. ... X;). (7.6)

i=0
e Second covariant derivative:
(VZS)X’Y = VxVys — Vy,ys.
e Torsion tensor and curvature tensor field of a linear connection in terms of covari-
ant differentiation:
T(X,Y)=VxY—-VyX—[X,7Y],
R(X,Y)Z =VxVyZ —VyVxZ —Vix y|Z.

e Torsion tensor and curvature tensor field:
i i i i
jk = jk_ij’ R(ei,ej)ek:ZRk,'jel,
I
arl.  ar}.
i kj roi roi
Ry = k  axl Z(rljrkr —Ir,),
r
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k k k i
Rjjj = —Ryji» Rjjj = —Ryj Rkl/+Rl/k+RJkl =0,
R(X,Y)Z=—-R(Y,X)Z, R(X,Y)Z+R(Y,Z)X+ R(Z,X)Y =0.
e Bianchi identities:

(Ist)y & RX.VNZ= & [{T(T(X,Y),Z)+(VxT)(Y,2)},
XYz XYZ

(Is, T=0) & R(X,Y)Z=0,
XYZ

@nd) & {(VxR)(Y, 2)+ R(T(X, V), Z)} =0,
2nd, T=0) & (VxR)(Y,2)=
XYZ

e Covariant and double covariant derivative of tensor fields for a linear connection
F;k with torsion tensor T; . and curvature tensor field R;. i E

Vector field with components X':

X =0, X"+ I X"
r

Differential 1-form with components w;:

wji =0iwj =Y Tor,  onjg— o= (R0 +2Tj ).
r

r

(1, 1) tensor field with components J j‘
=k I Y 1
r r

(0, 2) tensor field with components z;;:

r r
Tijik = 0i Tjk — E Itk — E Tt
r r

(r, ) tensor field with components K: ::jf;_:

i1 s

i...0p /1 -Js Z iy 11...1...1, Z m 11 Ly
Kjlmjs 2 + Y K - Js Fk]ﬁ Jl---m---js)‘
p=1

The Ricci identity:
.

i.. l; iy _ edp—1lipt1.wir pip
VleK VkleJl Js ZKjlmjs Rikl'

p=1

.
. i1y J if..dy
Y K i R — ViSy T
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e Components of the torsion and curvature forms: o = (Xq, ..., X;;) a moving
frame on an open subset U of M; T(X;, X;) = Z T! Xi, R(Xi, XX, =
Z R! j le i, the torsion and curvature tensors of a linear connect1on on M. De-
fine T/k, R ki € C®(FM) by

~ 1~ ~ ~.
_ inj k_ ~7i pj k i i
= _Tio/ no = Tuo! n6', T =-Tjj,
j<k
Q7= "R 056 = ZRk,Q"Ael Ry =—Riy.
k<l
Then
T =Th, o *Riy=Ry,

e Cartan’s structure equations (moving frame).
o =(Xy,...,X,) amoving frame defined on an open subset U of M; 8' =
o*6*, c~o’J = a*a)’j. Then:

Za) NI Z AR
~i ~i o~k i ok 5l
dw?:—Za)}(/\wJ-+52R’jk10 NS
k k,l

e Structure equations (geodesic polar coordinates).

{e1,...,en} abasis of TyM, p € M,; x! normal coordinates defined by {e;}
on a normal coordinate neighbourhood U of p; (Xi,..., X,) the moving frame
defined on U by parallel transport of {ej, ..., e,} along geodesic rays from p.

Let F map an open set of R™into U by x!(F(t;a',...,a") = ta'. Define
.8 B by

F*gizfidt‘i‘ﬂi, *~l —/3]’
where 8¢ = %6, ET)’/ = a*a)"/., and B’ does not depend on dz. Then fi(r;a',
ay=a'; ,Bj. does not depend on dt, and we have (structure equations):

%—da +Zaj,3 +Z ka’ﬂ ZR wd B

with initial data B (1; a*, da'),=o = 0 = B/ (1; a*, da'),—o.
e Differential equations of geodesics (i, j,k=1,...,n=dimM):

- dx/ dxk
=0
dt2 +Z *ar de
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Covariant derivative on a vector bundle (E, 7, M) over M ('E = (C*°M)-
module of C* sections of E):

V:X(M)xT'E - T'E, (X,s) > Vys,
Vix+hys = fVxs+hVys, fheC®M,X, Y eX(M),
Vx(s+1t)=Vxs+Vxt, s,telE,
Vx(fs)=(Xf)s + fVxs.

Reductive Homogeneous Spaces

G-invariant connections: M = G/H a reductive homogeneous space, G (with
Lie algebra g and identity element e) acting transitively and effectively on M.
Reductive decomposition:

g=hdm, Ad(H)m C m.

Linear isotropy representation A : H — Aut(T, M), A(h) = (Lp)xo,and o =eH €
G/H the origin. P a G-invariant K -structure over M. There is a one-to-one cor-
respondence between the set of G-invariant connections in P and the set of linear
maps Ay : m — £ such that

Am(Adp X) =Adyy(Am(X)), Xem, heH,
with Ay, corresponding to A: g — £ with

A(X) = 1 (X), Xebh,
A(Ady X) =Adygy(AX)), XemheH,

where A, is the Lie algebra homomorphism induced by A.
Torsion tensor and curvature operator at o € G/H for the invariant connection
corresponding to Ay (X, Y € m):

T(X,Y)o=An(X)Y = An(Y)X — [X, Y ]m,
R(X,Y)o =[An(X), Am(Y)] = Am (X, YIm) = A(IX, Y1p).

Curvature form £2 of the canonical invariant connection w on G/ H:
1
X, Y)= _E[X’ Yl, X, Yem.

Torsion tensor and curvature tensor field at o € G/H of the canonical connection
V(An=0),(X,Y,Z em):

T(X7 Y)(] = _[Xv Y]‘m.v
(R(X,V)Z), =—[[X.Y1y. Z]., VT =0, VR=0.
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e Unique torsionless G-invariant connection on G/H with the same geodesics as
the canonical connection:

1
An(X)Y =S [X.Vm, X,V em.

For these and many other formulas in this chapter, see Kobayashi and Nomizu
[19].
Almost Complex Manifolds
e Canonical complex structure of R?* induced from that of C”:
RZn — R2n
(xl,...,x",yl,...,y") — (yl,...,y",—xl,...,—x”).

Matrix with respect to the natural basis of R>":

(0 I
JO_(—In 0).

e Real representation of the general linear group:
GL(n,C) - GL(2n,R)

. A —B
A+1Br—><B A)'

e V vector space with complex structure J; V¢ = V @g C complexified space of V;
again J the extension of J to V¢. Eigenspaces of J in V¢:

Vi0={Zev:JZ=iZ}={X —iJX: X eV},
VOl ={ZeVve:iJZ=-iZ}={(X+iJX: X V).

e Standard almost complex structure J on C* = R?" defined by

7 a 0 7 a 0
axk — gyk’ ayk  gxk’
e Cauchy-Riemann equations:
f:UcCcC'= {zl =x! +iyl} —-C" = {wk =u* +ivk} holomorphic:
duk _ vk duk _ vk
axl — ayl’ ayl — axl’
e Torsion of an almost complex structure J:

NX,Y)=[JX,JY]-JJUX,Y]-JI[X,JY]-[X, Y]

e Basis of TI,I’OM and Tl(,) ‘'M fora complex manifold M:

a 1/ a8 .9 a 1/ 9 i 3
ol usr il el Bl Wyl sb ey
azk 2\ axk  ayk )7 azk 2\ axk  ayk
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..., 7", F =x* +iyk = complex local coordinate functions; and dzF =dx* +
idyk, dzk = dxk —idy*).
e Holomorphic vector field on a complex manifold of complex dimension #:

3 _
Z= fka—k, £* a holomorphic function (3 f =0), k=1,...,n.
Z

e Cartan’s structure equations (almost complex linear connection).

C (M) the bundle of complex linear frames on an almost complex manifold M
of real dimension 2n; 6 the canonical form on C (M) = restriction of & on FM to
C(M); w = connection form of an almost complex linear connection with torsion
form @ and curvature form £2; @ and §2 are valued on the subalgebra gl(n, C) of
gl(2n, R). Set

% = 0% i1, QY=Y +iO"Y a=1,...,n;
wgza)g+iw;’l+ﬁ, Wg:()g+iﬂ;‘l‘+ﬂ, a,B=1,...,n

(¢ = (¢%) and @ = (®%) are C"-valued; ¥ = (wg‘) and ¥ = (lllg‘) with values
in gl(n, C), as the Lie algebra of n x n complex matrices). Then, besides the real
structure equations we can write:

do* ==Y Vg AP + 0% a=1,.n;
B

dyf ==Y YE Ay, +¥5, ap=1....n
14

Some Properties of Spheres

st 82 §3 s+ §5 56 5T § (%)

Lie group Y n Y n n

o

Parallelisable n Y n n

< = B
=
=

Y n n n

=

Almostcomplex

Y =yes,n=no, (x) n>7

Chapter 6

e Musical isomorphisms associated to a metric g on M:
b: TyM - TiM,  X'(=b(X)) =g(X,);
g TiM —> ToM,  of(=d@) =g (@)

e Arc length L(o) of a differentiable curve o = x4, a < ¢ < b, in a Riemannian
n-manifold (M, g) ((x!, ..., x™) local coordinates):

b
L(o) =f V& (x/, x))dr,
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Energy of acurve o : [a,b] - M in (M, g):
1 b
E(G):—/ o’ (1) [ dt.
2 Ja

e Poincaré upper half-plane:

1

={,»eR?:y>0}, ds’= yz(dxz—i-dyz).

o Koszul formula for the Levi-Civita connection:
22(VxY, Z) = Xg(Y, Z) + Yg(Z, X) — Zg(X, Y)
+5(IX. Y1, Z) — g(lY. Z1. X) + ¢([Z. X1, Y). )

e Christoffel symbols:
1 (081 | gk 98k
rio— Ly it (981 98k 08jk )
ik 22128 <8xk+8x1 ox!

Geodesic through p € §" (with the round metric) with initial velocity vector
veT,S":

y () = (cos|vt) p + (sin|v|t)%.

Riemann—Christoffel Curvature Tensor
o Riemann—Christoffel curvature tensor (g;; = g(e;, ¢;); (e;) alocal frame):
R(X,Y,Z,W)=g(R(Z, W)Y, X),
g(RX,V)Z,W)=—g(RX,Y)W,Z)=—g(R(Y,X)Z, W),
g(RX.Y)Z,W)=¢g(R(Z,W)X.Y),

Rijii = R(ei,ej, e, e) = g(Rex, eej, e;) = ZgihRi?kl,

Riiij = —Rikij = — R,
Riiij = Rijki,

Rikij + Riijk + Rijri = 0.

e Metric and Riemann—Christoffel curvature tensor near the origin p, xi(p) =0, of
normal coordinates (x’) (letting Rij1,r = OR;xj1/0x"):

8ij =5ij ZRzkﬂx X — ZRzkjl rx X )C
Tkl

1 4
+ 51 Z (_6Rikjl.,rs + 3 Z RikﬂRﬁjs>xkxlx’xY +.
’ t
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R — L Pgi  gu g | g
Mo\ oxdox! ~ axJaxk  axiox! | axioxk )
o Sectional curvature for a plane P C T, M:

R(X,Y,X,Y)
g(X, X)g(Y,Y)—g(X,Y)?

K(P)=R(X,Y,X,Y), X,Y orthonormal basis.

K(P)= X, Y basis of P;

e Ricci tensor ((e;) = a local orthonormal frame):

r(X,Y) =trace of the map Z — R(Z, X)Y of T, M,

r(X.Y)=Y g(R(ei. X)Y.e;)=) R(ei. X.e;.Y),

k
k k
e Ricci tensor ((e;) = any local frame):
rij = Z R?ki = nglRikjl-
k k.l
e Scalar curvature:
s = Zgijr,-j = Zgijr(ei, e;j) ((e;) alocal frame),
ij ij
s = Zr(el-, ¢;) ((e;) alocal orthonormal frame).

e Weyl conformal curvature tensor for a Riemannian n-manifold (M, g):
WX, Y)Z=R(X,Y)Z+L(Y,Z)X—-L(X,2)Y+g(Y,Z)L*X —g(X, Z)L*Y
1 . —
(LX,Y) == 57X Y) + 558X, V)i g(L*X, ¥) = L(X, Y)),

. . 1 . . . .
Wik = R = — (0kd] = xjudy + gjary — gjury)

S . .

— (g8 — gid:).

+ (n_l)(n_z) (glk 1 8jl k)
e Cotton tensor for a Riemannian n-manifold (M, g):

1
Cijk = Varij — VTik — m(VkSgij — Vjsgik)-

e Weyl projective curvature tensor (n > 1):
. . 1 . .
P]l'kl = R}kz e (rjk‘szl - rj15ll<)~
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Kdhler Manifolds
e Hermitian metric on an almost complex manifold (M, J):
g(UX,JY)=¢g(X,Y),
g=2Zgade°‘dZ’3.

o.p

e (M, g, J) an almost Hermitian manifold. Holomorphic sectional curvature:
H(X)=g(R(X,JX)X,JX), XeT,M, |X|=1, peM.

e Fundamental 2-form of a Hermitian metric:

F(X,Y)=g(X,JY), F=-2i) g,;d:" ndZF.
a,p

e Kiihler metric:
98af _98y5  98ap _ 380y

9z 9z 77 9B
e Curvature components:
o
o _arﬁ}’
Bys 328 ’
2

R - -— 9 8up _Z gfagaéagﬁr
«Brd ™ 97v 978 dzvy 978

e Ricci form:
p(X,Y)=r(X,JY),
p=-2i) r,zd* ndzF.
a.B

e Structure equations (bundle of unitary frames). '
U (M) = bundle of unitary frames; & = canonical form on U (M); w = (a)’j),

i,j=1,...,2n = connection form on U (M) defining the Levi-Civita connection
of the Kéhler manifold M; 2 = curvature form (w and £2 with values in the real
representation of u(n)). Setting (foro, =1, ...,n)
Y =0"+i0"1Y,  Yi=optio),  WE=QF +i2
we have
+ + B .
w§=w2+g, a):f+/3=—a)g o w%:—a)g, a)ngﬂ:a)n_i_a,
+ + B
Q5 =0k, ca=—5 Q5=-0f =20y
Hence,
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e Riemann—Christoffel curvature tensor and curvature form on the bundle of unitary
frames U (M), of a Kéhler manifold (M, g) of constant holomorphic sectional
curvature c:

Cc
Kapys = =5 (8ap8ys + 8u85):

c _ _
g = §<<p°‘/\<p’3+8aﬁ2<py /\(py>.
¥

e Bochner curvature tensor for a Kidhler manifold (M, g, J) of real dimension »n:

B(X.Y,Z,W)=R(X,Y,Z, W) — L(X, W)g(Y, Z) — L(X, Z)g(Y, W)
+ L(Y,Z)g(X, W) — L(Y, W)g(X, Z) + L(JX, W)g(JY, Z)
—L(JX,Z2)g(JY, W)+ L(JY, Z)g(JX, W)
—LUJY,W)g(UX, Z)
—2L(JX,Y)g(JZ, W) —2L(JZ,W)g(JX,Y)

(L(X,Y) = =577 (X, V) + 5oz 8 (X V).

Characteristic Forms

e rth Chern class ¢, (E) of a complex vector bundle £ over the differentiable man-
ifold M in terms of the curvature form components .Qj of a connection in the
corresponding principal bundle

(P, p,M,GL(n,C)).

Represented by the Chern form o, € A>" M:

* _ 11 -Jr 11 ir

P =G Y ST A ARy,
where one sums over all ordered subsets (i1,...,i,) of (1,...,n) and all per-
mutations (ji, ..., jr) of (i1,...,i,), and where 6“ ]’ denotes the sign of the

permutation.

e rth Pontrjagin class p,(E) of a real vector bundle E over the differentiable man-
ifold M in terms of the curvature form components .Qj of a connection in the
corresponding principal bundle

(P, p, M,GL(n, R)).

Represented by the Pontrjagin form g, € A% M:

1 Jor ol ior
P (Br) = P ! S A AR
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where one sums over all the ordered subsets (iy,...,ip) of 2r elements of
(1,...,n) and all permutations (ji, ..., jar) of (i1,...,i2).

e Euler class e(FE) of an oriented real vector bundle E of rank 2r (with a fibre met-
ric) over the differentiable manifold M in terms of the curvature form components
.Q’I of a connection in the corresponding principal bundle

(P, p. M,SO(Qr)).

Represented by y € A% M:

(_l)r i 2y —
PO =Y @l

12r

Homogeneous Riemannian Manifolds

® T (M ,8)—> (M,g) a Rierilal}vnian submersion; X, Y orthonormal vector fields
on M with horizontal lifts X, Y; ZV = vertical lift of Z € X(M). Sectional cur-
vature:

~ ~ 3
Ku(X.¥)=Kg(X.7)+ Z[IX. Y1

e Levi-Civita connection of (M = G/H, g) reductive homogeneous; g =h & m
reductive decomposition; (, ) an Ad(H )-invariant non-degenerate symmetric bi-
linear formonm ((X,Y) =g, (X, Y), X, Y em,m=T,M):

An(X)Y = %[X, YIm+UX,Y),
U: m x m — m defined by
AUX,Y), Z)=(Z, X, ¥)+ (X, [Z,Y]m), X,Y,Zem.
e M = (G/H,g) a naturally reductive homogeneous Riemannian manifold

(U =0). Levi-Civita connection and Riemann—Christoffel curvature tensor at o
(X,Y em):

An(X)Y = %[X, Y,

1
g (R(X, Y)Y, X) = Z([X’ Ylm. [X, Y1m) — ([[X, Y15, Y], X).

e M = (G/H, g) a normal homogeneous Riemannian manifold (there exists an

Ad(G)-invariant scalar product (,) on g such that (, )y is non-degenerate); m
the orthogonal complement to § for (, ); X, Y € m. Sectional curvature:

1
g(RX, V)Y, X), = Z([X, Y], [X, Ym),, +([X. V1o, [X, Y]), -
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Curvature and Killing Vector Fields

e (M, g) Riemannian manifold; X, Y, Z, Killing vector fields; Levi-Civita connec-
tion:
28(VxY, Z2)=g([X, Y], Z) + (1Y, Z], X) — g(1Z. X1. Y).

e (M = G/H, g) Riemannian homogeneous; g = h+m; X, Y, Killing vector fields
in m; m = T,M; Levi-Civita connection, curvature tensor and Ricci curvature at
o0, and scalar curvature at any point:

(Vx¥)o = 31X, Vln + UK, D),
3 1
S (RX, Y)Y, X) = —Z|[X, Y]m|2 - E([X, [X.Y]g],..Y)

1
- E([Y, Y. X1g],.. X)+ |UX, Y)}2 —(UX. X), U, Y)),

1 1
£ (X X) = =2 3 |IX.eilm | = 5 D {[X. X eilm] i)
J

1
—Z [ X, e,]b ‘)+ZZ([€i,€j]max>2
l’]
- <[Z» X]mv X)a
s= Z|[el,e,]m| ——ZB(e,,el>—|Z|2
ij
({e;} a (, )-orthonormal basis of m; Z =3, U(e;, ¢;)) (see [S]).
Riemannian Symmetric Spaces
M:(G/H,g,U), h:(0*0)+5 m:(U*O)—v g:h®m,
[b, h] C b, Ad(H)m Cm, [m,m]Ch.
e Curvature tensor field (X, Y, Z e m):
R(X.V)Z=—[[X,Y].Z]. (7.8)

e Ricci tensor for G/H Hermitian symmetric with G semi-simple and effective on
G/H, and H compact, in terms of the Killing form B of g:

1
rX.Y)=-2B(X.Y). X.Yem

e Invariant connections on Riemannian symmetric spaces (G, H, o) of type:

I. (G simple), and
II. (G product of two copies of a simple Lie group interchanged by the involutive
automorphism o).
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For this table and the next one, see Helgason [20] and Laquer [21, 22].

Type I Set of invariant connections
Al SU(n)/SO(n), n >3 (x) 1-dimensional family
All SU(n)/Sp(n), n >3 1-dimensional family
EIV E¢/F4 1-dimensional family

Other cases Only the canonical connection
Type 11 Set of bi-invariant connections

SU(n),n =3 (x)
Other cases

2-dimensional family
1-dimensional family

(%) SO(6)/(SO(3) x SO(3)) behaves as SU(4)/SO(4) and SO(6) as SU(4)

Irreducible Riemannian Symmetric Spaces of Type I and 111

Compact Noncompact rank dim
Al SU(n)/SO(n) SL(n,R)/SO(n) n—1 (a=D)n+2)
All SU(2n)/Sp(n) SU*(2n)/Sp(n) n—1 mr—n—1
AT ol R min(p,q)  2pq (+%)
BDI(Y)  gooitdis ol min(p,q)  pq
D III (%) SO2n)/U(n) SO*(2n)/U(n) [%n] nn—1)
C1(%) Sp(n)/U(n) Sp(n, R)/U(n) n nn+1)
CII St SLE—s min(p.q)  4pq (k%)
EI (e5 78, sp(4)) (e, 5p(4)) 6 42
EIl (eg "%, 5u(6) + su(2)) (e2, 5u(6) + 5u(2)) 4 40
E III (%) (¢g "%, 50(10) + R) (¢5"*,50(10) + R) 2 32
EIV (57550 (e5°C, ) 2 26
EV (e, 5u(8)) (¢7, 5u(8)) 7 70
E VI (713, 50(12) +5u2))  (67°,50(12) +5u(2)) 4 64
EVIL(¥) (5% ¢+ R) (7%, ¢ +R) 3 54
E VI (eg 2%, 50(16)) (¢§.50(16)) 8 128
EIX (eg 2%, ¢7 + 5u(2)) (eg 2", e7 + 5u(2)) 4 112
FI (1222, 5p(3) + 5u(2)) (73, sp(3) + su(2)) 4 28
FII (1222, 50(9)) (122, 50(9)) 1 16
G (g5, 5u(2) + su(2)) (03, 5u(2) + 5u(2)) 2 8

(*) Hermitian symmetric (for BD I, only if ¢ =2)

(%) (p<q)
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Remark The superindices for the exceptional simple Lie algebras denote the sig-
nature of the corresponding Killing form B, where the signature is defined here as
the number of positive values minus the number of negative values when B is ex-
pressed in diagonal form (see [20]): ¢¢: —78, —26, —14,2, 6; ¢7: —133, =25, —5,7;
eg: —248, —24, 8; f4: =52, -20,4; gr: —14,2.

Symmetric Spaces G /H of Classical Type with Noncompact Isotropy Group'

G=SLn,C) G=SLn,R) G =SU(p,q)
SL(p,C) SL(p,R) SU(k, k + h)
xSL(g,C) x C xSL(q, R) xR xSU(p —k,n—k —h) x U(1)
SL(n, R) SO(p. q) SO(p. q)
SO, C) Sp(n/2,R) Sp(p/2,4/2)
SU(p, q) Sp(n/2,C) x R SO*(n) (x)
Sp(n/2,C) Sp(n, R) (%)
SU*(n) SL(n,C) x R (*)
G =SU*(n) G =S0(n,C) G =S0(p,q)
SU*(p) SO(p,C) SO(k,k + h)
xSU*(g) x R xS0(g, C) (1) XSO(p —k,n —k — h) ()
Sp(p/2,q/2) SO(n—2)xC SO(p —2,q9) x U()
SO*(n) SO(p, q) SO(p—1,g—1) xR

SL(n, C) x U(1)

SL(n/2,C) x C
SO*(n)
SO*(n/2, C)
SU(p, q) x U(1)

SU(p/2,q/2) x U(1)
SL(1/2,R) x R ()
SO(n/2,C) (%)

SO(n —2) x U(1) (¥)

G=Sp(n, 0 G =Spn,R) G =Sp(p,q)
SL(n,C) xC Sp(p.R) x Sp(g. R) Sp(k, k + h)
xSp(p —k,n—k —h)

Sp(n, R) SU(p. q) x U(1) SU(p. ¢) x U(1)
Sp(p, C) x Sp(q,C) SL(n,R) x R
Sp(p.q) Sp(n/2,C)

SU*(n) x R (x)

Sp(n/2,C)

() p=qg=n/2,(f) p=lorp,g>2, () k+h>2,n—k—h>2,(}) p=2,g=n—2

IThe isotropy groups for each group G are listed under it. In all cases but for Sp(n, C) and
Sp(n, R), the expression of the first listed isotropy group has been broken in two lines.
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Simply Connected Normal Homogeneous Spaces of Positive Curvature

Type dimp ) @)
sn n 1 (ii)
CP", HP", QP2 2n,4n, 16 1 (ii)
CP" = Sp(m + 1)/(Sp(m) x U(1)) 2m 4+ 1 = (iii)
§2m+1 = (SU(m + 1)/SU(m), g) 4m+3 s (iv)
s ifs > 2
($4+3 = Sp(m + 1)/Sp(m), g) 4m +3 w1 °=3
T lf s < 3
B =Sp(2)/SU(2) 7 = (vi)
B3 =SU(5)/H 13 oS (vii)

(W7 =(S0(3) x SUB)/U*().g)) 7 10=3 3
(16—31)(4+161—1112)
if Z<r<l1

(viii)

(1) § = Pinching constant

(ii) Compact rank-one symmetric spaces with their standard metrics

(iii) Equipped with a standard Sp(m + 1)-homogeneous metric

(iv) Berger spheres, 0 < s <1

v)0<s<l1

(vi) Berger space B (14D equipped with a standard Sp(2)-homogeneous metric

(vii) Berger space B3 ([4]) equipped with a standard SU(5)-homogeneous metric

(viii) Wilking space [30] equipped with a one-parameter family g, s > 0, of SO(3) x SU(3)-

_ 25

homogeneous metrics. Here 1 = 5715

Compact Rank-One Riemannian Symmetric Spaces

Type dimp X (M) (M) Volume
n+l

§"(0) n 1+ (=D)" n(n — D ST

(hHn?

ntl

RP'(2) n L+ (-1 nin— 1) e

(5hn2
CP"(%) 2 n+1 4n(n + D2 (5"
—— in n 1 16n(n + D orEaer
[0): ) 16 3 576\ 1617![)L88

x (M): Euler-Poincaré characteristic of M
T(M): signature of M

A: constant curvature A for S (1), RP"(1); constant holomorphic (resp. quaternionic, Cayley) sec-
tional curvature 4 for CP" (resp. HP" (1), OP2(1)). See [6]
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Simply Irreducible Pseudo-Hermitian Symmetric Spaces G/ H

(A)
SL(2n, R) SU*(2n) SU(n —1i,i)
SL(n,C) x U(l)’ SL(n, C) x U(l)’ S(Uh,k) xUn —i —h,i —k)) ’
(BD)
SO*(2n) SO*(2n)
SO*(2n —2) x U(1)’ Umn —k, k)’
SO(n —k, k) SOQ2(n — k), 2k)
SO —k, k—2) xU(l)" Un—k.k)
©
Sp(n —i,1)
Umn —i,i)’
(Ee)
Ee(2) Ee(2)
SO*(10) x U(1)’ SO(6,4) x U(1)’
Ee(—14) E6(—14)
SO(8,2) x U(1)’ SO*(10) x U(1)’
(E7)
E7(7) E7-s) E7(—s) E7(-25)
Eg2) x U(1)’ Eg(—14) x U(1)’ Eg2) x U(1)’ Eg¢(—14) x U(1)
(see [26]).

Simply Reducible Pseudo-Hermitian Symmetric Spaces G/ H

(A)
SL(21, C)
S(GL(n — k, C) x GL(k, C))’
(BD)
SO(n, C) SO(2n, C)
SO(n —2,C) xSO(2,C)’  SL(n,C) x C*’
©
Sp(n, C)
SL(n, C) x C*’
(Ee)
E¢

SO(10,C) x C*’
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(E7)
C
E7
ES x C*’

where C* = C \ {0}. (See [26].)

Simply Connected Symmetric Pseudo-Quaternionic Kahler Spaces G/ H
(A)

SU(p+2,q9) SL(n + 1, H)
S(UR) xU(p,q))’ S(GL(1,H) x GL(n, H))’
(BD)
SOp(p+4,9) SO*(21 +4)
SO4) x SOp(p, q)’ SO*(4) x SO*(21)’
©
Sp(p+1,9)
Sp(1) x Sp(p.q)’
(G2)
Go(—14) Go2)
SO4) ’ SO4)’
(Fg)
F4_52) Fa) Fa) F4-20)
Sp(1)Sp(3)’ Sp(1)Sp(3)’ Sp(1)Sp(1,2)’ Sp(2)Sp(1,2)’
(Ee)
Eg(—78) Es(2) Ee62)
SU2)SU(®6)’ SU)SU(®6)’ SU(2)SU(2, 4)’
E¢—14) E¢(6) Eg¢(—26)
SUQ)SU(2, 4)’ Sp(1)SL(3, H) ’ Sp(1)SL(3, H) ’
(E7)
E7-133) E7(—5) E7—s)
SU@)Spin(12)"  SU@)Spin(12)°  SU(2)Spiny(4, 8)
E7(7) E7(-25)
SU(2)SO*(12)"  SU(2)SO*(12)’
(Eg)
Eg(—248) Eg(—24) Eg(—24) Esgs)
SU(2)E7(133) SU)E7(133) SUQ)E7(—s)’ SUR)E7(—s)

(see [2]).

583
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Berger List of Riemannian Holonomy Groups

dmM =n Group Name Einstein Ricci flat

n SO(n) Generic - -

2m U(m) Kéhler - -

2m SU(m) Special Kéhler - Yes

4m Sp(m) Hyper-Kéhler - Yes

dm Sp(1)Sp(m) Quaternion-Ké#hler Yes -

7 G - Yes
Spin(7) - Yes

16 Spin(9) Yes -

Berger List of Pseudo-Riemannian Holonomy Groups Let (M, g) be a simply
connected pseudo-Riemannian manifold of dimension n = r + s and signature (7, s)
that is not locally symmetric. If the holonomy group of (M, g) acts irreducibly, then
it is either SOg(r, s) or one of the following (modulo conjugation in O(r, s)):

U(p,q) or SU(p,q) CSO2p,2q), n=4;
Sp(p,q) or Sp(p,q)Sp(l) CSO4p,4q), n=8;
SO(r, C) Cc SO(r, r), n>4;
Sp(p,R)SL(2,R) C SO(2p,2q), n=>8;
Sp(p, C)SL(2,C) Cc SO(4p,4q), n=>16;
G, C SO(7);
G5y C SO4,3);
GS € SO(7,7);
Spin(7) C SO(8);
Spin(4, 3) C SO(4, 4);
Spin(7) € SO(8, 8).

As pointed out in [13], this list is due to Berger and also to the efforts of some other
authors [1, 7, 8, 27].

Spaces of Constant (Ordinary, Holomorphic, Quaternionic) Curvature and Cayley
Planes  (In the next formulas, unless the tensor product sign is used, it is under-
stood that the product of differentials is the symmetric product.)

e Constant ordinary curvature
e Riemann-Christoffel curvature tensor for constant curvature c:

R(X,Y,Z,W)=c(g(X,Z)g(Y, W) — g(X, W)g(Y, Z)).

e Metric g of non-zero constant curvature 1/r on
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M= {(xl""’xnﬂ’t) eR™!: (x1)2+...+ (x”)2+rt2=r} :

o= MO+ ZOIE) —Eydy
(r+3X0H%? ’ '

e Poincaré half-space model (H", g) of the real hyperbolic space RH(n), with con-
stant curvature ¢ < 0:

n
(H".8) = ({(Hl,...,u") eR":u' >O},—ﬁ > dul ®dui>.
i=1

e Open unit ball model (B", g) of the real hyperbolic space RH(n) with negative
constant curvature c:

B" = {(xl,...,x”) eR" :2:(x")2 < 1},
i=1
B 4
c(1 =377 (xH?)?

n
g: del®dxl
i=1

o Constant holomorphic curvature
e Riemann—Christoffel curvature tensor for constant holomorphic curvature c:

R(X,Y,Z, W)= g{g(X, 2)g(Y, W) —g(X,W)g(Y, Z)
+g(X,JZ)g(Y,JW) —g(X,IW)g(Y,JZ)
+2g(X,IY)g(Z, IW)}.

e Fubini—Study metric of positive constant holomorphic sectional curvature ¢ on
the complex projective space CP(n):
40+t dtab) - T d
70 (I + 2702 '

e Hermitian metric on the open unit ball model (D", h, J) of the complex hyper-
bolic space CH(n) for ¢ < 0 (see Goldberg [14, p. 227], Goldman [15, p. 73]):

D" = {(zl,...,z”) eC": Z|Zk|2 < 1},
k=1
h=— : 1= Y ) (St e
c(1 =370y 12?2 =1 k=1

) (Be))
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e Matrix expression of &:

4 n ) Y
= _ J
= e =25 1Z71)? <5kl (1 ng‘z | ) e )

e Riemannian metric g, Kéhler form o (h = g + iw), and complex structure J
(w(X,Y)=g(X, JY)) (with real coordinates (x', ..., x" y!,..., y") on D" de-
fined by z* = x* +iy*):

g:_c(l—z;zl <) (Z[I_ZM } @)

k=1 j#k

+Z x4 yFyl) (dxk dx + dyF dy')
k£l

n (xkyl _ xlyk)(dxk dy! — dy* dx’)]),

4 n
_C(l — Z?;] |Zj|2)2 : <Z

k=1

[Z|Zj|2 - 1:| dxk A dyk

J#k

—i—Z (dx A dx! ~|—dy /\dy)
k<l

— (eFxl ¥Ry (axF A dy! +dx! A dyk)]>,

J= Z(—@dx s k®dy>

e Hermitian metric on the Siegel domain model (D, hy, J1) of CH(n):

n
D+={(u1=x+iy,u2,...,u”)eC":y—Z\”k’2>0}’

k=2
1 n
hy =— du'di' +2i) (uF du' di* — 7* du* di'
i c(y—22=2|uk|2){ ,;( )

n
+4Z(y - Z|uj|2> du* di +4<Z i u! dukdﬁl) }
k=2

j>1 ki>1
ik k1
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e Matrix expression of /i :

1
(hi)y7) = — -
() c(y = 2o/ [H)?
1| 2i? 2iu"
—2ii”
x _ Ji2 —k 1
48k (y Zj>1 [/ %) + u*u’)
—2iit"

e Corresponding Riemannian metric g, and complex structure J, (u* = v* +iwk,
k=2,...,n):

g+=—M{dx2+d +4Z[ Z’u/‘:| + (dwh)?)

k>1 j>1
Jj#k
- 4|:dx Z(wk dvk — ¥ dwk) +dy Z(vk dvf + w* dwk)]

k>1 k>1

+4 Z [(vkvl + wkwl) (dvk dv! + dwk dwl)
k],{l;ll

T (vh! — o'k (@t du! — dut dvl)]},

3 3
Jy =—®dx——®dy+z<—®dv Uk®dwk).

e Constant quaternionic curvature
e Riemann—Christoffel curvature tensor for constant quaternionic curvature c:

R(X,Y,Z, W)= %{g(X, 2)8(Y, W) —g(X, W)g(Y, Z)
3

+ ) (e(X. T Z)g(Y. W) — g(X, JW)g(Y, J Z)

a=1

+2g(X,JYV)g(Z, JW))}.

e Watanabe’s metric on the quaternionic projective space HP(n):
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4

n n
1+ Y6512 ) S dgk dgk
TS |qk|2>2<< Qq | ); ¢

~(Zre) ()

e Watanabe’s Riemannian metric ¢ (with qk = xk —i—iyk +jzk +kwk k=1,...,n,
see Watanabe [29]):

A 4 = k12
oI+ X1 14 P)? {( ,; |
n
Y (dok dak 4 dyt dyk + d2F d2F + dw* dwt)
k=1

h=

n
— Y [(Aw dx* dx' + By dx* dy' + Cpy dx* d2! + Dy dx* dw’
k,l=1

— By dy* dx! + Ap dy* dy' + Dy dy* dz! — Cpy dy* dw!

— CyydzFdx! — Dy dz* dy! 4+ Ay dz* dz' + By dzF dw!
— Dy dw* dx! + Cy dwk dy' — By dw* dz’ + A dw® dw')] i,

where
Ay = Kl + ykyl + K+ wkwl,
By zxkyl _ ykxl T+l — wk117

l ®)

Cur = x*2h — yowl — 25l 4wk,

Dy = xFw! + ykzl — zkyl —whxl.

e Open unit ball model (E", h, v%) of the quaternionic hyperbolic space HH(n)
(with ¢ < 0):

n
E" = {(ql,...,q”)EHn:Z|qk|2<l},
k=1

4

h=— =3 P) S dgt agt
c(l—ZZ_uqu)Z(( QQ‘)Q e

(g ()
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e Corresponding Riemannian metric § (with ¢gf = x¥ + iy* + jz¥ + kw*, k =
1,...,n):

& ol =3k 1gk1H)? {< ;‘q | )

n
x Y (dx* dok 4 dyF dy* + dz* d2F + dw* dw*)
k=1

n
+ Z (Ap (dx* dx! +dy* dy’ + dz* d2’ + dw* dw')
k=1

+ B (dx* dy — dy* dx! + dz* dw’ — dw* dz')
— Cpa(dz* dx! — dx* dz! + dy* dw’ — dwk dy')

— Dy (dwk dx! — dxFdw! — dy*dz! + dzF dyl)) } ,

with Ay, B, Cri, Dy as in (x) above.
e A standard basis of the almost quaternionic structure v> on E":

n
? 9 0 9
=Y (- odf+ — edf+ — edw — — ®d),
1 Z( g OO+ et T edwt - T @d:

k=1

. 0 k d k 0 k d k
J2=Z —W@)dz _8_yk®dw +3—Zk®dx +W®dy s

k=1

n
9 k 9 k 9 k 9 k
J3:Z<w®dw—w®dz +8_Zk®dy —W®dx .
k=1

e Real part of the metric induced by h on the Siegel domain model (E, gE, , Ui)
of HH(n):

n
E,= !(ul,...,u") cH" :Re(ul) - 2:|uk|2 >0},
k=2

_ _ 4 l 112 _ —k 1k 3-1
8= c(Re(ul)—Zk>1|uk|2)2<4|d” = L Reli aai)
+ Z(Re(ul) —~ Z|uf|2>|du’<|2 + > Re(iu' dut dzZl)).
k>1 j>1 k,>1

ik ksl
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o Corresponding Riemannian metric gg, (with uk = a* +ib* + jck + ke,
1<k<n):

4 ¢ A k g1 k 11,0 k q.1 k 1,1
gE, = — Agi(da™ da' + db" db" + dc* dc’ + de® de
+ c(al _Zk>l |uk|2)2 leZ:I{ ( )
+ Byy(da* db’ — db* da’ + dcF de’ — deF dc')
+ Cpa(da* de! — db* de’ — dck da’ + de* db')
+ Dy (da® de' + db* de’ — dc* db’ — de* da')},
where
1/4 ifk=1=1,
—a* )2 ifk>1,1=1,
Au=1{-d/2 ifk=1,1>1,
al =3y o ! ifk=1>1,
aka + bl + ket 4 ekel if k1> 1,k #1,
bk/2 ifk>1,1=1,
Buy=1-b')2 ifk=1,1>1,
a*bl — bral + kel — ekl otherwise,
k2 iftk>1,1=1,
Cu=1{-c/)2 ifk=1,1>1,
akcl — ckal + kbl — bke! otherwise,
ek /2 ifk>1,1=1,
Dy=1{—¢/2 ifk=1,1>1,

akel — ekal + bkl — kbl otherwise.

e A basis of the corresponding almost quaternionic structure vi:

)+ =
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where

. 0 k 0 k 0 k 0 k

ack abk

G Z D gddt+ L @dk - L gack - L gaet
= — a — - — ¢ — — e,
P dek dak

n
d d d d
H= — ®dd" — — @dF + — ®dck — — ®det ).
I;<aek® @Rk Ot G ®de m G ®de
e Cayley planes
e Held-Stavrov—van Koten canonical metric g on:
Cayley projective plane OP?:

e Jdu*(1+ ) + |dv*(1 + [u[?) — 2Re((uD)(dvdir))
4 (L+u> + vP?)? ’

The open unit ball model (B2, g, v”) on the Cayley hyperbolic plane OH(2):
B? = {(u,v) € Q% : ul* + |vf* < 1},

_cldulP (1 = v + |dvP (1 — |ul*) 4 2Re((ud)(dv dir))
*74 (1= [ = o2 |

(see Held, Stavrov and van Koten [17]).

<0

Left-Invariant Metrics on Lie Groups

e Koszul formula for the Levi-Civita connection of a left-invariant metric g on a
Lie group G with Lie algebra g (where X, Y, Z € g):

28(VxY,2) =g(IX. Y1, Z) — g(¥. 2], X) + g(1Z, X1. Y).
e Case of a bi-invariant metric (g([X, Y], Z) + g(¥,[X, Z]) =0:
1
o Case of a co-biinvariant metric (g([X, Y], Z)+g([Y, Z], X)+g((Z, X1, Y) =0):
g(VxY,Z)=—¢(lY, Z1, X).

e Levi-Civita connection, curvature tensor field, and sectional curvature (at the
identity element ¢) for a compact Lie group G with a bi-invariant metric g
(X,Y, Z, left-invariant vector fields):

vxy:%[x, Y], R(X, Y)Z=—%[[X, Y1, Z],

K((X, Y)) = %g([X, Y], [X, Y]), X, Y here orthonormal.
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Basic Differential Operators
e The gradient:

A

o’ 37 feC™®(M, ).

Vi=Wf)i=g'df)=>) g"

ij
e Divergence of X € X(M) with respect to a linear connection V of M:
n
(divX)(p) =) _0'(V, 2)
i=1

({ei}, {6'} = dual bases for Ty M and T;,"M, peM;i=1,...,n=dimM).
e Divergence of X =), X 9/9x" with respect to (the Levi-Civita connection of)

a metric tensor g:
Z 1 d,/ det(gjk)Xi
— \/det(g;k) dxt '

e Divergence of a (0, r) tensor @ on (M, g):

diva) (v, ..., v,) = Z(Veia)(ei, Uiy Ure1)

(V = Levi-Civita connection; v; € T, M; {e;} = orthonormal basis for T, M, p €
M).
e The Hessian:

HY(X,Y)=XYf — (VxY)f.

e Trace of the second covariant derivative:

rV2X = (Ve Ve — Vy, o) X.

1

e The Laplacian and the Laplacian on functions:

A=ds+8d,  Af=-) g" s —Zn’%i

’ Py axidx/ p Vaxk )

e Weitzenbock’s formula for the Laplacian A on (M, g) (n = dimM; {e;} =
orthonormal basis of T, M):

1
g(Aa, @) = 5A|oz|2 +|Val* + g(pa, @), acA™M,

n r
where py (v1, ..., V) = ZZ(R(@[, vj)o;)(m,...,vj_l,ei, Vjgls--os Up).
i=1 j=1
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Case of (M, g) of constant sectional curvature c:
1 2 2 2
g(Aa, ) = §A|a| + |Va|“+r(n —r)cla|.

e For fheC®M,X,Y e X(M):
(1) grad(fh) = fgradh + hgrad f,
@) div(fX)=Xf+ fdivX,
(i) H" = fH" + hHf +df @ dh + dh @ df,
@iv) A(fh)= fAh+hAf +2g(grad f, grad h),
(v) curl(grad f) =0,
(vi) curl X = da, where « is the 1-form metrically dual to X.

e Hodge star operator x: A"M — A""M, 0 < r < n, on an oriented pseudo-
Riemannian n-manifold (v = volume form):

a AKB =g (@ Bv;
ap A (kBp) =By A (*xap), o, B€ A;,M, pEM,

*2 — (_l)r(n—r)’ *—l — (_l)r(n—r)*.

Conformal Changes of Riemannian Metrics
o g=eyg, feC®(M,g),dmM =n,|df? =g~ df.df):

Levi-Civita connection:
VxY =VxY + (df(X))Y + (df (V)X — g(X, ) grad f.

Riemann—Christoffel curvature tensor (® = Kulkarni—-Nomizu product):
~ 1
R=e2f<R—g@ <Hf —df ®df + 5|df2|2g)).

Ricci tensor:

- 2
F=r—(m-2)(H' —df ®df)+(Af — (n—2)|df*]")g.
Scalar curvature:
§=e 2 (s+20n— DAf — (n—2)(n — D]df?]).

(1, 3) Weyl tensor W:

Volume element:
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Codifferential on r-forms:
Sa = e_zf(&x —(n— Z)igradfa).
Hodge operator on r-forms (for oriented M):
xg =172 %,
For the relevant theory and a wealth of formulas, see Besse [5].

Some Geometric Vector Fields

e Affine X € X(M) with respect to a linear connection V of M:
(LxV)(Y,Z)=0, Y,ZeX(M);
(VyVX)Z =R(Y,X)Z (if V is torsionless)
(LxV)(Y,Z) = [X,VyZ] — Vixy1Z — Vy[X,Z]; (VyVX)Z = VyVzX —
Vv, zX).
e Projective X € X (M) with respect to a linear connection V of M:
(LxV)(Y,Z)=0(Y)Z+6(Z2)Y, Y,ZecX(M), 6 A'M.
e Jacobi equation along a geodesic y:

Vy V¥ + Yy (T(Y.y') + R(Y. y')y" =0.

Volumes of Spheres, Balls, and Projective Spaces

e Volumes of: sphere with the round metric, closed unit ball B"*! = B(0,1) €
R™*1_ and projective spaces KP" with the canonical metric (diam(KP") = 1/2)):

n+l _ | n
VO](S211+1) — 27[ , VOl(Szn) — (n 1)(47[) ’
n! (2n — 1!
1(B"™) = —vol(s") (P = T
vo =0T 1Vo , Vo =
n n
vol(RP*") = ) . vol(cP) =2
n—1)@2n—3)-----3-1 n!
VOl(HP") = ———  vol(OP') = ———,  vol(OP?) = .
@2n+1)! 8.7-5-3 1

RiemannianNSMbmanifolds M < M an immersion; X,Y,Z, W € X(M), & €
X(M)*, V, V = Levi-Civita connections.
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e Gauss formula:
VxY =VxY +a(X,Y),
where VxY = tVyY, a(X,Y) =vVxY

(t = tangential part, v = normal part; o« = second fundamental form of M for the
given immersion).
e Weingarten formula:

Vxé = —AsX + V5§,
where

—AsX =tVxE,  VyE=1VxE,  g(AX,Y)=g(a(X,Y),&),
V)%: X(M) x %(M)J‘ — 3€(M)l (the normal connection),

VW =vVxW, XeX(M),WeXM)™'.

e Gauss equation:
R(X,Y,Z,W)=R(X,Y,Z,W) +g(a(Z,Y), (W, X))
—g(a(Z, X), a(W, 1)).

e (M, g) m-dimensional Riemannian submanifold of n-dimensional space (N, g)
of constant curvature K. Gauss equation and length of mean curvature vector
|H|*>at p e M ([30, p. 123]) :

R(X.Y,Z, W) =K(3(Z,Y)g(W, X) = g(Z, X)g(W,Y))
+2((Z, V), a(W, X)) — g(«(Z, X), a(W, 1)),
X,Y,Z,WeX(M), (7.9)

1
|H|? =

W(S—Km(m — 1)+Ez)

(s scalar curvature of M; £2 square of the length of the second fundamental form).
e Codazzi equation:

vRxyZ = (Vxa)(¥. Z) — (Vya)(X, Z),
where
(Vxa)(Y, Z) = Vi (a(Y, Z)) — a(VxY, Z) — a(Y, Vx Z).
e Ricci equation:

VRxyE = Ryyé — a(As X, Y) — a(X, AsY).
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e Mean curvature normal:
1 r
== (U AgE
i=1

(M = n-dimensional Riemannian manifold isometrically immersed in an (n +
r)-dimensional Riemannian manifold N; {&,...,&.} = orthonormal basis in
(TyM)™).

e Riemann—Christoffel curvature tensor on a complex submanifold M of a Kéhler
manifold (]\7 ,&,J) (¢ = second fundamental form; R = Riemann—Christoffel
curvature tensor of M, X € X(M)):

R(X,JX,X,JX)=R(X,JX, X, JX) —2g(a(X, X), (X, X)).

Hypersurfaces in R"*!1 M hypersurface in R"*!; X, Y, Z € X(M); & field of unit
normal vectors defined locally, or globally if this is the case; V' = covariant differen-
tiation in R"*1; A = Ag = symmetric transformation of each T), M corresponding to
the symmetric bilinear function 4 on T, M x T, M defined by a(X, Y) = h(X, Y)&.

e Gauss formula for hypersurfaces:
VY =VxY +h(X, Y)E.
e Weingarten formula for hypersurfaces:
Vié =—AX.
e Gauss equation for hypersurfaces:
R(X,Y)Z =g(AY,Z)AX — g(AX, Z)AY.
e Codazzi equation for hypersurfaces:
(VxA)Y = (VyA)X.

Surfaces in R3

e Gauss—Bonnet formula for a compact surface M:

1 1
M)=— -— [ k
XM= /Msa)g 27T/M v

(x (M) = Euler characteristic; s = scalar curvature; K = Gauss curvature).
e parametrisation of SZ = {(x,y,z) e R3: x> +y2 + 22 =1}:

x =siné cos g, y =sinfsing, z=cosf, 0<O<m 0<q<2m.

(See Remark 1.4.)
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e A parametrisation of the torus T2 (with R >r, 0,9 €(0,2m)):
x=(R+rcosf)cosg, y=(R+rcosf)sing, z =rsind.

(See Remark 1.4.)
e Gauss curvature K of an abstract parametrised surface with metric

g=Edu’+2Fdudv+Gdv> =Edu ® du + Fdu @ dv+ F dv ® du

+ Gdv®dv,
1 E F G
K=—-————-1E, F, G
. 272 u u u
4(EG — F~?) E, F, G,

—|(F=r), (F=n) |
2VEG — F2 (\VEG - F?), EG—F?/,
(here a subindex u, v, denotes the derivative with respect to that variable).

Pseudo-Riemannian Manifolds

e Normal coordinates for a pseudo-Riemannian n-manifold (M, g). On a neigh-
bourhood of the origin p € M:

@) gij(p) =dijej, ej==x1. '
(i) Geodesics through p: y’ =a't,i=1,...,n,a" =const.
(iii) Christoffel symbols: F;k (p)=0.

e Cartan’s structure equations (for a pseudo-Riemannian metric).

o = (X;) an orthonormal moving frame; ¢; = g(X;, X;) = £1; (") dual mov-
ing coframe; 6' = o *0', with 6 = (6") the canonical form on the bundle of or-
thonormal frames; c'T)’] = o*w’j, with a)’j the connection forms; 6; = ¢;6', ;;
= sic'T)’j; 2ij =€

6 ==Y @i M), @i+ @y =0,
J

d&ij = _ngg)jk /\C~0ik + Qij
k

(in the expression & jgj, no sum in j; in the expression g jk»> O sum in k).
For the relevant theory and a wealth of related formulas, many of them repro-
duced here, see Kobayashi and Nomizu [19] and Wolf [31].
e Metric of constant curvature c. There exist coordinate functions x’ on a neigh-
bourhood of p € M such that

g dx! @ dx!

ST a=gmenn
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e Pseudo-Riemannian metric of constant curvature ¢ in normal coordinates x' with
origin g, at p # q:

xix/ smz(rd ) X xJ
= “ ) ) dxf dx/

(signature of g = (e1,..., &), & = £1; }_;(8ij)q = €idij; xi = Zj(gij)ij;
e= Zix,-xi/|x,-x"| ifzixixi #0and e =0 if Zix,-x" =0;r=,/e>; xixt).
For the relevant theory, see Cartan [9] and Ruse, Walker and Willmore [25].

o First variation formula for a piecewise C* curve segment o : [a, b] - M with
constant speed ¢ > 0 and sign &:

b k
L'(0) = g{_/ (0" V)du =" g4’ ), V) +[g(o, V)]Z}
a i=1

(V = V(u) = variation vector field; u; < --- < uy breaks of o and its variation;
Ac'(ui) =o' ) — o' ;).

e Synge’s formula for the second variation of the arc of a geodesic segment
o: [a,b] - M of speed ¢ > 0 and sign ¢:

L"(0) = E{/ab{g(v/l, V) +g(R(V,0")V, o)} du + [g(o”, A)]f;}

(V'+ = component of V’ perpendicular to y; A = transverse acceleration vector
field).
For the relevant theory of these and the next formulas, see O’Neill [23].
e Einstein field equations:

1
r——sg="T
28

(g = metric tensor; r = Ricci tensor; s = scalar curvature; 7 = stress-energy ten-
sor).
e Schwarzschild metric:

2m 2m\ !
g= (1 — ?> dr? + <1 ?> dR* + R*(d6? + sin® 6 dp?),
6 € (0,7), ¢ € (0,21).

e Kerr metric for a fast rotating planet (cylindrically symmetric gravitational field;
a = angular momentum):

2Mr(dr — asin® 0 dp)?
r2 4+a2cos?6

= —dt* + (r* +a%)sin” 0 dgp? +

dr?
2 2 2 2
+ (l’ —+ a” cos 9) <d9 + m)
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o de Sitter metric on S*:

1

= W(drz + rz(of + Uy2 + azz)),

8

where R = radius of $%;

1 1
o-x:r—z(ydz—zdy—i—xdt—tdx), Uy:r—z(ZdX_XdZ‘i‘ydt_td)’)v

1
o, = r—z(xdy—ydx+zdt—tdz).

o Robertson—Walker metric:

dx? 4 dy? + dz?
(145062 +y2 +29))2

g=—dt* + f2(1)

(three-dimensional space is fully isotropic; f(#) = (increasing) distance between
two neighbouring galaxies in space; k = —1, 0, +1).
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Some Notations

o/ Atlas, 9

A*  Fundamental vector field corresponding
to A, 276

Ad Adjoint representation of a Lie group,
202

ad Adjoint representation of a Lie algebra,
205

AutV  Group of automorphisms of a vector
space V, 165

B(p,r) Open ball of center p and radius r,
13

B(p,r) Closed ball of center p and radius r,
594

B(-,-) Killing form, 153

[,] Bracket product in a Lie algebra, 151

[X,Y] Bracket product of the vector fields
X,Y,70

C>®M  Algebra of differentiable functions on
M, 68

C" Complex n-space, 165

C’M  Local algebra of germs of C*
functions at p € M, 327

CP" Complex projective space, 144

cy(E),c@)(E),... Chern numbers of the

bundle E, 292

ith Chern form of E with a
connection, 298
ith Chern class of E, 404

cl ¢ Structure constants of a Lie group, 170

% Distribution, 116

dim Dimension (of a vector space, a
manifold, etc.), 28

div X Divergence of the vector field X, 455

divw Divergence of the differential form w,

¢i(E)

d d
— Value of — at7 =0, 80
drlizo % g
0 0
— Value of — at p, 8
axtlp dax!
dS Boundary of the subset S of a topological
space, 19

dw Codifferential of w, 416

A Laplacian, 457

Af Laplacian of the function f, 456

E', Matrix with (i, j)th entry 1 and 0
elsewhere, 63

EndV  Vector space of endomorphisms of a
vector space V, 38

exp Exponential map for a Lie group, 176

Exponential map for a manifold with a

linear connection, 384

F R,CorH,94

FM Principal bundle of linear frames

over M, 98

Value of the function f at the point p,

8

fxp Differential of f at p, 31

@sp Differential of the map ¢ at p, 29

¢; Local flow, Local one-parameter
subgroup, 80

¢|ly  Restriction of the map ¢ to a subset U
of the domain of ¢, 33

¢ - X Vector field image of X by the
diffeomorphism ¢, 85

b Musical isomorphism “flat”, 354

G (R") Grassmann manifold of k-planes in
R", 63

GL(n,C) General linear group, 165

gl(n,C) Lie algebra of GL(n, C), 560

f(p)

416 GL(n,R) Real general linear group, 63
dx’|,, (dx"), Value of dx at the point p, gl(n,R) Lie algebra of GL(n, R), 63

109 GL(n,H) Quaternionic linear group, 583
PM. Gadea et al., Analysis and Algebra on Differentiable Manifolds, 601
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grad f Vector field gradient of the
function f, 454

I' Connection in a principal bundle, 284

TI'E C®(M)-module of C* sections of the
vector bundle E, 543

' Christoffel symbols, 309

2 Horizontal distribution of a connection,
281

H Algebra of quaternions, 94

H* Multiplicative Lie group of nonzero
quaternions, 202

H/ Hessian of the function f, 35

HjR(M, R) kth de Rham cohomology group
of M, 141

H" Quaternionic n-space, 553

Hol(I") Holonomy group of the connection
r,315

Hol’(I") Restricted holonomy group of the
connection I", 315

HP" Quaternionic projective n-space, 315

* Hodge star operator, 459

1 (M) Isometry group of (M, g), 413

im¢ Image of the map ¢, 19

(X,Y) Inner product of two vector fields
X, Y, 74

ix,tx Interior product with respect to X, 93

J Jacobian matrix, 40

Almost complex structure, 319

IO )

alxt, ..., xm)
yi= i, . x™), 38

K  Sectional curvature, Gauss curvature, 401

kergp Kernel of the map ¢, 59

LieG Lie algebra of the Lie group G, 176

Ly Lie derivative with respect to X, 92

A*M  Algebra of differential forms on M,
114

A"M Module of differential forms of degree

ron M, 108

Alternating covariant tensors of

degree r on V, 101

M  Manifold, 2

M(n,R) Real n x n matrices, 193

M(r x s,R) Real r x s matrices, 20

/" Normal bundle, 543

N, N; Nijenhuis tensor, 102

V Linear connection, 305

V-4 Normal connection, 595

O Algebra of octonions, 564

Jacobian of the map

ATVH

Some Notations

O, (1,n) Proper Lorentz group, 414

O(n) Orthogonal group, 178

O(n,C) Complex orthogonal group, 194

OpM Local algebra of germs of
holomorphic functions at p € M, 327

(P,m,M,G) Principal fibre bundle over M
with projection map 7 and group G,
276

r Ricci tensor, 401

R" Real n-space, 8

RP" Real projective space, 59

R(X,Y)Z=[Vx,VylZ - Vix nZ
Curvature tensor field of V, 308

R(X,Y,Z,W)=g(R(Z,W)Y,X) Riemann
curvature tensor, 400

s Scalar curvature, 402

SL(n,C) Special linear group, 194

sl(n,C) Lie algebra of SL(n, C), 154

SL(n,R) Real special linear group, 193

sl(n,R) Lie algebra of SL(n, R), 191

S"  n-sphere, 12

SO(n) Special orthogonal group, 194

SO(n,C) Complex special orthogonal group,
194

SU(n) Special unitary group, 194

suppf Support of the function f, 68

ff Musical isomorphism “sharp”, 354

(X1,...,X,) Span of n vector fields (or
vectors) Xq,..., X,, 117

TM Tangent bundle over M, 67

T*M Cotangent bundle over M, 97

T (M) Unit tangent bundle over (M, g), 497

T,M Tangent space to the manifold M at the
point p, 29

Real tangent space to a complex

manifold at p, 320

T,}‘OM Space of vectors of type (1,0) at p in
a complex manifold, 326

T,’}M Holomorphic tangent space at p in a
complex manifold, 326

tr Trace, 153

M  Tensor fields of type (r,s) on M, 551

U(n) Unitary group, 194

Vi (R™) Stiefel manifold of k-frames in R”,
249

v, vy Element of volume, volume form, 138

vol(M), volg (M) Volume of M, 409

X(M) C° M-module of C* vector fields on
M, 83



Index

A
Action
effective, 163, 254, 555, 570, 578
free, 98, 163, 229, 231, 434, 435
properly discontinuous, /64, 229, 231, 513
simply transitive, 164, 432, 519
transitive, 164
Adapted linear connection, 407
Ad(H )-invariant inner product, 445, 447
Adjoint representation
of a Lie algebra, /53, 187, 206
of a Lie group, 153, 201, 202, 266, 276,
296, 297, 449, 565
Affine
symmetric space, 451
vector field, 594
non-Killing, 473
Almost
complex
linear connection, 326
structure, 267, 319, 363, 364
Hermitian
manifold, 362
structure, 365, 367
product structure, 530
tangent structure, 279
Alternating covariant tensor, 101
decomposable, 101
homogeneous, 101
Annular region
de Rham cohomology, 142
Anti-derivation of the tensor algebra, 91
Arc length, 370, 484, 486, 540, 572
Atlas, 2, 8-26, 53, 60, 61, 97, 133, 170, 324
Autodual differential form, 459

PM. Gadea et al., Analysis and Algebra on Differentiable Manifolds,

Automorphism group of a principal bundle,
272
Axioms of countability, 28

B
Basic linear connection, 406
Belavin—Polyakov—Schwartz—Tyupkin
instantons, 459
Bi-invariant metric, 424, 538
Levi-Civita connection, 424
curvature, 424
on a compact Lie group
curvature tensor field, 591
Levi-Civita connection, 591
sectional curvature, 591
pseudo-Riemannian, 536
Bianchi identities, 402, 568
torsionless linear connection, 568
Bochner curvature tensor, 576
Bott’s Theorem on Pontrjagin classes, 406
Bracket
Poisson, 337, 339
product and exterior differential, 104, 550
Bundle
cotangent, 97, 285, 329, 332, 333
of linear frames, 98, 266, 267, 277, 279,
280, 320, 565-567
principal, 265
tangent, 7, 67, 69, 81
orientability, 132

C
Campbell-Baker—Hausdorff formula
five first summands, 557
for a nilpotent Lie group, 196
Canonical
1-form on the bundle of linear frames, 566
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Canonical (cont.)
1-form on the cotangent bundle, 239, 269,
329, 332,333,551
complex structure of R?", 571
symplectic form on the cotangent bundle,
240, 269, 329, 332, 333, 551
Cartan
Criterion for Closed Subgroups, 152, 171,
185, 186, 249
Criterion for Semisimplicity, 156
matrix, 158, 215
structure equations, 417, 451
almost complex linear connection, 572
bundle of linear frames, 567
bundle of unitary frames, 575
geodesic polar coordinates, 569
in another (equivalent) way, 314
moving frame, 569
principal bundle, 565
pseudo-Riemannian, 519, 521, 527, 597
vector bundle with group GL(n, F), 566
subalgebra of complex Lie algebra, 207
subalgebra of semi-simple Lie algebra, 154
Catenoid, 508
Cauchy-Riemann equations, 322, 571
Cayley hyperbolic plane
Held-Stavrov—Van Koten metric, 591
Cayley projective plane
Held-Stavrov—Van Koten metric, 591
Changes of charts of a vector bundle, 91, 96
Characteristic
class
Chern, 297, 403
exotic class
Godbillon—Vey, 298
form
Chern, 297, 403
Pontrjagin, 404
Chart, 2
Chern
characteristic class, 297, 403
characteristic form, 297, 403, 576
number, 289, 302
Chern—Simons
formula, 302, 349
invariant, 349, 408
Christoffel symbols, 307, 311, 371, 400, 401,
452,481, 492, 539, 566
expression in local coordinates, 573
Classical
Lie groups, 162, 559
simple complex Lie algebras
real forms, 560

Index

Clifford multiplication on forms, 348, 467
Clifton—Pohl torus, 513
Closed differential form, 131, 431
Coadjoint representation, 243
Coclosed differential form, 463
Cocycle condition, 97, 97, 99
Codazzi equation
for hypersurfaces, 596
for submanifolds, 489, 544, 595
Codifferential, 416, 457, 463, 464, 594
of differential form, 348
Codimension ¢ foliation, 406
Complete vector field, 7, 76, 77
Completely solvable
Lie algebra, 154, 206
Lie group, 154
Complex
dimension, 267
hyperbolic space
Lie algebra, 556
manifold, 267, 321
complex submanifold, 353, 489
holomorphic tangent space, 268, 326
real tangent space, 268, 326
space of vectors of type (1, 0), 269, 326
totally real submanifold, 353
usual bases of T,"*M, T,"' M, 328, 571
orthogonal group, 194, 552
projective space CP!
tangent bundle, 403
projective space CP", 144
as base space of a bundle, 276, 287
as Hermitian symmetric space, 447
as homogeneous space, 254, 563
volume form, 144
space form, 353
totally geodesic submanifold, 488
totally real submanifold, 488
special orthogonal group, 194, 552
structure, 571
tangent space, 363
Cone in R?, 27
Conformal
change of metric, 462, 593
coordinates, 355
map, 353
vector field, 476
Conjugate points, 346, 387, 486, 487
Connection, 362
adapted linear, 407
basic linear, 406
flat, 267, 314
form
of a linear connection, 566
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Connection (cont.)
on a principal bundle, 285, 287, 297,
565
in a principal bundle, 266, 281, 288, 292,
295, 302
horizontal lift, 266
horizontal space, 266
vertical space, 266
linear, 267, 305-308, 311, 312, 316, 318,
319, 325, 326, 384, 455, 566
on vector bundle, 265
Connection Laplacian, 501
Connection map
Levi-Civita, 500
Connection-preserving map, 312
Constant curvature, 447
metric of negative, 584
metric of positive, 584
pseudo-Riemannian metric, 597
Riemann—Christoffel curvature tensor, 584
Constant holomorphic curvature
curvature form, 576
Fubini—Study metric, 585
Riemann—Christoffel curvature tensor, 576,
585
Constant negative holomorphic curvature
Siegel domain model, 586
Constant negative quaternionic curvature
Siegel domain model, 589
Constant paracomplex sectional curvature, 531
Coordinate
functions, 2
map, 2
neighbourhood, 2
system, 2
Coordinates
conformal, 355
cylindrical, 71, 476
Fermi, 347, 384
geodesic polar
structure equations, 569
isothermal, 355
normal, 267, 307, 390, 597
spherical, 103, 288, 510
Cotangent bundle
canonical 1-form, 269, 329, 332, 333, 551
canonical symplectic form, 269, 329, 332,
333,551
from a cocycle, 97
Cotton tensor, 574
Covariant derivative
along a curve, 318, 319
and exterior differential, 312, 567

605

computation with indices, 308, 309
of tensor fields, 568
on a vector bundle, 570
second, 567, 592
Covering map, 48
and complex structure, 324
pseudo-Riemannian, 350
Critical
point, 4, 33-36
Hessian, 4
non-degenerate, 4, 36
of the energy functional, 503
value, 4, 34-36
Curl, 459, 593
Curvature
and Killing vector fields, 578
at a point of homogeneous Riemannian
manifold, 578
form
components, 569
scalar, 402, 574
sectional, 401, 574
tensor
Bochner, 576
Weyl conformal, 574
Weyl projective, 574
tensor field
at a point, 346
bi-invariant metric on a compact Lie
group, 591
of a linear connection, 567
symmetries, 567
Curve
dense in the torus 72, 180
geodesic, 316, 318, 445, 513, 527
integral, 76, 77, 84, 121
Cut locus, 346
Klein bottle, 389
real projective space RP", 389
sphere S", 388
torus 72, 389
Cylindrical
coordinates, 71, 476
surface
atlas, 14
orientability, 133

D

Darboux’s Theorem for symplectic manifolds,
270

De Rham cohomology, /31, 141-143, 427, 464

Derivation of a Lie algebra, 151

Derivations of the tensor algebra, 91

Derivative (directional), 282
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Derived algebra of a Lie algebra, 154
Diffeomorphism, 3, 3741, 43, 57, 68, 84, 170,
193, 194, 229, 231, 247-249, 251,
548
orientation-preserving, 134
Differentiable
manifold, 2
structure, 2
Differential
form
Clifford multiplication, 348
closed, 131, 431
coclosed, 463
Dirac operator, 348
exact, 131, 431
harmonic, 348
pull-back, 103, 550
forms
exterior product, 549
Grassmann product, 549
wedge product, 549
ideal, 93, 119, 120, 182
of a map, 548
of the exponential map, 385
Dirac
magnetic monopole, 288
operator on forms, 348, 467
Directional derivative, 282
Distance, 485
function, 369, 370
Distribution, 93
completely integrable, 93
first integral, 93
horizontal, 281
integral manifold, 93
involutive, 93, 111, 115, 116, 118-121, 182
maximal connected integral manifold, 94
Divergence, 455, 459, 593
of (0, r) tensors, 347
of a 1-form, 592
of a vector field, 455, 462
on an oriented manifold, 551
with respect to a linear connection, 592
with respect to a metric, 592
Divergence free vector field, 167
Dynkin diagram, 158, 215

E
Effective action, 254, 555, 570, 578
Eigenfunctions of the Laplacian, 466
Eigenvalues of the Laplacian, 466
Einstein
field equations, 527, 598
manifold, 425, 453

Index

Embedded submanifold, 57
Embedding, 5, 50-52, 70
Energy functional critical point, 503
Energy of a curve, 573
Equation
Jacobi, 350, 483, 484, 486
Laplace, 136, 139
Equations
Cauchy—-Riemann, 322, 571
Einstein field, 527, 598
Hamilton, 330
Maurer—Cartan, 184, 557
Euclidean
group E(2) invariant measure, 173
group E(n), 433
motion, 233
Euler
angles, 555
characteristic, 509
class in terms of curvature forms, 577
Euler—Lagrange equations, 503
Exact differential form, 131, 431
Exceptional Lie group G, 163, 215, 220, 565
Exotic characteristic class
Godbillon—Vey, 300, 301
Exponential map
for a Lie group, 176
for a Riemannian manifold, 346
product, 557
Exterior
covariant derivative
of a tensorial 1-form of type Ad, 565
differential, 550
and bracket product, 104, 550
and covariant derivative, 312, 567
differentiation, 92
product of differential forms, 549

F
f-related vector fields, 8, 82-85, 106, 312
Fermi coordinates, 347, 384
Fibre bundle
base space, 265
connection on, 280
fibre, 265
fundamental vector field, 266
Hopf, 273, 275
of linear frames
canonical 1-form, 566
fundamental vector field, 279, 565
linear connection, 267
of unitary frames
structure equations, 575
principal, 265
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Fibre bundle (cont.)
projection map, 265
structure group, 265
total space, 265
Field equations of Einstein, 598
Figure Eight, 21, 31, 40
differentiable structure, 21
injective immersion, 52
non-injective immersion, 51
First Pontrjagin class and Hirzebruch
signature, 405
First Pontrjagin form and Hirzebruch
signature, 348
First variation formula, 598
Flat
connection, 267
and parallelisable manifold, 314
torus, 490
Flow (geodesic), 380
Foliated manifold, 94
Foliation, 94
codimension, 94, 298, 406
Lagrangian, 333
leave, 94
normal vector bundle, 406
with non-Hausdorff quotient manifold, 118
Formula for hypersurfaces
Gauss, 596
Weingarten, 596
Fractional linear transformations of Poincaré
upper half-plane, 410
Free action, 98, 163, 229, 231, 434, 435, 518
Frobenius’ Theorem, 123
Fubini—Study metric, 585
Full group of translations of R” and transitive
action, 432
Function (distance), 369
Fundamental
2-form of an almost Hermitian manifold,
362, 575
vector field, 282
bundle of linear frames, 279, 565
principal bundle, 276

G
G-invariant Riemannian metric, 347
G-orbit, 246
G-structure, 266, 279, 320
Gauge group of a principal bundle, 272
Gauss

curvature, 484, 509

abstract parametrised surface, 597
equation for hypersurfaces, 493, 596
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equation for submanifolds, 489, 595
formula for hypersurfaces, 596
formula for submanifolds, 594
Generalised Theorema Egregium, 3517, 490
Lemma
generalisation, 398
Gauss—Bonnet
formula for a compact surface, 596
Theorem, 509
General linear group, 164
real representation, 319, 571
Generalised
Gauss’ Theorema Egregium, 351, 490
Heisenberg group, 427
weight spaces, 154
Geodesic
curve, 316, 318, 445, 513, 527
and parametrisation, 375
differential equations, 570
in §", 573
flow, 380
polar coordinates
structure equations, 569
sphere, 392
vector field, 375, 376
Geodesically complete Riemannian manifold,
370
Global parallelisation of § 374,235
Godbillon—Vey exotic characteristic class, 300,
301
Gradient, 454, 460, 592, 593
Grassmann product of differential forms, 549
Grassmannian
real, 63
as homogeneous space, 251, 563
as quotient manifold, 63
tautological bundle, 99
Green’s
first identity on manifolds, 466
Theorem, 131, 135, 552
Corollary of, 351
Group
of inner automorphisms of s0(8), 259
of outer automorphisms of s0(8), 259
Weyl, 159, 216, 218-221

H
Hamilton equations, 330
Hamiltonian vector field, 336, 338, 380, 437
Harmonic
differential form, 348, 463
map, 52
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Harmonic (cont.)
section, 505
vector field, 479, 481
Heisenberg group, 170, 173, 177, 182, 198
exponential map, 193
generalised, 351, 427
Lie algebra, 555
nilmanifolds of the, 427
nilmanifolds of the generalised, 427
usual left-invariant metric, 417
Held-Stavrov—Van Koten metric
Cayley hyperbolic plane, 591
Cayley projective plane, 591
Helicoid, 508
Hermitian
manifold, 268
metric, 268
fundamental 2-form, 575
on an almost complex manifold, 362,
575
symmetric space, 447, 580
Hessian, 455, 456, 593
at a critical point, 4, 35
matrix, 35
Hirzebruch
signature, 348
and first Pontrjagin class, 405
and first Pontrjagin form, 348
Theorem, 348
Hodge
Decomposition Theorem, 351, 465
star operator, 457, 460, 463, 593
Holomorphic
sectional curvature, 575
constant, 448
tangent space to a complex manifold, 268
vector field, 572
Holonomy group, 314, 350
Homogeneous
alternating covariant tensor, 101
pseudo-Riemannian manifold, 518
Riemannian manifold, 577
curvature at a point, 578
normal, 577
Ricci curvature at a point, 578
space, 164, 247-249, 251, 252, 254, 433,
530, 563, 564
naturally reductive, 442, 577
reductive, 164, 252
Homotheties
on a vector bundle, 94
vector field, 473
Hopf
bundle

Index

complex, 273, 275, 289, 565
quaternionic, 273, 295, 565
vector field, 497
Horizontal
distribution, 281
lift, 266
subspace of a connection, 266
Hyperbolic space H"
isometry group, 413
Hyperboloid
one-sheet, 53
tangent plane, 72
two-sheet, 53, 55

1
Immersion, 5, 184
non-injective, 51
Implicit Map Theorem, 6
for submersions, 6, 57
Injective immersion, 51-53
Inner
automorphism of a Lie group, 152
product
Ad(H )-invariant, 445, 447
Lorentz, 533
of integration, 464
of vector fields, 74
Instantons, 303
Belavin—Polyakov—Schwartz—Tyupkin, 459
Integral curve, 76, 77, 84, 121
Integrating a Lie algebra, 187, 195, 197
Integration on a Lie group, 179, 180
Interior product, 93, 114, 551
Invariant
Chern—Simons, 349
measure
left (or right), 173
polynomial, 302, 349
Riemannian metric, 347
Invariant connections on Riemannian
symmetric spaces of type I, II, 578
Inverse Map theorem, 5
Involutive distribution, 93, 115, 116, 118-121,
182
Isometry, 233
Isometry group
of hyperbolic space H" with canonical
metric, 413
of pseudo-Euclidean space R, 516
of §" with round metric, 413
Isomorphisms of some Lie algebras, 556
Isothermal coordinates, 355
Isotropy representation, 242
Iwasawa decomposition of SL(2, R), 410
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J
Jacobi
equation, 350, 483, 484, 486, 594
field along a geodesic curve, 350
identity, 168
Lie algebras, 151
vector fields, 548
vector field, 483, 487, 594
on a surface of revolution, 484
Jacobian, 52
matrix, 38

K
Kéhler
form, 268
manifold, 268, 448, 575
curvature, 575
Ricci form, 575
metric, 575
curvature components, 575
Ricci form, 575
structure, 365
Killing
form, 446, 448, 557
vector field, 473, 475, 481, 513
and curvature, 578
and Levi-Civita connection, 578
of the Euclidean metric, 474
Klein bottle, 19
cut locus, 389
Kodaira—Thurston manifold, 422
Kostant operator, 475
Koszul formula
left-invariant metric on a Lie group, 419,
591
Levi-Civita connection, 346, 520, 573
Kulkarni—-Nomizu product, 549, 593

L
Lagrangian foliation, 333
Laplace equation, 136, 139
Laplacian, 460, 463, 464, 592
connection, 501
eigenfunctions, 466
eigenvalues, 466
for pseudo-Euclidean space, 538
Hodge—de Rham, 463, 501
on functions, 539, 592
rough, 501
trace, 500
Weitzenbock’s formula, 464, 592
Left-invariant
invariant measure
or right-invariant, 173
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metric, 425
Koszul formula, 419, 591
on Lie group, 416, 432
on the Heisenberg group, 417
vector field
and right-invariant vector field, 241
Lemma of Poincaré, 110
Levi-Civita
connection, 359
and Killing vector fields, 578
Koszul formula, 573
of left-invariant metric, 591
connection map, 500
covariant derivative
along a curve, 359
Lexicographic ordering, 158
Lie
bracket of vector fields, 7, 105
derivative, 92, 329, 550
length of Lxg, 361
not a connection, 307
Lie algebra, 151, 182
bracket, 151
Jacobi identity, 151
completely solvable, 206
complex
Cartan subalgebra, 207
regular element, 155, 207
weight-spaces decomposition, 207
derivation, 151
group of inner automorphisms, 202
homomorphism, 151
integrating a, 187, 195, 197
isomorphism, 151
of complex hyperbolic space, 555
of derivations of a finite-dimensional
R-algebra, 174
of Heisenberg group, 555
of real hyperbolic space, 555
semi-direct product, 152, 524
semi-simple, 155
root system, 207
50(3), 176, 555
s0(C%, B), 161
sp(C?¥, 2), 161
solvable, 154
some isomorphisms, 556
unimodular 3-dimensional, 556
Lie group, 151
Aff(R") of affine transformations of R",
166
Aff(R) of affine transformations of R, 187
classical, 559
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Lie group (cont.)
complex
orthogonal O(n, C), 194, 552
special orthogonal SO(n, C), 552
E(1, 1) of motions of Minkowski 2-space,
557
E (2) of Euclidean motions, 173, 557
E (n) of Euclidean motions, 432, 433
exceptional G; and octonions, 565
general linear GL(n, C), 164
real representation, 319, 571
GL(n, R) structure constants, 566
H* of non-zero quaternions, 202
Heisenberg, 170, 173, 177, 182, 417
exponential map, 193
homomorphism, 151
isomorphism, 151
left-invariant metric, 416, 432
maximal Abelian subgroup, 212
of fractional linear transformations of
upper half-plane, 233, 410
of similarities of the plane, 166, 201
orthogonal O(n), 194, 553
oscillator, 533
semi-direct product, 151, 524
semisum of positive roots, 215
simple compact
Poincaré polynomials, 558
simply connected, 558
some usual
center, 558
compactness, 554
connectedness, 554
dimension, 554
special linear SL(n, C), 194, 552
special orthogonal SO(n), 194, 553
special unitary SU(n), 194, 552
Spin(7) and octonions, 565
Sp(n)Sp(1), 553
structure constants, 557
symplectic over C, Sp(n, C), 552
symplectic over R, Sp(n, R), 553
symplectic Sp(n), 553
toral, 164
unimodular 3-dimensional, 556
unitary U(n), 194, 552
Lie—Poisson symplectic structure, 244
Line element, 357
Linear
connection, 267
adapted, 407
almost complex, 326
basic, 406
Bianchi identities, 402, 568

Index

conjugate, 305
connection form, 566
curvature tensor field, 567
opposite, 305
projectively related, 308
torsion tensor, 567
isotropy action, 445, 448
isotropy representation of a reductive
homogeneous space, 570
Local
coordinates on T M, 548
flow of a vector field, 7, 80, 81, 116, 284,
332
Locally
Euclidean space, 2
Hamiltonian vector field, 339
Lorentz
group O(k,n — k), 553
inner product, 533
Lie group, 533
proper group, 413
surface, 513
Loxodromic curves, 506

M
Manifold
almost Hermitian, 362
and continuous partitions of unity, 28
and second axiom of countability, 28
and separation axioms 77, 7>, T3, 28
C®,2
complex, 267
differentiable, 2
Einstein, 425, 453
foliated, 94
Grassmann, 251
Hermitian, 268
Kihler, 448
Kodaira—Thurston, 422
non-Hausdorff C*°, 25, 118
of affine straight lines of the plane, 41
orientable, 132, 133
quotient, 6, 60, 61, 63, 228, 229, 231, 234,
249, 251
Stiefel, 249
Map (momentum), 238, 239
Matrix
Cartan, 158
Maurer—Cartan equations, 184, 557
Maximal
Abelian subgroup of a Lie group, 212
atlas, 2
torus, 156
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Mean curvature
normal, 352, 596
vector field, 497
Measure zero, 4, 34, 35
Mercator projection, 506
Metric
Kihler, 575
near of the origin of normal coordinates,
573
pseudo-Riemannian constant curvature,
597
Schwarzschild, 598
signature, 516
tensor on a differentiable manifold, 345
Minimal
submanifold, 352, 353, 489
surface, 494
Minkowski space
two-dimensional, 518
Mobius strip
as quotient manifold under a
transformation group, 231
atlas, 18
infinite, 16, 42
as total space of a vector bundle, 95
atlas, 16
orientability, 133
parametrisation, 18
Momentum map, 238, 239
Monopole
Dirac magnetic, 288
Moving frame structure equations, 569
Musical isomorphisms, 354, 454, 460, 572

N
Naturally reductive homogeneous space, 442
Levi-Civita connection, 577
Navigator connection, 505
Negative constant quaternionic curvature
open unit ball model, 588
Nijenhuis
tensor, 102, 323, 326, 549
torsion of two tensor fields, 102, 549
Nilmanifold, 427
of the generalised Heisenberg group, 427
of the Heisenberg group, 427
Non-Hausdorff
C° manifold, 25, 26, 118
set with a C* structure, 25
Non-orientable manifold, 130
Non-positive sectional curvature and conjugate
points, 486
Noose, 22
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Normal
coordinates, 267, 390, 503
and Christoffel symbols, 307
for a pseudo-Riemannian manifold, 597
metric tensor at the origin, 573
Riemann—Christoffel curvature tensor
near of the origin, 573
homogeneous Riemannian manifold, 577
vector bundle to a foliation, 406
Nunes connection, 505

(0]
Octonions, 564

automorphism group Gy, 223
One-parameter

group, 7

subgroup of a Lie group, 191, 193, 232
Open unit ball model of negative constant

quaternionic curvature, 588

Orientability

cylindrical surface, 133

Mébius strip, 133

real projective space RP?, 133
Orientable manifold, /30, 132, 133, 135, 179,

322

Orientation of a vector space, 130
Orientation-preserving map, 130, 134
Orthogonal

complex group, 194, 552

group, 194, 553
Oscillator group, 533

P
Para—Kihler manifold, 531
Paraboloid

elliptic, 56

hyperbolic, 56
Paracompact space, 2, 28
Paracomplex projective space, 529

totally umbilical submanifold, 543
Parallel

differential form, 463

transport, 267, 314, 315, 318, 319, 350,

371, 373, 402, 485, 505, 569

Parallelisable manifold, 267, 314

globally, 68, 95, 314, 349
Parametrisation

Mbbius strip, 18

of surface, 3

sphere $3,275

sphere S2, 596

torus T2, 597
Partitions of unity

manifolds and, 28
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Pauli matrices, 293
Poincaré
duality, 431
Lemma, 110
polynomial of compact simple Lie groups,
558
upper half-plane, 410, 573
fractional linear transformations, 410
vertical lines, 374
upper half-space, 451
Poisson bracket, 337, 339
Pontrjagin
characteristic form, 404
classes, 406
Bott’s Theorem, 406
form, 348
in terms of curvature forms, 576
Positive constant curvature and conjugate
points, 486
Positive constant quaternionic curvature
Watanabe metric, 588
Positive root, 158
complex simple Lie algebras, 562
Principal
bundle, 265
automorphism group, 272
gauge group, 272
fibre bundle
connection, 266
connection form, 266, 565
of linear frames, 266
Product for the exponential map, 557
Projective space (punctured), 42
Projective vector field, 594
non-affine, 472
Projectively related linear connections, 308
Properly discontinuous action, /64, 229, 231,
513
Pseudo-Euclidean
metric of signature (k,n — k), 516
space
exponential map, 517
isometry group, 516
Laplacian, 538
Pseudo-orthogonal group O(k, n — k), 516,
553
Pseudo-Riemannian
covering map, 350
manifold, 345
submanifold, 353
Pull-back of a differential form, 103, 550
Punctured
Euclidean space as a homogeneous space,
252

Index

projective space RP?, 42
Purely imaginary quaternions and su(2), 292

Q
Quaternion, 235, 564
differential, 293
Quaternionic
Hopf bundle, 273, 295
hyperbolic space
Lie algebra, 556
open unit ball model, 588
projective space
as homogeneous space, 563
Watanabe metric, 588
Quotient manifold, 6, 60, 61, 63, 228, 229,
231, 234, 249, 251
Grassmannian as a, 63
real projective space RP” as a, 61

R
Rank
of a map at a point, 5
theorem, 5
Real
derivations of the local algebra C;°M of
germs of C* functions at p, 3
forms of classical complex simple Lie
algebras, 560
general linear group, 164, 183-185, 566
left-invariant vector field, 167
hyperbolic space
Lie algebra, 555
line R
as Lie group, 190
connections in tangent bundle, 280
differentiable structure, 8, 9
matrices M (n, R) as Lie algebra, 167
matrices M (r x s, R)
atlas, 20
projective space RP?
embedding in R*, 510
orientability, 133
projective space RP", 59, 61
as homogeneous space, 252, 563
cut locus, 389
representation of GL(1, C), 178
representation of GL(n, C), 319
space R2"
canonical complex structure, 571
space R”
differentiable structure, 8
holonomy group, 314
Jacobi vector fields, 483



Index

Real (cont.)
special linear group, 191, 194
tangent space at a complex manifold, 268
vector space
as C* manifold, 164
as Lie group, 164
Real solvable
Lie algebra, 154
Lie group, 154
Reductive homogeneous space, 164, 252, 570,
577
curvature form of the canonical connection,
570
curvature tensor field of the canonical
connection, 570
Levi-Civita connection, 577
linear isotropy representation, 570
torsion tensor of the canonical connection,
570
Reeb foliation of S3, 122
Regular
domain, 131
elements of complex Lie algebra, 155, 207
Representation
adjoint, 153
coadjoint, 243
faithful, 182
Ricci
curvature
at a point of homogeneous Riemannian
manifold, 578
equation for submanifolds, 544, 595
form for a Kéhler metric, 575
identities, 568
tensor, 401, 402, 453
any local frame, 574
Hermitian symmetric space, 578
local orthonormal frame, 574
Riemann curvature tensor at a point, 346
Riemann—Christoffel curvature tensor, 400,
401, 573
for constant curvature, 584
for constant holomorphic curvature, 585
near of the origin of normal coordinates,
573
of a complex submanifold of a Kéhler
manifold, 596
symmetries, 573
Riemannian
metric
G-invariant, 347
invariant, 347
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submanifolds
Codazzi equation, 595
Gauss equation, 595
Gauss formula, 594
Ricci equation, 595
Weingarten formula, 595
submersion
sectional curvature, 577
symmetric spaces, 578
irreducible, 580
Riemannian symmetric spaces of type I, II
invariant connections, 578
Right-invariant
measure, 172
vector field, 172
Rigid motions
of Euclidean 2-space, 557
of Minkowski 2-space, 557

Root
positive, 158
simple, 158

Root spaces
decomposition of semi-simple Lie algebra,
207
Root system
reduced, 157
semi-simple Lie algebra, 207
simple, 158
Weyl group, 215
Roots
a-series containing B’, 156
complex simple Lie algebras, 562
of classical Lie algebra, 162
of classical Lie group, 162
of complex Lie algebra, 156
of complex Lie group, 156
of GL(4, C), 210
of SO(C3, 2), 210
of Sp(C*, ), 210
Rough Laplacian, 501
Round metric on §", 357

S
Sard’s Theorem, 4, 35
Sasaki metric, 499, 500
Scalar curvature, 402, 574
Schwarzschild black hole metric, 527, 598
Second
axiom of countability
manifolds and, 28
covariant derivative, 567, 592
variation of arc length
Synge’s formula, 540, 542, 598
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Secondary invariants
Chern—Simons, 408
formula, 302, 349
Sectional curvature, 401, 574
bi-invariant metric on a compact Lie group,
591
holomorphic, 575
Semi-direct product
Lie algebras, 152, 524
Lie groups, 151, 524
Semi-homogeneous function, 391
Semi-simple
endomorphism, 151
Lie algebra, 155
root-spaces decomposition, 207
Semisimplicity
Cartan’s Criterion, 156
Semisum of positive roots of a semi-simple Lie
group, 215
Shape tensor, 498
Siegel domain model
constant negative holomorphic curvature,
586
constant negative quaternionic curvature,
589
Signature
(k, n — k) of pseudo-Euclidean metric, 516
of a compact oriented 4-manifold, 405
of bilinear form, 345
of Killing form on the exceptional Lie
algebras, 580
Simple
complex Lie algebras
compact real forms, 559
Lie groups, 559
positive roots, 562
roots, 562
simple roots, 562
Lie group
simply connected compact, 558
root, 158
roots of complex simple Lie algebras, 562
Simply transitive action, /64, 432, 519
Smooth distribution and bracket of vector
fields, 124
50(7)
basic spinor representation, 259
Solvable
Lie algebra, 154
Lie group, 206
Space
form, 350
complex, 353, 488
real, 488

Index

Hermitian symmetric, 447, 580
homogeneous, 164, 247-249, 251, 252,
254, 433, 530, 563, 564
reductive, 164
of constant curvature, 425, 447, 451-453,
486, 519-521, 523, 584
Jacobi fields, 485
Pontrjagin forms, 404
of constant holomorphic curvature, 585
reductive homogeneous, 570
Riemannian symmetric, 445, 578, 580
Special
complex orthogonal group, 552
linear group, 194, 552
orthogonal group, 194, 553
Lie algebra, 555
unitary group, 194, 552
Sphere
St 48, 140
as Lie group, 190, 249
as quotient manifold under a
transformation group, 228
atlas, 9-11
de Rham cohomology, 141
stereographic projection, 11
52,40, 141, 505
and exponential map, 385
as complex manifold, 321
as homogeneous space, 247
atlas, 12
canonical volume form, 138, 510
de Rham cohomology, 143
holonomy group of the usual
connection, 314
parametrisation, 31, 596
stereographic projection, 12, 138, 321
tangent bundle, 70
volume form, 138
53,108
and complex Hopf bundle, 273, 275
as the unit quaternions, 235
global parallelisation, 74, 235, 548
parametrisation, 275
S and octonions, 255, 565
S7
and octonions, 565
and quaternionic Hopf bundle, 273, 295
S15 and octonions, 565
Sil
almost complex spheres, 572
as embedded submanifold, 53
as homogeneous space, 247, 563
as symmetric space, 445
conjugate points, 486
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Sphere (cont.)
cut locus, 388
exponential map, 385
geodesics, 573
groups acting transitively and
effectively, 555

inverse map of stereographic projection,

547, 548
minimal geodesics, 371
orientability, 133
parallelisable, 572
round metric, 357

stereographic projection, 14, 133, 547,

548
volume with round metric, 594
which are Lie groups, 572
S2n+1
as homogeneous space, 248, 563
as total space of a bundle, 287
holonomy group of a connection, 314
vector field, 74, 549
S4n+3
holonomy group of a connection, 314
geodesic, 392
Spherical coordinates, 103, 288, 510
Spin(n) groups
isomorphisms with classical groups, 554
Split solvable
Lie algebra, 154
Lie group, 154
Standard Hopf vector field, 291, 497
Stereographic projection, 3
circle $1, 11
inverse map, 3, 295
sphere S2, 12, 138, 321
sphere S", 14, 133, 547, 548
inverse map, 547, 548
Stiefel manifold as homogeneous space, 249,
563
Stokes’
Theorem I, /31, 135, 137, 552
Theorem II, 731, 139-141, 552
Strictly conformal map, 351, 487
Structure
almost complex, 363, 364
almost Hermitian, 365, 367
Kihler, 365
Structure constants
of a Lie group, 169, 183, 557
of GL(n, R), 566
Structure equations, 417
almost complex linear connection, 572
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bundle of linear frames, 567
bundle of unitary frames, 575
geodesic polar coordinates, 569
moving frame, 569
principal bundle, 565
pseudo-Riemannian, 519, 521, 527, 597
vector bundle with group GL(n, F), 566
Submanifold, 5
and bracket of vector fields, 112
embedded, 51
minimal, 352, 353, 489
Submersion, 5, 58, 59, 65, 228, 235, 435
Implicit Map Theorem, 6
Riemannian, 577
surjective, 110
Surface
cylindrical, 15
minimal, 494
of revolution, 56, 479, 484, 485, 508
parametrisation, 3
Surjective submersion
and f-related vector fields, 127
involutive distributions, 126
Symmetric space
affine, 350, 451
Hermitian, 447, 580
irreducible Riemannian, 580
of classical type with noncompact isotropy
group, 580
Ricci tensor, 578
Riemannian, 578
curvature tensor field, 578
Symplectic
canonical form on the cotangent bundle,
269, 329, 332, 333, 551
group, 553
group over C, 552
group over R, 553
Lie—Poisson structure, 244
manifold, 269
almost, 269
Synge’s formula
for first variation of arc length, 598
for second variation of arc length, 542, 598

T

Tangent bundle, 7, 67, 69
flow, 81
from a cocycle, 97
orientability, 132
over CP!, 403
over $2, 70
unit, 499, 500
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Tangent plane to a surface at a point, 71, 72
Tangent space, 3
complex, 363
Tautological bundle
over CP!, 297
over the real Grassmannian, 99
Tensor
algebra, 91
Cotton, 574
Nijenhuis, 102
Tensorial 1-form of type Ad
exterior covariant derivative, 565
Theorem
Cartan’s Criterion for Closed Subgroups,
152,171, 185, 186, 249
Chern—Simons formula, 349
Corollary of Green’s, 351
Darboux’s, 270
Frobenius, 123
Gauss—Bonnet, 509
Generalised Gauss’ Theorema Egregium,
351,490
Green’s, 131, 135, 552
Hirzebruch Signature, 348
Hodge Decomposition, 351, 465
Implicit Map, 6
Inverse Map, 5, 267
of the Closed Graph, 6, 63
of the Rank, 5, 65
Sard’s, 35
Whitney Embedding, 86
Topological manifold, 2
Torsion
form components, 569
of an almost complex structure, 571
tensor of a linear connection, 567
Torus (maximal), 156
Torus T2
and bounded distance, 373
as complex manifold, 323
curve dense in, 180
cut locus, 389
de Rham cohomology, 143
flat, 490
harmonic fields on, 479
isometric embedding in R4, 510
parametrisation, 597
volume, 510
Totally
real submanifold, 353, 488
umbilical submanifold
of paracomplex projective space, 543
Trace Laplacian, 500
Transgression formula, 349

Index

Transition function, 276
Transitive action, 164
Triality

principle of, 259

Trivialisation of a vector bundle, 91

U

Unimodular 3-dimensional

Lie algebra, 556
Lie groups, 556

Unit tangent bundle, 499, 500
Unitary group, 194, 552
Upper half-plane, 233

Poincaré, 374, 573

Upper half-space, 451

\%

Vector bundle

changes of charts, 91, 96
connection, 265
equivalence, 91
trivialisation, 91

Vector field

affine, 594

non-Killing, 473
C®,7
complete, 7, 76, 77
conformal, 476
divergence free, 167
fundamental, 282

on the bundle of linear frames, 279, 565
geodesic, 375, 376
Hamiltonian, 336, 338, 380, 437
harmonic, 479, 481
holomorphic, 572
Hopf, 497
image, 8, 84, 487, 549
inner product, 74
Jacobi, 483487, 594
Killing, 473-475, 481, 513
local flow, 7, 80, 81, 116, 284, 332
locally Hamiltonian, 339
mean curvature, 497
of homotheties, 473
parallel transport, 267, 314, 315, 318, 319,

350, 373, 402, 569

projective, 472, 594
right-invariant, 172
standard Hopf, 291, 497

Vector fields

f-related, 8, 82-85, 106, 312
and integral curves, 84

Vector product in R3, 168
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Vertical
bundle of a fibre bundle, 264
subspace of a connection, 266
Volume
form, 510
of 52,138
of a ball in S” with round metric, 594
of $" with round metric, 594
of SO(3) with the bi-invariant metric, 409
of T2, 510

W

Warped product, 345, 357

Watanabe metric on quaternionic projective
space, 588

Wedge product of differential forms, 549
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Weight-spaces
decomposition of complex Lie algebra, 207
generalised, 154
Weingarten
formula for hypersurfaces, 596
formula for submanifolds, 595
map, 351,491
Weitzenbock formula
for square of Dirac operator on forms, 467
for the Laplacian, 464, 592
Weyl
conformal curvature tensor, 574
group, 159, 215, 216, 218-221
projective curvature tensor, 574
Whitney Embedding Theorem, 86
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